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Abstract 

After providing an overview of the different stress test methodologies this paper develops a Monte 

Carlo model to simulate the impact of different stress scenarios on a Swiss equity portfolio. The aim 

of the model is to capture the joint risk factor evolution over time as realistically as possible. The 

model incorporates autocorrelation, volatility clustering and heavy tails of the return series by mod-

eling the univariate risk factor evolutions using a first order autoregressive (AR (1)) asymmetric Gen-

eralized Autoregressive Conditional Heteroskedasticity (GARCH (1,1)) process. The innovation distri-

bution is modeled semi-parametrically with a kernel smoothed empirical interior and parameterized 

tails based on extreme value theory. Nonlinear dependencies are accounted for by modeling the 

dependence structure with a � copula which provides the flexibility to study and stress the risk factor 

dependencies independent of the marginal distributions. The � copula further offers the possibility to 

manually increase the likelihood of joint extremes. The model is used to assess the impact of differ-

ent stress scenarios on the sample portfolio. A comparison with the historical simulation method 

reveals substantial differences in the resulting stress test risk measures indicating that historical sim-

ulation may significantly underestimate the portfolio risk. The model is implemented in Matlab® al-

lowing the user to specify and run customized scenarios. Since a user determined stressed correla-

tion matrix of the � copula may be mathematically inconsistent the model further includes a spectral 

decomposition method to find the nearest valid correlation matrix ensuring that the model is able to 

cope with arbitrary user inputs. 
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 Introduction 1.

Some have said that standard risk management  

models could not capture a “black swan” event.  

Well, in some cases they could not capture a white swan either. 

 (González-Páramo, 2011 p. 6) 

 

The recent financial crisis has highlighted the limitations of standard value-at-risk methodologies. 

The world has undergone situations that almost no one had anticipated, and even though risk 

management is all about dealing with uncertainty rather than issuing point forecasts, the stand-

ard financial models were incapable to capture the risks that ended up materializing. While stress 

testing is not meant to substitute the existing techniques, it is considered to be one of the core 

elements of modern risk management in the light of the lessons learned from the crisis. 

(González-Páramo, 2011 p. 5) The Bank for International Settlement (2009a p. 7) has come to the 

conclusion that the implementation of rigorous and comprehensive stress testing programs prior 

to the financial turmoil would have effectively scaled down the loss numbers. The current em-

phasis on stress tests further derives from the recently amended Basel II framework which re-

quires banks to conduct a range of stress testing procedures stating that “a routine and rigorous 

programme of stress testing should be in place as a supplement to the risk analysis based on the 

day-to-day output of the bank’s risk measurement model.” (Bank for International Settlements, 

2011a pp. 10-11, 26) Stress tests which aim at identifying influences or events with a great im-

pact are further referred to as a key component of a bank’s assessment of its capital position. 

Since the new Basel III accord which will start to take effect in 2013 is being “designed to protect 

against future stresses and not to fight the last battle” (Wellink, 2011 p. 5), one may expect the 

regulatory emphasis on stress tests to rise even further, as stress testing is capable of overcoming 

some weaknesses of models which are purely based on historical data. However, stress testing is 

far from only being a regulatory instrument, as also investors have begun to place increased sig-

nificance on sound and transparent stress testing practices of financial institutions. The study of 

Matsakh et al. (2010 pp. 18-27) reveals that the stock prices of banks conducting credible stress 

tests have on average experienced a 181% increase since the crisis’ low point compared to a 17% 

increase of other banks.  

In contrast to standard value-at-risk techniques, stress tests provide the benefit of enabling an 

attribution analysis from an identified loss outcome to the particularities of the underlying stress 

scenario. (Flood, et al., 2010 p. 4) The design and implementation of demanding yet plausible 
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stress tests can thus significantly contribute to the comprehension of the sources and the effects 

of different risks as they point out the adverse unexpected outcomes associated with a wide set 

of risks delivering an indication of how much capital is needed to absorb the potential losses 

caused by shocks. Stress testing further serves as tool for external and internal communication 

playing an important role in capital and liquidity planning procedures. It is a means to help defin-

ing a financial institution’s risk appetite and tolerance and enables the development of risk miti-

gation and contingency plans for a plethora of stressed situations. These properties render stress 

tests specifically important after prolonged time periods of moderate to favorable economic and 

financial conditions when the memory of adverse situations is fading, which potentially induces 

an underpricing of risks. Stress tests also constitute a key tool in risk management in times of 

expansion when innovative new products are launched for which limited respectively no histori-

cal loss data yet exists. (Bank for International Settlements, 2009a p. 7) 

1.1.  Stress Test Definition 

Several definitions can be found in literature. Lopez (2005 p. 1) describes stress testing as “a risk 

management tool used to evaluate the potential impact on portfolio values of unlikely, although 

plausible, events or movements in a set of financial variables.” Jorion (2009 p. 707) differentiates 

stress tests from scenario analyses by stating that while the latter consist of evaluating the port-

folio under various states of the world, “stress testing also involves evaluating the effect of 

changes in inputs such as volatilities and correlations.” The Committee of European Banking Su-

pervisors (2006 p. 4) defines stress tests as „a risk management technique used to evaluate the 

potential effects on an institution’s financial condition of a specific event and/or movement in a 

set of financial variables.“ With a focus on banks, the Bank for International Settlements BIS 

(2009 p. 8) characterizes stress testing as “the evaluation of the financial position of a bank under 

a severe but plausible scenario to assist in decision making within the bank.” Berkowitz (1999 pp. 

3-5) takes a more formal approach stating that stress testing consists of applying a set of pricing 

rules, which predict a portfolio’s asset values, to a simulated forecast distribution of the portfo-

lio’s risk factors under stress. On this basis Drehmann (2008 p. 62) points out that stess tests are 

firmly rooted in the quantitative risk management framework. From a process-oriented perspec-

tive they may hence be characterized as a procedure initiated by the specification of a shock to 

the relevant risk factors, followed by a simulation with a data generating model which captures 

how the risk drivers interact between each other and across time, completed by the application 

of risk measures to the estimated profit and loss distribution under stress obtained with the pric-
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ing rules. The resulting risk measures of this process clearly depend on the specified stress inputs. 

However, any simulation has to be based on a pre-specified model of the risk factors’ dynamics. 

The outcome is thus critically reliant on the design of the model and on properly and precisely 

calibrated parameters. (Bozovic, 2010 p. 4) 

Reverse stress tests are a recent complement to stress testing procedures which do not fall under 

the above mentioned definitions. Such a reverse analysis starts from the assumption of a large 

loss and works backwards aiming to identify the initial scenario that may have caused the as-

sumed loss. (Senior Supervisors Group, 2009 p. 32) It represents more of a narrative process than 

a quantitative stress test. The Committee of European Banking Supervisors states that “even for 

large and complex institutions reverse stress testing may be conducted in a more qualitative 

way.” (CEBS, 2010 p. 20) 

1.2.  Aim and Scope 

While stress test are employed for different types of risks and on levels of aggregation ranging 

from a single financial instrument to financial systems of entire economies, this paper focuses on 

stress tests for market risk on the level of an equity portfolio. The aim of this thesis is to first give 

an overview and evaluation of the main methodologies to design stress situations for a portfolio. 

Secondly, elaborating on the according theoretical background this paper aims at developing a 

mathematical model of the joint evolution of risk factors over time for a sample portfolio of Swiss 

equities. The purpose of the mathematical model is to capture the risk factor evolution as realis-

tically as possible. The output of the model shall consist of two profit and loss distributions of the 

portfolio, one contingent on the specified stress and one under unstressed circumstances as a 

baseline plus a range of risk measures applied to both of them. The model shall be programmed 

in Matlab® allowing the user to define and run customized stress scenarios. 

1.3.  Structure 

Chapter two provides an overview of the main methodologies to stress a portfolio. The third 

chapter introduces the sample portfolio and develops a model for the univariate risk factor evo-

lution. In chapter four the dependence structure of the risk factors is modeled. In the fifth chap-

ter the univariate risk factor models are linked with the dependence structure to simulate the 

profit and loss distribution of the portfolio. Finally this paper is completed by the conclusion in 

chapter six. 
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 Methodologies 2.

This chapter’s aim is to give an overview of the main methodologies to design stress situations 

for a portfolio. Stress tests can be conducted with several methodologies of different complexity 

which generally fall into two categories: univariate and multivariate stress tests. 

2.1.  Univariate Stress Tests 

Univariate stress tests are also known as sensitivity analyses and aim at identifying the isolated 

influence of stressing or shocking one single risk factor of a portfolio. The analysis is mostly per-

formed without relating those shocks to an underlying event or real-world outcome. A univariate 

stress test might thus for example explore the impact of 10%, 20% and 30% declines in equity 

prices or a variety of increases in interest rates. The Bank for International Settlement (2009a p. 

10) emphasizes that even though it is useful to consider extreme values from historical periods of 

stress, univariate stress tests should also cover hypothetical extreme values to make sure that an 

extensive range of possibilities is taken into account. Usually the time horizon considered with 

univariate stress tests is rather short, often even instantaneous, compared to multivariate stress 

tests. (Bank for International Settlements, 2005 p. 4). Since sensitivity analyses can be run rela-

tively quickly they are generally used as a first approximation of the impact of a significant move 

in a single risk factor. (Lopez, 2005 p. 2) While the application of this method is rather simple, its 

results are likely to be misleading since univariate stress tests do not take into account any de-

pendence between different risk factors. (Bühn, et al., 2006 p. 15)  

2.2.  Multivariate Stress Tests 

Multivariate stress tests examine the effect of simultaneous changes in a number of variables. In 

contrast to univariate tests, multivariate tests deliver more realistic results since they consider 

the dependence structure of the risk factors. They are thus capable to describe the effects of an 

entire scenario with multiple risk factor changes which is why this test is also known as scenario 

analysis. (Bühn, et al., 2006 p. 15) Scenarios may consist of absolute or relative changes of varia-

bles. From a cycle neutral baseline an absolute scenario always has the same degree of severity. 

In relative scenarios, stress is applied relative to the current situation which means that it would 

be more severe in a downturn. (CEBS, 2010 p. 18) The recent revisions to the Basel II market risk 

framework require banks to subject their portfolios to a series of simulated stress scenarios and 
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deliver the results to the supervisory authorities. (Bank for International Settlements, 2011b p. 

17) Scenarios for multivariate stress tests can be constructed on the basis of a historical crisis, 

based on hypothetical circumstances or designed as a hybrid scenario. 

2.2.1. Historical Scenario 

The creation of scenarios with historical data is probably the most intuitive approach, since the 

events did happen in reality and are thus plausible to reappear. With this method, the range of 

observed risk factor changes during a historical episode is applied to the portfolio to get an un-

derstanding of the portfolio’s risk in case such a situation recurs. (Blaschke, et al., 2001 p. 6) Po-

tential scenarios include the large price movements of the 1987 equity crash, the Asian financial 

crisis of 1997, the financial market fluctuations upon the Russian default of 1998, the bursting of 

the technology stock bubble in 2000 or the recent financial crisis that began in 2007. (Bank for 

International Settlements, 2011b pp. 10-11) The profit and loss distribution of a portfolio under 

the simulated historical scenario is simply given by the empirical distribution of past gains and 

losses on this portfolio. The implementation of this unconditional non parametric method can be 

done without major difficulties since it does neither require a statistical estimation of the multi-

variate distribution of risk factor changes, nor an assumption of their dependence structure. It 

therewith entirely overcomes the issue of model risk.  

Unfortunately this technique suffers from serious drawbacks. First, even though it allows for 

heavy tails, extreme quantiles are difficult to estimate since any extrapolation beyond the histori-

cal observations is inaccurate, particularly in case of a short empirical data series. Quantile esti-

mates of historical scenario simulation are considerably volatile since the method is very sensi-

tive to large observations entering the sample. A mitigation of these two issues by considering 

longer data samples would result in a neglect of the clustering nature of volatility. The attempt to 

solve the problem with an extension of the technique by fitting parametric univariate distribu-

tions to the empirical risk factor distribution does not provide a particularly good fit for the tail 

area where the stress is most prominently manifested. (McNeil, et al., 2005b p. 51) As a possible 

solution, McNeil and Frey (2000 p. 273) propose to extend this method modeling the tail area 

separately based on extreme value theory which yields parameterized estimates of the tails that 

are of accurate empirical fit. However, since historical scenarios are purely backward-looking, 

they are likely to disregard recent developments and current vulnerabilities. 
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2.2.2. Hypothetical Scenario 

Hypothetical scenarios are not restricted to a repetition of the past but allow a more flexible 

formulation of potential events. The Committee of European Banking Supervisors (2010 p. 11)  

states that “forward-looking hypothetical scenario analysis is a core part of the suite of stress 

tests that institutions should include in their stress testing programmes.” The scenarios can be 

constructed by shocking arbitrary combinations of market factors, volatilities and dependence. 

This approach helps to identify the sensitivity of a portfolio to particular combinations of stressed 

risk factors. In contrast to the historical scenario, stress tests with hypothetical scenarios may 

also be conducted within a dynamic framework using the conditional distributions which is pref-

erable for the computation of market risk measures. (McNeil, et al., 2000 p. 2) Hypothetical sce-

narios may be developed to anticipate specific events to which a portfolio may be most vulnera-

ble, as for example a flight to quality. (Blaschke, et al., 2001 p. 6) Following Berkowitz (1999 p. 4) 

hypothetical scenarios allow in particular the simulation of: 

 

a) Shocks that are suspected to be happen more frequently than proposed by the historical 

observation.  

b) Shocks which have not yet occurred. 

c) A breakdown of statistical patterns. 

d) Shocks reflecting structural breaks. 

 

While scenarios belonging to category b) can be seen as extreme cases of category a), category c) 

refers to structural breaks such as increasing correlations during times of crises (see e.g. Longin 

(2001 pp. 649-676) and Sandoval (2010 pp. 1-26)). Category d) characterizes systematic structural 

breaks such as a change from fixed exchange rates to floating.  

2.2.3. Hybrid Scenario 

The third way to construct scenarios uses the information of historical risk factor reaction to 

stress, but does not confine itself to a mere repetition of the past. In hybrid scenarios, the histor-

ical market movements are only used to calibrate the (conditional or unconditional) process of 

risk factor evolution and to evaluate the general market conditions during a shock. In contrast to 

the historical scenarios, shocks may not be kept explicitly linked to a specific event or time but 

can be rearranged arbitrarily to obtain new scenarios. Such a scenario could for example consist 

of a combination of the dependence structure calibrated on the recent financial crisis with some 
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risk factor change distribution stemming from the default of Russia in 1998. (Bühn, et al., 2006 p. 

18) While there are many possible combinations, even more so with hypothetical scenarios, sce-

nario designing always entails a trade-off between scenario realism and comprehensibility which 

means that the results generated by more fully developed scenarios are more difficult to inter-

pret. (Lopez, 2005 p. 2) Hybrid scenarios aim at combining the plausibility of the historical scenar-

io with some of the flexibility of the hypothetical one. Nevertheless, they are still oriented to-

wards the past. The Committee of European Banking Supervisors (2010 p. 11) requires the design 

of scenarios to consider systematic and portfolio-specific changes in the present and near future 

and hence to be forward-looking, as sole reliance on historical events has proven to be insuffi-

cient. Hypothetical scenarios hence comply best with this requirement. 
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 Risk Factor Evolution 3.

In order to quantify the effects of the presented stress scenarios on a portfolio one must define a 

model for the risk factors. This paper follows the approach taken by Cherubini et al. (2004 pp. 

178-179) and Nyström and Skoglund (2002a p. 6) constructing this model in two stages: The first 

stage consists of specifying a model for each individual risk factor and in the second stage the 

dependence structure is modeled. The aim of the model is to capture as realistically as possible 

the evolution of risk factors using probability theory and stochastic processes. While the second 

stage is dealt with in chapter 4, this chapter focuses on the design of the models to characterize 

the evolution of a portfolio’s risk factors over time. 

A portfolio can generally be seen as a mapping �: �� → �, where � denotes the dimension of the 

risk factor space. The degree of the mapping’s complexity is clearly dependent on the number 

and type of the instruments comprised in the portfolio. To develop the model this paper concen-

trates on a portfolio consisting of Swiss equities. The equally weighted sample portfolio is con-

structed with the following six shares: UBS (UBSN), Swiss Re (RUKN), ABB (ABBN), Swatch (UHR), 

Adecco (ADEN) and Credit Suisse (CSGN). Using historical data the parameters of the model are 

estimated such that the portfolio may be considered as a stochastic variable with support on �. 

(Nyström, et al., 2002b p. 2) The historical data set consists of 2601 daily close prices of each of 

the shares over the ten year period ranging from April 11
th

 2001 to March 30
th

 2011 retrieved 

from Thomson Reuters Datastream.  

 

Figure 1: Historical equity price movements on relative basis 

Source: Thomson Reuters Datastream, own calculations 

Figure 1 depicts the price movements of the shares on a relative basis. To simplify the visual 

evaluation of relative performance, the initial level of every share has been normalized to unity. 

2000 2002 2004 2006 2008 2010 2012
0

1

2

3

4

5

Date

E
q
u
it
y
 V

a
lu

e

Relative Daily Equity Price Movements

 

 

UBSN

RUKN

ABBN

UHR

ADEN

CSGN



Risk Factor Evolution 

  

 

 

 9 

 

To describe the risk factor evolution one might consider using a simple autoregressive AR (p) 

process of the following form 

�� = 	� +������� +
�

�� 
!�  [1] 

where !� is independent and identically distributed with mean zero and variance "#. To further 

capture movements of the average over time, the above AR (p) process may be extended to the 

ARMA (p,q) process given by 

�� = 	� +������� +�$%!��% +
&

%� 

�

�� 
!� . [2] 

Typically ARMA models are used in time series analysis to account for linear serial dependence. 

They provide the possibility to condition the mean of the process on past realizations which has 

often found to produce acceptably accurate predictions of time series in the short term. 

(Nyström, et al., 2002b pp. 3-4) 

However, Bollerslev et al. (1994 pp. 2963-2967), Christoffersen (2003 pp. 6-9) and McNeil et al. 

(2005b p. 117) point out that financial time series display a number of so-called stylized facts 

representing a collection of empirical observations and according implications that appear to be 

valid for the vast majority of daily risk factor changes and even continue to hold as the time in-

terval is increased or decreased. The stylized facts may be summarized the following way: 

 

1. The time series tend to be uncorrelated although dependent. 

2. The autocorrelation function of absolute or squared returns decays very slowly and vola-

tility is stochastic. 

3. They are likely to be asymmetric and tend to have heavy tails. Outsized returns appear in 

clusters and materialize with a higher frequency than the normal distribution would ex-

pect. 

 

Stylized fact number one proposes that the linear relation between consecutive observations is 

small. Forecasts of linear models are thus not expected to be suitable. Examining the logarithmic 

returns of the shares comprised in the sample portfolio for autocorrelation in figure 18 in appen-

dix A in fact only partly reveals some mild serial correlation.   
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The validity of stylized fact number two for the sample portfolio can be verified by analyzing the 

autocorrelation function of the absolute and the squared UBSN returns depicted in figure 2. As 

shown in the figures 19 and 20 in appendix A this holds for all the shares comprised in the portfo-

lio.  

Stylized fact two further indicates that the autoregressive model’s assumption of conditional 

homoscedasticity is too constricting as financial time series usually display volatility clusters. The 

inspection of the logarithmic returns of the UBSN share which is depicted on the left hand side of 

figure 3 yields that volatility is evidently clustered over time which means that there is a tenden-

cy that outsized absolute returns are followed by other outsized absolute returns. The right hand 

side of figure 3 shows the quantile-quantile plot of UBSN’ logarithmic returns versus the standard 

normal distribution and therewith clearly illustrates a heavy upper and lower tail as stated by 
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stylized fact number three. Both heavy tails and volatility clustering are observable for all the 

shares comprised in the portfolio depicted in the figures 21 and 22 in appendix A.   

One of the central issues when considering financial time series is hence the modeling and fore-

casting of volatility. Generally speaking one could work in any time series model either under the 

paradigm that volatility can be forecasted or that it cannot. The methodological implications of 

the decision which of the two paradigms is relevant for a specific situation are extensive. For the 

portfolio at hand stylized fact two could indeed be observed which means that volatility is sto-

chastic and can be forecasted. The accuracy of the model can thus be improved by a precise 

modeling of volatility. It emerges that the so called generalized autoregressive conditional het-

eroskedasticity (GARCH) models are likely to explain a lot of the dependence structure of daily 

returns stated in stylized fact number one and that the filtered residuals display little to no de-

pendence, nearly being independent and identically distributed. (Nyström, et al., 2002a p. 11)  

3.1.  GARCH Model 

By decomposing the residuals of the autoregressive models in [1] respectively [2] such that 

!� = '�ℎ� [3] 

a GARCH model for the conditional variance process is obtained. (Bollerslev, 1986 pp. 307-327) 

The '� is thereby by hypothesis independent and identically distributed and the '�ℎ� are stochas-

tically independent. GARCH aims at capturing the dynamics of ℎ�#, the conditional variance at 

time �. In practice low-order GARCH models such as GARCH (1,1) are most commonly used as 

they are adequate for most applications. (McNeil, et al., 2005b p. 145) The conditional variance is 

in this case specified by 

ℎ�# = )* + ) !�� # + +ℎ�� #   

 = )* + ,) + +-ℎ�� # + ) ,!�� # − ℎ�� # -  

The following term  

,!�� # − ℎ�� # - = ℎ�� # ,'�� # − 1- [4] 

has a mean of zero conditional on past information and may be understood as the shock to vola-

tility. The degree to which a volatility shock in period 0 induces volatility in period 0 + 1 is meas-

ured by coefficient )  while the term ,) + +- quantifies the speed at which the mentioned ef-
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fect wears off. The equation for the GARCH variance, added to the model in [2], enables to cap-

ture stylized fact number two the following way  

�� = 	� +������� +�$%!��% +
&

%� 

�

�� 
'�ℎ� [5] 

ℎ�# = )* + ) !�� # + +ℎ�� #  [6] 

The GARCH (1,1) model that has been considered until now is a symmetric one, meaning that 

positive and negative shocks have identical influence on volatility. Empirical evidence suggests 

that positive (negative) innovations to volatility correlate with negative (positive) innovations to 

returns. (Nyström, et al., 2002b p. 5) One potential reason might be that negative impacts on 

returns have a tendency to increase volatility. McNeil et al. (2005b p. 149) call this phenomenon 

a “leverage effect” since a fall in equity value causes a rise in the debt-to-equity ratio (leverage) 

of a company therewith making the stock more volatile. It seems quite logical from a less theo-

retical perspective, that dropping stock values tend to increase investor nervousness more than 

rises in value of identical magnitude. Inverse causality is a different explanation for the phenom-

enon. If returns become larger when volatility increases one may conclude that prices ought to 

fall when volatility rises (keeping expected dividends constant). (Nyström, et al., 2002b p. 5)  

Glosten et al. (1993 pp. 1779-1801) have proposed a way to account for this potential asymmetry 

by introducing a Boolean indicator in the GARCH (1,1) equation [6] which results in 

ℎ�# = )* + ) !�� # + )#1,!�� -!�� # + +ℎ�� #  [7] 

Where  1,!�- = 1,'�- = 1 in case '� < 0 and 0 if '� ≥ 0. In addition to the previous symmet-

rical model in [6] a shock is thus also captured by the term )#1,!�� -. Based on the above rea-

soning )# is naturally expected to be positive. (Nyström, et al., 2002b pp. 5-6; McNeil, et al., 

2005b pp. 149-150)  

The next step is to particularize the distribution of the filtered residuals '�. Many existing models 

assume a normal distribution, which obviously stands in contradiction with stylized fact number 

three. Whether one considers the model residuals !� or the filtered residuals '� – stylized fact 

number three remains valid, this means that there is neither empirical support for the symmetry 

of normal distributions nor for their exponentially decaying tails. (Nyström, et al., 2002a pp. 10-

12) The higher quantiles of such normal distribution models may thus represent a significant un-

derestimation. Instead of the normal distribution one might consider using the � distribution as it 

accounts for the heavier tails and displays polynomial decay in the tails. But even though the � 
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distribution may be able to capture the leptokurtosis it is still a symmetric distribution not allow-

ing for skewness. This is problematic as many financial return series are asymmetric displaying 

heavier left tails compared to the right ones. One might thus consider using the empirical distri-

bution function since this non-parametric approach does not require any assumptions regarding 

the nature of the empirical distribution. Nonetheless this method also has a number of draw-

backs, the most important one from a stress testing perspective being that it produces poor es-

timates of the tails and cannot be used to solve for out of sample quantiles. (Nyström, et al., 

2002b p. 2)  

McNeil and Frey (2000), Nyström and Skoglund (2002b), McNeil et al. (2005b pp. 55-59) and 

Kuester et al. (2006 pp. 53-89) provide evidence for the superiority of a combined approach. The 

residual distribution of GARCH processes is accordingly modeled by a combination of the empiri-

cal distribution and parametric tails estimated based on extreme value theory. This thesis follows 

McNeil and Frey (2000 pp. 14-16) and Nyström and Skoglund (2002a p. 12) in implementing this 

combined method. The distribution function of the filtered residuals in equation [5] is therewith 

estimated by using the empirical information for the center of the distribution where most of the 

data is concentrated. For the tails, where usually data is scarce, a parametric approach based on 

extreme value theory is selected whereupon the generalized Pareto distribution is able to asymp-

totically describe the behavior of the tails. The necessary theoretical background of extreme val-

ue theory is presented in section 3.2. 

3.1.1. Parameter Estimation 

The estimation of the parameters of the described ARMA-(asymmetric) GARCH(1,1) model would 

be straightforward under the additional assumption of conditional normality, setting up the like-

lihood function such that one would get estimates for the parameter vector 

4 = ,)*, ) , )#, +, �, �6, $6- [8] 

where � = ,� , … , ��-′, $ = ,$ , … , $&-′. But conditional normality is not supported by the fi-

nancial return series data. Nevertheless the normal likelihood can still be used under mild mo-

ment conditions on the filtered conditional residuals and stationarity conditions on the GARCH 

process. (Nyström, et al., 2002b p. 6) Rather than a proper likelihood the normal Gaussian likeli-

hood is thereby treated as an objective function which is to be maximized. This model fitting pro-



Extreme Value Theory 

  

 

 

 14 

 

cedure is known as quasi-maximum likelihood and represents a tool to get consistent parameter 

estimates under the mentioned conditions.
1
 (McNeil, et al., 2005b pp. 150-154)  

3.2.  Extreme Value Theory 

Extreme value theory is the mathematics behind extreme events. As will be shown below, some 

important results have parallels to the Central Limit Theorem, but instead of being a theory 

about averages they are about extremes. (Wilmott, 2007 p. 46) The use of extreme value theory 

in the calculation of market risk has started a bit more than a decade ago even though its applica-

tion with regards to insurance topics has a longer history. The mathematical foundations of ex-

treme value theory and its use in risk management are extensively discussed in McNeil (1999), 

Bensalah (2000), Nyström and Skoglund (2002b), Embrechts et al. (2003) and McNeil et al. 

(2005b). In statistics, the lowest and the highest observation of a random process over a specific 

time span are referred to as “extremes”. In financial markets, extreme price movements corre-

spond to market corrections in normal times as well as to market crashes in extraordinary times. 

Extreme price movements are hence observable in phases when financial markets are function-

ing normally and also during enormously volatile phases corresponding to financial crises. Model-

ing the tails of the distributions with an extreme value approach thus covers market conditions 

ranging from the ordinary market environment to financial crises which are the focus of stress 

testing. (Longin, 2000 p. 1098) The Bank for International Settlements (2009b p. 55) acknowledg-

es extreme value theory as being particularly well suited for the estimation of extreme probabili-

ties and quantiles of a distribution. Indeed, models based on extreme value theory have empiri-

cally proven to be accurate in delivering risk estimates such as expected shortfall and value-at-

risk, which has been shown in various studies conducted for example by McNeil (1996), Nyström 

and Skoglund (2002b), Marinelli et al. (2007) and Pattarathammas et al. (2008). 

McNeil and Frey (2000 p. 300) identify two features of methods based on extreme value theory 

that make it particularly attractive for tail estimation: first they are based on sound statistical 

theory and second they provide the tails of a distribution in a parametric form. Such methods 

thus enable extrapolation beyond the range of data which is an invaluable feature for stress test-

ing frameworks. (Grossmann, 2006 p. 79)  

                                                           

1
 See McNeil et al. (McNeil, et al., 2005b pp. 150-154) for a detailed description of the quasi maximum 

likelihood approach to ARMA-GARCH parameter estimation. As an alternative Nyström & Skoglund pro-

pose an estimation based on the generalized method of moment principle (Nyström, et al., 2002b pp. 6-7) 
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3.2.1. Theoretical Background 

The following part is based on Nyström et al. (2002b pp. 8-12), Embrechts et al. (2003 pp. 113-

181) and McNeil et al. (2005b pp. 264-271). Let 9 , … , 9� be � observations from � independent 

and identically distributed random variables with the distribution function :. The interest lies in 

understanding the distribution function : specifically focusing on its upper and lower tails. From 

this point of view it is normal to consider the following objects: 

;� 	= 	<)={9 , . . . , 9�}	
<� 	= 	<@�{9 , . . . , 9�} 

Both ;� and <� are random variables which depend on the sample size � and similar to the 

central limit law for sums, the focus is on getting an understanding of the asymptotic behavior of 

these random variables as � → ∞. One must note that <� 	= 	−<)={−91, . . . , −9�} which al-

lows for a concentration of the theory only on ;� in the sense that it only focuses on observa-

tions in the upper tail of the underlying distribution. 

Since important results of the univariate extreme value theory have analogies with the central 

limit theorem (instead of being about averages they are about extremes) it may it may be helpful 

to make a detour to the famous central limit law. Consider the sum of the observations,  

B� =�9C
�

C� 
 

A number of the classical conclusions in probability theory are built on sums and outcomes like 

the law of large numbers and the central limit theorem are all founded on the object B�. In its 

most basic form, the central limit theorem can be expressed as follows. 

 

Theorem	1	Theorem	1	Theorem	1	Theorem	1	If				9 , . . . , 9�are	�	independent	and	identically	distributed	random	variables	with	mean	�	and	variance		"#,	then	
Z@<�→[\ ]B� − ��

"√� ≤ =` = a,=- ≔ 1
√2�c d=e f−'#2 g�'

h
�[ 	

The importance of the central limit theorem is clear: it states that despite only having infor-

mation about the first and second moments of the underlying random variables, appropriately 

normalized sums act just like a normally distributed variable. This implies that if the interest lays 

in the distribution of sums of a lot of observations from independent and identically distributed 

random variables, an emphasis on precise modeling of the underlying random variable 9 and its 

distribution function : is not necessary. This is because as soon as one has have the information 
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about the first and second order moments of 9 he knows, based on the central limit theorem, 

the structure of the distribution of the sum.  

Broadly speaking one could say the extreme value theory is a complement to the central limit 

theorem. While the latter treats fluctuations of cumulative sums, the former deals with fluctua-

tions of sample maxima which means that extreme value theory delivers the structure of the 

asymptotic limit of the random variable ;�. (Nyström, et al., 2002b p. 9) 

A short example might be clarifying before coming to the general theorems: consider exponen-

tially distributed random variables :,=- = ,1 − exp,−=--jk*,[-,=-; assuming independence 

one has 

\,;� ≤ =- = ,1 − exp	,=--� 

If now � → 0 it is clear that the right hand side of the equation tends to zero for every positive 

value of =. It follows that without normalization one never gets a non-degenerated limit. If the 

calculation is redone in a different way such that 

\,;� ≤ = + log�- = ,1 − exp	,−,= + log�---� 

      	= ,1 − mno,�h-
� -� → exp,− exp,−=-- = :	Γ,=- 

In this case the limit indicates that one lets � tend to infinity. It can be proven that the conver-

gence is uniform such that especially for large � one has  

\,;� ≤ =-~Γ,= − log�- 
With the function Γ,=- one has now an example of an extreme value distribution. This paper 

follows the notation of Nyström and Skoglund (2002b) introducing for any $ ∈ ℝ, � ∈ ℝ, " ∈ ℝt 

Γu,v,w,=- = d=e x−,1 + $ ,= − �-" -t� /uz	 , = ∈ ℝ 

This is the generalized form of the extreme value distribution. 1/$ is known as the tail index be-

cause it specifies how heavy the upper tail of the underlying distribution : is. If one lets $ → 0 

then the tail index goes towards infinity and Γu,v,w,=- → Γ,,x − μ-/σ- with the parameter � be-

ing a translation and " a scaling. The shape of the distribution Γu,v,w,=- is largely determined by 

whether or not the inequality }1 + $ ,h�v-
w ~ > 0 holds. Since " is per definition positive, the sub-

set of the real axis where the mentioned inequality is fulfilled is thus dependent on the sign of $. 

If $ = 0 this means that the distribution extends along the entire real axis. The distribution of this 

case is known as Gumbel distribution. When $ > 0 the distribution has a lower bound and is re-

ferred to as Fréchet distribution and in the case where $ < 0 it has an upper bound and is named 
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Weibull distribution. (McNeil, et al., 2005b pp. 265-266; Nyström, et al., 2002a pp. 9-10; 

Embrechts, et al., 2003 p. 158) Figure 4 depicts the probability density functions as well as the 

cumulative distribution functions of the generalized Extreme Value distribution with different $. 

 

Figure 4: Probability density and cumulative distribution function of the generalized extreme value distribution  � = −�. � for Weibull;  � = �. � for Fréchet and � = � for Gumbel. In all cases � = � and � = �. 

Source: Own calculations 

A first outcome of the extreme value theory is the following: 

 

Theorem Theorem Theorem Theorem 2222  If  9 , . . . , 9�are � independent and identically distributed random variables with 
distribution function F and presuming that there are sequences >)�? and >+�? such that for 
some non-degenerated limit distribution �(=)one has, 

Z@<�→[ \ ];� − +�
)�

≤ =` = �(=), = ∈ ℝ 

Then  $ ∈ ℝ, � ∈ ℝ, " ∈ ℝt d=@�� ���ℎ �ℎ)�  
�(=) = �u,v,w(=) 

A lot of widely known distributions can be classified according to the size of their tail index with 

the three categories of extreme value distributions. The tails of the Normal, Lognormal and the 

Gamma distribution can be characterized as decaying essentially like a power function; the ac-

cordingly distributed variables converge to the Gumbel distribution where $ = 0. The tails of the 

inverse Gamma, Student �, Pareto, Loggamma and Cauchy distribution essentially have an expo-

nential decay converging to Fréchet where $ > 0. Uniform (0,1) distributions as well as Beta dis-

tributed variables converge to Weibull, where $ < 0. Based on theorem 2 a notion of the domain 

of attraction for Γu  labelled �($) can be introduced, which simply represents the sub-quantity of 

all distributions of : that converge to Γu. The focus is now to get an understanding about this 

sub-quantity by establishing theorems which are able to explain the subject in terms of the tail 
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behavior of the underlying distribution :. Making use of the notation of theorem 2 one may note 

that by independence, (McNeil, et al., 2005b pp. 268-269; Nyström, et al., 2002b p. 10),  

\ ];� − +�
)�

≤ =` = (:()�= + +�))� = exp(� log(1 − �1 − :()�= + +�)�)) 

Since for fixed  = one is in fact solely interested in the situation where ()�= + +�) is very large, a 

simple approximation of the logarithm may be used. For � being large one may thus conclude 

that 

\ ];� − +�
)�

≤ =` ~ exp(��1 − :()�= + +�)�) 

One may especially conclude that ��1 − :()�= + +�)� → � if and only if \((;� − +�)/)�  ≤
=) → exp(−�) which serves as the basic idea for proving theorem number three. 

 

Theorem Theorem Theorem Theorem 3333    F is part of the maximum domain of attraction of  �u  with the normalizing con-
stants  >)�? and >+�? if and only if for any  = ∈ ℝ  

lim�→[ �(1 − :()�= + +�) = Γu(=) 

It is as a consequence the tail behavior of a given distribution function : that defines whether or 

not : is in the maximum domain of attraction of a particular extreme value distribution. The 

maximum domain of attraction can be described with more precision for every extreme value 

distribution (see McNeil et al. (2005b pp. 266-270)). This thesis concentrates on one theorem 

which is valid in the Fréchet case because it is supposedly the most interesting case from a finan-

cial time-series perspective plus it yields a result that can be indicated in a clear and simple way. 

(Nyström, et al., 2002b p. 11) 

 

Theorem Theorem Theorem Theorem 4444    If  9 , . . . , 9�are � independent and identically distributed random variables with 
distribution function F and presuming that 

lim�→[
1 − :(�=)
1 − :(�) = =� /u , = ∈ ℝt, $ > 0 

Then for  = > 0  

lim�→[ \ ];� − +�
)�

≤ =` = Γu,*, (=) 

Where  )� = :←(1 −  
�) and +� = 0 
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The converse is true as well meaning that in case the last limit holds, then the tail acts in the 

specified way. Defining 

�(=) = (1 − :(=))=� /u 

Further defining a function � as being a slowly varying function if it satisfies 

lim�→[
�(�=)
�(�) = 1 

These are functions that change relatively slowly for large � in comparison to power functions.   

The theorem 4 thus specifies that : is in the maximum domain of attraction of Γu,*, (=) for some 

slowly varying function � and positive $ if and only if 

1 − :(�=)
1 − :(=) = �(�=)

�(�) =� /u 

As a next step this thesis aims at making a smooth transition to the generalized Pareto distribu-

tion. One may denote the end of the upper tail =�. Naturally =� is often >+∞?. The domain �($) 

may be proven to be characterized as follows.  

 

Theorem 5Theorem 5Theorem 5Theorem 5  : ∈ �($) for  $ ∈ ℝ if and only if a positive and measurable function )(. ) is exist-
ing such that for every = ∈ ℝ and (1 + $=) > 0 

Z@<�→h�
1 − :(� + =)(�))

1 − :(�) = () + $=)� /u 

The condition in the theorem can also be expressed as 

lim�→h�
\ ]9 − �

)(�) |X > �` = (1 + $=)� /u 

Where 9 stands for a random variable that has : as its distribution function. : ∈ �($) is thus 

equal to a condition for scaled excesses over the threshold �. (Nyström, et al., 2002b p. 12) 

On the basis of theorem 5 the focus is now on the conditional distribution function :�. Defining 

for = > �, 

:�(=) = \(9 ≤ =|9 > �) 

The subsequent notation for a generalized Pareto (GP) distribution is introduced for any 

$ ∈ ℝ, � ∈ ℝt (McNeil, et al., 2000 p. 7): 

�\u,�(=) = 1 − ]1 + $ =
�`

t

� 
u  , = ∈ ℝ [9] 
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The graph below visualizes the probability density function as well as the cumulative distribution 

function of the generalized Pareto distribution subject to different $.  

 

Figure 5: Probability density and cumulative distribution function of the generalized Pareto distribution  

with � = � in all cases. 

Source: Own calculations 

Essentially theorem 5 specifies a one-to-one correspondence between extreme value distribu-

tions and generalized Pareto distributions. Formally the link can be specified as follows: 

1 − �\u,�,=- = − ln Γu,*,�,=- 
Setting  �,�- = ),�- and making use of the continuity of the generalized Pareto distributions 

one may conclude based on theorem 5 that : ∈ �,$- if and only if for some positive measurable 

function � (Embrechts, et al., 2003 p. 165):  

lim�→h sup* h h� |:�,=- − �\u,�,,�-,= − u-| = 0 

Thus excesses over threshold are asymptotically described by the generalized Pareto distribu-

tions as the threshold is raised. Further one can say that the statement that : is in the maximum 

domain of attraction of Γu,.,. corresponds to the statement that : has a tail behavior that is de-

scribed by the generalized Pareto distribution with the index $. The generalized Pareto distribu-

tion thus serves in the extreme value theory as a natural model for the excess distribution over a 

high threshold. (McNeil, et al., 2005b pp. 264-276; Nyström, et al., 2002a pp. 8-12) 

3.2.2. Tail Estimation  

McNeil et al. (2005b pp. 271-292) distinguish between two methods of applying extreme value 

theory to time series data. First there is the block maxima method which consists in dividing the 

data into consecutive blocks and then focusing on the time series of maxima in those blocks. The 

second method is known as threshold exeedance or peaks over threshold method and concen-
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trates on those events which exceed a high threshold. Coles (2001 p. 98) points out that as the 

former method only retains the maxima in specific blocks to perform an analysis, therewith ex-

cluding many events that did not happen to be the largest in a particular block, it is very wasteful 

of data. Practitioners therefore prefer the second method because it makes use of all data which 

is extreme in the sense that it exceeds a specified level. (McNeil, et al., 2005b p. 275) Peaks over 

threshold is thus the method of choice in this thesis. The central point in the application of this 

method is how the generalized Pareto distribution may be used in an estimate of the tail of the 

unknown distribution :,=-. By definition the excess distribution over the threshold � has the 

distribution function 

:�,'- = \,¡ ≤ '|¡ ≥ �- = :,'- − :,�-1 − :,�-  

Thus 

1 − :,'- = ,1 − :,�--,1 − :�,'-- 
The intention is to apply extreme value theory in the estimation of the tail for large '. First of all 

one has to define where the tail “starts” which means to select the threshold �. For the sample 

of � points which are sorted according to size ¡�,� ≤ ⋯ ≤ ¡ ,� one might define the upper tail by 

an integer £ < �. The observations in that upper tail of the distribution are thus ¡¤,� ≤ ⋯ ≤
¡ ,�, meaning that the threshold is � = ¡¤t ,� and an estimator for 1 − :,�- is  £/�. (Nyström, 

et al., 2002a pp. 39-40) For ' > � the following estimator for the tail of the distribution function 

:,'- is obtained by using the generalized Pareto distribution  

:¥,'- = 1 − £� f1 + $¦ ,' − ¡¤t .�-�¥ g
t
� /u¥

 [10] 

where $¦ and �¥ are the parameter estimates of the generalized Pareto distribution. Estimating the 

upper tail of the distribution function thus involves computing § = :�'&� for high quantiles 

§ > 1 − £/�. Using [10] yields (McNeil, et al., 2000 p. 8): 

'̃& = '̃&,¤ = ¡¤t ,� + �¥
$¦ ©]

1 − §£/� `�u¥ − 1ª  

Clearly all the stated estimates are dependent on the sample size � and on the threshold � im-

plied through £. There are several estimators of the parameters in generalized Pareto distribu-

tions in literature including probability-weighted moments and maximum likelihood. However, 

McNeil and Frey (2000 p. 7), Nyström and Skoglund (2002a p. 40), Embrechts et al. (2003 pp. 356-

358) and McNeil et al. (2005b p. 278) indicate that maximum likelihood is the most commonly 
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used method as it delivers estimates of the parameters $¦¤ and �¥¤ that are consistent and asymp-

totically normal as � → ∞, provided that $ > −1/2.  

A central issue when applying extreme value theory is the choice of threshold as there is no natu-

ral estimator for �. With an arbitrarily selected threshold �, £ < � sample points exceed the 

threshold. Normally one chooses a fraction £/� of the sample, thus the integer value of 

,£ + 1-/� is implicitly selected as threshold �. Using the data 

«¡ ,� − ¡,¤t ,�-, … , ¡¤,� − ¡¤t ,�¬ 
the maximum likelihood estimator is fitted to these excesses over the threshold. This maximum 

likelihood estimator is nearly invariant to the choice of threshold given that it is chosen within 

reasonable limits of £ being 5-13% of the data. (Nyström, et al., 2002b pp. 14-17) 
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3.3.  Application 

The key requirement of the extreme value theory to model the tails of a distribution with a gen-

eralized Pareto distribution is that the observations must be independent and identically distrib-

uted. As proposed by stylized fact number one and verified in section 3 for the shares comprised 

in the sample portfolio, this is not the case as all return series show heteroskedasticity and auto-

correlation to a certain extent. To be able to apply extreme value theory to the tails one thus has 

to create a series of observations which complies with the above mentioned requirement. This is 

done by filtering the return series of each asset in the portfolio. 

3.3.1. Return Filtration 

To account for autocorrelation a first order autoregressive model in [1] is fitted to the conditional 

mean of each share’s returns.
2
 Heteroskedasticity is accounted for by fitting the asymmetric 

GARCH in [6] to the conditional var-

iance. Since [6] includes the Boolean 

indicator described in section 3.1 it 

further captures the potential 

asymmetry into the variance. The 

fat tails documented by figures 3, 20 

and 21 are compensated for by 

modeling the standardized residuals 

of every share as a standardized � 
distribution such that '� = !�/ℎ� is 

independent and identically � dis-

tributed. Figure 6 depicts the UBSN 

model residuals and the corre-

sponding conditional standard devi-

ations which were filtered from the 

original UBSN returns. One can 

clearly see the heteroskedasticity in 

                                                           

2
 The likelihood ratio test reveals that at the 5% significance level there is not enough statistical evidence to 

support the ARMA (1,1) model in [2] except for ADEN and CSGN. At the 2% significance level no statistical 

evidence for a moving average of any return series in the portfolio was found. 
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the filtered residuals as displayed by the lower graph. Figure 23 in the appendix shows the corre-

sponding plots for the other shares comprised in the portfolio which all display a time varying 

volatility of the filtered residuals.  

The filtered residuals of every share are then standardized by the according conditional standard 

deviation. Those standardized residuals are meant to constitute the independent and identically 

distributed series with zero mean and unit variance that is used to estimate the tails of the sam-

ple cumulative distribution function with extreme value theory. To verify whether the created 

series are suitable, the sample autocorrelation function of the standardized residuals and 

squared standardized residuals are plotted in figure 7 for the UBSN case.  

 

Figure 7: Sample autocorrelation function of standardized and squared standardized UBSN residuals 

Source: Thomson Reuters Datastream, own calculations 

The visual inspection reveals that an independent and identical distribution is now approximately 

given for the standardized residuals of UBSN as well as for the other shares as depicted in figure 

24 and 25 in appendix A. The key requirement to apply extreme value theory is thus fulfilled. 

3.3.2. Estimation of semi-parametric Distributions 

Given the standardized, approximately independent and identically distributed residuals from the 

previous step, a composite semi-parametric cumulative distribution function is constructed for 

every share. The tails are parameterized using extreme value theory. For this purpose firstly the 

threshold is chosen such that 10% of the residuals are attributed to each tail. This is well inside 

the permissible range of 5-13% as outlined in section 3.2.2. According to the peaks-over-

threshold method, the amount by which the tail residuals fall beyond the according threshold is 

fitted to a parametric generalized Pareto distribution by maximum likelihood. Given the peaks 

over the two tail thresholds the negative log-likelihood function is optimized to obtain an estima-

tion of the generalized Pareto distribution parameters $ and �. (The MathWorks Inc., 2009) The 
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estimation results are listed in table 1 in appendix B. Figure 8 shows the UBSN empirical cumula-

tive distribution of the residuals’ upper tail exceedances and the fitted generalized Pareto which 

is parameterized according to equation [9]. 

One may observe that the fitted distribution 

closely follows the empirical exeedances 

such that the chosen model proves to be 

accurate.  

With the 2081 remaining residuals per asset 

the interior of the empirical cumulative 

distribution function is not expected to ex-

hibit an overly pronounced staircase pat-

tern. Nevertheless, to ensure that the dis-

tribution of each share is smooth (also in 

case a less extensive data set is used for 

calibration as in section 5.2.1) one may opt for a nonparametric density estimator such as the 

kernel estimator. 

In simple terms a kernel estimator represents a method to generalize a density curve from a his-

togram generated with the data by spreading each point with a kernel and a bandwidth parame-

ter. Following Wand and Jones (1995 pp. 11-13) the formula for the univariate kernel density 

estimator is given by 

	®,=, ℎ- = ,�ℎ-� �¯{,= − 9�-/ℎ}
�

�� 
 

where 9 , … , 9�	 is the sample, ¯ is a function which satisfies °¯,=-�= = 1  that is called ‘kernel’ 

and ℎ > 0 is the bandwidth parameter. This can be expressed in a more compact form by intro-

ducing the rescaling notation ±̄,�- = ℎ� ¯,�/ℎ- which yields 

	®,=, ℎ- = �� � ±̄,= − 9�-
�

�� 
 [11] 

Normally a unimodal probability density function which is symmetric around zero is selected as 

¯. This ensures that 	®,=, ℎ- is a density as well. There are several kernels that may be applied 

such as e.g. the Epanechnikov, the triangular, the cosine and the Gaussian Kernel. (Wand, et al., 

1995 p. 31) However, Alexander (2008 p. 165) emphasizes that the type of kernel is not of partic-
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ular importance given that the selected kernel is not totally unreasonable. The kernel that seems 

to be most reasonable in the present case is the Gaussian one such that  

¯,=- = 1
√2� expf−

=#2 g 

Finally for each asset the parametric generalized Pareto tails are combined with the correspond-

ing kernel smoothed interior to obtain the entire semi-parametric cumulative distribution func-

tion. The result for UBSN is displayed in figure 9. For the other assets in the sample portfolio the 

respective combined distribution function is shown in figure 26 in the appendix. The lower and 

upper generalized Pareto tails of the distributions, depicted in red respectively blue, enable ex-

trapolation and thus drawings of residuals outside the historical data.  
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 Dependence Structure 4.

While the previous chapter developed models to characterize the time dependence of the risk 

factors, this chapter moves to the second step of the overall model design concentrating on 

modeling the dependence structure among the risk factors. There are several methods to quanti-

fy and model dependence. A first obvious choice seems to be Pearson’s correlation coefficient as 

it is a widely used measure in practice.  

4.1.  Pearson’s linear Correlation  

Following Embrechts et al. (2001 p. 9) Pearson’s linear correlation is defined the following way: 

 

DefinitionDefinitionDefinitionDefinition    1 1 1 1 (Pearson’s linear correlation) Let 9 and 9# be vectors of random variables with 
nonzero finite variances, then Pearson’s linear correlation is  

�(9, ¶) = �·¸(9, ¶)
¹º)»(9)¹º)»(¶) 

[12] 

where �·¸(9, ¶) denotes the covariance of  9 and ¶, while  º)»(9) resp.  º)»(¶) denote the 
variances. 
 

This is a measure of linear dependence which can take on values in [-1,1].  If 9 and ¶ are inde-

pendent, then �(9, ¶) = 0. Nonetheless it should be emphasized that the converse is not true: 9 

and ¶ being uncorrelated does not generally imply that they are independent. If |�(9, ¶)| � 1, 

this is identical to stating that 9 and ¶ are perfectly linearly dependent in the sense that 

¶ � ¼ � �9 almost certainly for ¼ ∈ s and � ½ 0. In fact � � 0 indicates positive linear de-

pendence and � 2 0 negative linear dependence. Furthermore for �¾ , �¿ � 0 it holds that 

�(¼¾ � �h9, ¼¿ � �¿¶) � �(9, ¶) [13] 

which means that under a strictly increasing linear transformation, correlation is invariant. Yet 

under nonlinear strictly increasing transformations À: s → s correlation is not invariant. (McNeil, 

et al., 2005b p. 202) The popularity of linear correlation may stem from the fact that it can be 

manipulated without difficulty under linear operations: If one considers  Á and Â to be < Ã � 

matrices; ), + ∈ sÄ and 9, ¶ to be random n-vectors, then  

�·¸ (Á9 � ), Â¶ � +) � Á�·¸(9, ¶)ÂÅ 
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From this one can conclude that for ¼ ∈ s�, 

º)»(¼Å9) � ¼Å�·¸(9)¼ 

where �·¸(9) ≔ �·¸(9, 9). The variance of a linear combination is thus completely determined 

by pairwise covariances between the individual components – an essential property for modern 

portfolio theory. Despite its popularity Pearson’s linear correlation is quite frequently misunder-

stood. Its widespread use is certainly also due to the simplicity of its calculation. It is further a 

natural scalar measure of dependence for elliptical distributions such as for example the multi-

variate normal distribution. Elliptical distributions are distributions whose density that is constant 

on ellipsoids which means in the two dimensional case that the contour lines of the density sur-

face form ellipses.
3
 (Embrechts, et al., 1999 p. 2)  

However, as indicated in the stylized facts of financial time series in chapter 3, one is mostly con-

fronted with heavy tails and asymmetries which imply that the underlying distributions are not 

elliptical. Embrechts et al. (1999 pp. 1-7), McNeil et al. (2005b pp. 201-206) and Schmidt (2007 

pp. 1-31) highlight the limitations and pitfalls of Pearson’s linear correlation and its usage, which 

may be summarized as follows:  

 

- As a scalar measure, correlation is unable to capture the entire dependency structure of 

risks. 

- A correlation coefficient of zero does not imply independence of risks. 

- Correlation does not prove to be invariant under nonlinear strictly increasing transfor-

mations of the risks.  

- Risks which are perfectly positively dependent do not implicitly have a correlation of 1, 

while risks which are perfectly negatively dependent do not necessarily have a correla-

tion of -1. 

- Despite the equivalence between zero correlation and independence for normal distribu-

tions, it does not apply to � distributions, even though they both belong to the family of 

elliptical distributions. 

- Possible values of the correlation coefficient are reliant on the marginal distribution of 

the risks. Not the entire range of values between -1 and 1 is necessarily attainable. 

- Correlation is solely defined in case the risks’ variances are finite which renders it unsuit-

able for risks with pronounced heavy tails where variances appear to be infinite.  

 

                                                           

3
 For further information on elliptical distributions see McNeil et al. (2005b pp. 89-101) 
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Based on this reasoning Pearson’s linear correlation does not seem to be appropriate to measure 

and model dependence in a stress testing framework. A different concept is required which is 

capable to overcome the mentioned problems. The solution may be found in the theory of copu-

las. 

4.2.  Copulas 

The term “copula” is derived from the latin word “copulare” which means to join respectively to 

connect. It was first mentioned in statistics literature by Sklar (1959 pp. 229-231) even though 

comparable ideas and outcomes may be tracked back to Hoeffding (1940 pp. 181-233). Copulas 

provide the possibility to build models which exceed the standard ones at the level of depend-

ence. McNeil et al. (2005b pp. 184-185) point out that the copula approach allows the combina-

tion of more developed marginal models such as the semi-parametric one derived in chapter 3, 

with a variety of possible dependence structures. Copulas enable to investigate the sensitivity of 

risk to different dependence specifications independent of the marginal distributions. As simula-

tion of the copulas introduced in this thesis is straightforward, they lend themselves particularly 

well to Monte Carlo studies of risk. Malevergne and Sornette (2006 p. 120) consider stress testing 

investigations an important practical application of copulas. Embrechts et al. (2001 p. 1) state 

that copulas “yield an ideal tool to stress test a wide variety of portfolios and products in insur-

ance and finance for extreme moves in correlation and more general measures of dependence.” 

Embrechts (2003 p. 18) further emphasizes that copula theory is particularly useful in stress test-

ing dependence as it enables to cover joint extremes as well as spillover and contagion effects. 

Copula theory thus appears to be particularly appropriate for modeling dependence in the stress 

testing framework at hand. Before implementing copula theory this paper first elaborates on the 

according theoretical background in the subsequent sections. 

4.2.1. Definition and Sklar’s Theorem 

This part provides definitions and outlines fundamental relationships mainly following McNeil et 

al. (2005b pp. 184-228) and Schmidt (2007 pp. 1-20). A copula in � dimensions can be defined as 

follows: 

 

Definition 2Definition 2Definition 2Definition 2 A d-dimensional copula �: k0.1]È:→ k0.1] is a cumulative distribution function 
with uniform marginal distributions. 
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The notation �(�) � �(� , … , �È) is subsequently reserved for the multivariate distribution 

functions which represent copulas. Following McNeil et al. (2005b p. 185) three properties char-

acterize a copula such that every function satisfying them is a copula: 

 

1. �(� , … , �È) is increasing in each component ��. 
2. By setting �� � 1 for all 0 ½ @ the marginal component @ is attained and since it must be 

uniformly distributed,  

�(1, … 1, ��, 1, … ,1) � ��. 
3. For )� ≤ +� the probability \(É ∈ k) , + ],… , ÉÈ ∈ k)È , +È]- has to be nonnegative, 

which leads to the following expression known as rectangle inequality 

� ⋯#

�Ê� 
�,−1-�Êt⋯t�Ë�,� �Ê , … ,#

�Ë� 
�È�Ë- ≥ 0, 

where �% = )%  and �%# = +%. 

 

Consider a d-dimensional copula, then  �,1, � , … , �È� - is yet again a copula and with it all k-

dimensional marginal distributions with 2 ≤ £ ≤ �. For a lot of theoretical considerations one 

may thus focus on two-dimensional copulas. (Schmidt, 2007 p. 3) 

Knowledge of probability and quantile transformation as well as being familiar with the proper-

ties of generalized inverses is a prerequisite if one wants to work with copulas. Recall the follow-

ing result on quantile transformations (McNeil, et al., 2005b p. 186):  

The generalized inverse of a distribution function F may be defined by 

:←,�- ≔ @�	{=: :,=- ≥ �} [14] 

If É is standard uniformly distributed É~É,0,1- and : is a cumulative distribution function, then 

\,:←,É- ≤ =- = :,=- [15] 

On the other hand if the random variable ¶ ∈ ℝ has the distribution function : and : is a loga-

rithmic univariate distribution function, then 

:,¶-~É,0,1- [16] 

The relation [15] is crucial for stochastic simulation: Having generated uniform variables É and 

having calculated the inverse of some distribution function : it enables to sample from that dis-

tribution function :. (McNeil, et al., 2005b p. 186)  
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With this result on quantile transformations it is quite natural to see that firstly any distribution 

function on ℝÈ inherently contains a copula function. Secondly, choosing a copula and marginal 

distributions and linking them with a copula yields a proper multivariate distribution function. 

(Schmidt, 2007 p. 4) The reason is the following theorem by Sklar (1959): 

 

Theorem 6Theorem 6Theorem 6Theorem 6    (Sklar) Consider a d-dimensional distribution function with marginal distribu-
tions : , … :È . Then there exists a copula  �: k0,1]È → k0,1], such that  

:(= , … , =È) � �(: (= ), … , :È(=È)) [17] 

for all =� , … , =È in [−∞, ∞]. C is unique if the marginal distributions are continuous, other-
wise C is solely defined on  �)� : Ã ⋯ Ã �)� :È, where  �)� :� denotes the range of :�. On 
the contrary, if  : , … :È are univariate distribution functions and  � is a copula, then  : as 
defined in [17] is a multivariate cumulative distribution function with the marginal distribu-
tions : , … :È .4 
 

Examining the implications of equation [17] for the copula itself and making use of the property  

:� ∘ :�←(�) ≥ � one obtains 

�(�) � :(: ←(� ), … , :È←(�È)) [18] 

The relation described in [17] typically represents the starting point for simulations that are 

based on a given copula and given marginal while [18] is more a theoretical instrument to get the 

copula from a multivariate distribution function. The latter further allows to get a copula directly 

from a multivariate distribution function. By referring in the following to a copula of random vari-

ables 9 , … , 9È it is in fact referred to the copula given by [18]. (Schmidt, 2007 p. 4) 

For discrete distributions the concept of copulas is less natural because one may use more than 

just one copula to join the marginal distributions. For continuous marginal distributions however, 

the copula of a distribution may be interpreted as a natural way of representing the dependence 

structure of that distribution. This is on the one hand based on Sklar’s theorem and on the other 

hand based on the following invariance property of the copula: for strictly increasing functions 

À�, … , ÀÈ, the random variables 9 , … , 9È and À (9 ), … , ÀÈ(9È) have the identical copula. 

(McNeil, et al., 2005b pp. 187-188) 

                                                           

4
 For a comprehensive proof see Nelsen (2006 pp. 18-21). 
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4.2.2. Densities of Copulas 

As defined, the copula is a cumulative distribution function. Schmidt (2007 p. 5) points out that 

the interpretation of their graphs can be quite arduous despite their theoretical power. This is 

the reason why for illustration purposes usually the densities are plotted rather than the cumula-

tive distribution functions themselves. This of course only applies to copulas which have densi-

ties, as this is not always the case. Nevertheless, if the copula proves to be adequately differenti-

able, then the copula density may be computed (McNeil, et al., 2005b p. 197; Schmidt, 2007 p. 5): 

�,�- ≔ ÒÈ�,� , … , �È-Ò� , … , Ò�È  
[19] 

Density calculation is required for example in case the copula ought to be fit to data by maximum 

likelihood (see section 4.5).  Whenever the copula is given in above stated form [18] the copula 

density is obtained in terms of the joint density in conjunction with marginal distribution func-

tions and marginal densities. Note that since the differentiability of the cumulative distribution 

function is a necessity one has  :�← = :�� . Following the chain rule the copula density is  given by 

�,�- = 	,: � ,� -,… , :È� ,�È--	 ,: � ,� --⋯	È,:È� ,�È-- 
[20] 

where 	 is the joint density and 	 , … , 	È are the marginal densities. (McNeil, et al., 2005b p. 197; 

Schmidt, 2007 p. 5) 

4.2.3. Conditional Distributions of Copulas 

If one wants to deduce outcomes from a random variable based on the knowledge of a related 

factor, the concept of dependence is of utmost importance. Concentrating on two dimensions for 

an illustration, let É  be an observed and É# an unobserved random variable with known copula 

�. The aim is to infer the conditional distribution which may then be used to estimate É#. Under 

the assumption of sufficient regularity the following is obtained for the conditional cumulative 

distribution function 

\,É# ≤ �#|É � � ) � limÓ→*
\,É# ≤ �#, É ∈ ,� − Ô, � + Ô]-\,É ∈ ,� − Ô, � + Ô]-  

 

 = limÓ→*�,� + Ô, �#- − �,� − Ô, �#-2Ô  
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 = ÒÒ� �,� , �#- 
 

The conditional cumulative distribution function can thus be derived from the copula itself. The 

result of a further derivation with respect to �# is then the conditional density function. From this 

conditional density function one may directly attain the conditional expectation which in the 

majority of cases seems to be the best estimator of É#. (McNeil, et al., 2005b p. 197; Schmidt, 

2007 p. 5) 

4.2.4. Copula Bounds    

Even though it was Sklar (1959) introducing the term copula, the idea to examine multivariate 

distributions under changes of scale goes back to Hoeffding (1940). Hoeffding and independently 

also Fréchet (1951) found out that copulas lie in between specific bounds which are given by 

extreme cases of dependency. For illustration purposes consider the two uniform random varia-

bles É  and É#. One extreme case of dependence is obviously if É = É# where the copula is 

given by  

�,� , �#- = \,É ≤ � , É ≤ �#- = min	,� , �#- [21] 

This copula is always obtained with two random variables in case one of them represents a mon-

otonically transformed version of the other: 9# = À,9 - where À is the monotonic transfor-

mation. Such random variables are called “comonotonic”. In contrast to comonotonicity consider 

two random variables which are independent. The copula is then given by �,� , �#- = � × �#. 

Nethertheless the opposite extreme example to comonotonic random variables are not inde-

pendent but countermonotonic random variables. This is obtained with regards to uniform ran-

dom variables for É# = 1 − É . The according copula is for 1 − �# < �  

�,� , �#- = \,É ≤ � , 1 − É ≤ �#- [22] 

 = \,É ≤ � , 1 − �# ≤ É - = � + �# − 1 [23] 

and zero otherwise. (Schmidt, 2007 pp. 6-7; McNeil, et al., 2005b pp. 189-190) 

 

Theorem 7Theorem 7Theorem 7Theorem 7 (Fréchet-Hoeffding bounds) For every  copula �(�) � �(� , … , �È) the bounds 
are 
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<)= Ø� �� � 1 − �,0
È

�� 
Ù ≤ �,�- ≤ <@�{� , … , �È} [24] 

Figure 10 depicts the fundamental copulas in [21] and [23]. The Fréchet-Hoeffding upper bound, 

�,� , �#- = min,� , �#-, is given in the graph by the front surface of the pyramid, whereas the 

lower bound, �,� , �#- = max (� � �# − 1,0-, is represented by the surface given by the bot-

tom and the rear side. Based on [19], any copula must be within the interior of this pyramid. 

While in the multidimensional case there is a comonotonic copula in any dimension �, no coun-

termonotonic copula exists if the dimensionality exceeds two.
5
 (Schmidt, 2007 pp. 6-7) 

4.2.5. Fundamental Copulas 

The independence copula is 

Π,�- =Û��
È

�� 
 

It follows as a direct consequence of Sklar’s theorem that random variables are independent if 

and only if the dependence structure of those random variables is given by the independence 

copula. The density of the copula is merely constant. 

The comonotonicity copula, which is the Fréchet-Hoeffding upper bound, is given by  

;,�- = min,� , … , �È- 

                                                           

5
 See McNeil et al. (2005b p. 200) and Nelsen (2006 p. 49) exercise 2.35 for explanatory examples. 

Figure 10: Fréchet-Hoeffding bounds 

Source: Cf. Schmidt (2007 p. 6) 
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This special copula refers to the subsequent situation of perfect positive dependence: let 

9� = À�,9�- for @ = 2,… , � where  À#, … , ÀÈ are strictly increasing transformations, then one may 

conclude based on the invariance property (see 4.2.1) that these random variables undeniably 

have the comonotonicity copula.  

The countermonotonicity represents the other extreme case which, as stated above, is only at-

tainable in the case of two dimensions. The Fréchet-Hoeffding lower bounds respectively the 

countermonotonicity copula is given by 

Ü,� , �#- = max{� + �# − 1,0} 
In this situation there is perfect negative dependence which means that 9# = À,9 - where À 

denotes a strictly decreasing function.  

Both of these extreme cases of copulas do not have copula densities since they include a kink 

which means that they are not differentiable. One may recall that É# is flawlessly determined 

conditional on É : in the comonotonic situation É# = É . The distribution thus only has mass 

along the diagonal where � = �# which is the cause that this copula cannot be outlined by a 

density. The countermonotonic situation is analogous as there is only mass on � = 1 − �#. 

(Schmidt, 2007 pp. 7-8; McNeil, et al., 2005b pp. 189-190, 199-201) 

4.2.6. Implicit Copulas 

Typical multivariate distributions describe central dependence structures. A multivariate normal 

distribution entails a Gaussian copula whereas a multivariate �-distribution entails a �-copula. Let 

9  and 9# be two normally distributed random variables which are as well jointly normal. Their 

dependence structure is entirely described by their correlation according to definition [12]. As 

mentioned in 4.1 this holds for all elliptical distributions while it is incorrect for any other distri-

bution. Based on relation [18] the two-dimensional Gaussian copula is given by 

���,� , �#- = ΦÞ,Φ� ,� -,Φ� ,�#-- 
where Σ stands for the 2 × 2 correlation matrix. A correlation matrix is equal to the covariance 

matrix with each component scaled to variance 1. Due to the invariance property the copula 

therewith remains unchanged. Φ is the cumulative distribution function of a standard normal 

distribution whereas ΦÞ is the cumulative distribution function of the bivariate normal  distribu-

tion having a mean of zero and a covariance matrix Σ. There is no simple closed form for the 

Gaussian copula, but it can be expressed as integral over the density of 9 by   
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���,� , �#- = c c 1
2�¹1 − �# expf−	

� # − 2�� �# + �##2,1 − �#- g�� ��#
àáÊ,�â-

�[

àáÊ,�Ê-

�[
 

A correlation of zero corresponds to independence for normal respectively elliptical distributions. 

The Gaussian copula for � = 0 is thus equivalent to the independence copula. In case � = 1 the 

comonotonicity copula is obtained whereas � = −1 yields the countermonotonicity copula. The 

three fundamental dependence structures are hence interpolated by the Gaussian copula only 

using the correlation �. Two dimensional Gaussian copulas belong to the family of comprehen-

sive copulas which comprises all copulas interpolating between a lower limit of countermono-

tonicity and an upper limit of comonotonicity. (McNeil, et al., 2005b pp. 191-221; Schmidt, 2007 

p. 8)  The copula density of the bivariate Gaussian Copula with a correlation � = 0.3 is plotted on 

the left of figure 11 below.  

 

Figure 11:  Copula densities of a Gaussian copula ,ã = �. ä- and a Student-t copula ,ã = �. ä; åæ = ç- 
Source: Own calculations 

The Gaussian copula for the multivariate case is given for a correlation matrix Σ by 

�Þ�,�- = ΦÞ,Φ� ,� -,… ,Φ� ,�È--  

Identical to the multivariate normal distribution one may obtain an implicit copula from any oth-

er distribution with continuous marginal distribution functions. In the case of �-distributions the 

d-dimensional �-copula with è degrees of freedom is given by 

�é,Þ� ,�- = té,Þ,�� ,� -,… , �� ,�È-- [25] 

where Σ is a correlation matrix, té is the cumulative distribution function of the one dimensional  

té distribution and té,Þ is the cumulative distribution function of the multivariate  té,Þ distribu-

tion. As mentioned above the correlation matrix is the simple result of scaling each component of 
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an arbitrary covariance matrix to variance 1. In the case of bivariate �-distributions one uses the 

notation �,��  which directly refers to the correlation as in the Gaussian copula. (Schmidt, 2007 

pp. 9-10; McNeil, et al., 2005a p. 3) The bivariate � copula density with � = 0.3 and è = 2 is plot-

ted on the right hand side of figure 11. A comparison of the two plots in figure 11 yields that the 

behavior of the �-copula differs to Gaussian copula particularly at the four corners, whereas the 

center does not appear to be highly different. Even though both cases have the identical correla-

tion, the four corner areas which represent the extreme cases are clearly more pronounced with 

the �-copula. In the case of risk factors this means that the values in the (0,0) corner relate to 

large negative changes in both factors. Clearly, the �-copula is better suited to model such ex-

treme cases due to its tail-dependence which is put into focus below. Additionally the �-copula 

displays peaks in the corners (0,1) and (1,0) which is due to  its mixing nature. Given that the val-

ue of the mixing variable $ is rather low, then the latter peaks originate from 9 > 0 and 9# < 0. 

In case of independence this is as probable as 9  and 9# having the identical sign such that the 

density would rise symmetrically in all the corners. Nevertheless, the introduction of some corre-

lation alters this probability which leads to higher peaks in the corners (0,0) and (1,1) in figure 11, 

stemming from the correlation � = 0.3 which makes it more probable to have values with the 

identical sign. (Schmidt, 2007 p. 10) 

4.2.7. Explicit Copulas 

While the Gaussian and the � copulas are derived from multivariate distributions and do not have 

a simple closed form themselves, one may state a number of copulas directly as they are availa-

ble in closed form. Typically those copulas are attributed to the class of Archimedean copulas 

which shall be introduced briefly in the bivariate case.
6
  

A first example of an Archimedean copula is the bivariate Gumbel copula which is also known as 

Gumbel-Hougaard copula given by 

�ê�,� , �#- = exp ë−,,− ln � -ê + ,− ln�#-ê- êì 
where 4 ∈ k1,∞- If 4 = 1 one obtains the special case of the independence copula while the 

limit of �ê� as 4 → ∞ is the comonotonicity copula. The Gumbel copula thus interpolates be-

tween perfect positive dependence and independence where the strength of dependence is rep-

                                                           

6
 An extensive treatment of Archimedean copulas can be found in Nelsen (2006 pp. 109-155) and McNeil et 

al. (2005b pp. 220-228) 
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resented by the parameter 4. The Gumbel copula is an example of a simple copula with tail de-

pendence in one corner which will be put into focus below. 

Another example of an Archimedean copula is the Clayton copula: 

�êíî,� , �#- = ,max	«� �ê + �#�ê − 1,0¬-	� ê 

where 4 ∈ k−1,∞-\{0}. In the limit as 4 → 0 the independence copula is approached whereas 

for 4 → ∞ one approaches the comonotonicity copula. In the case where 4 = −1 the Fréchet-

Hoeffding lower bound is achieved. The Clayton copula therefore interpolates between specific 

structures of dependence just as the Gumbel copula, specifically comonotonicity, independence 

and countermonotonicity. (McNeil, et al., 2005b pp. 191-192; Schmidt, 2007 pp. 10-11)  

These two examples propose that by interpolating in an appropriate way between specific copu-

las it may be possible to generate a number of copulas. The family of Archimedean copulas un-

deniably represents a suitable tool to generate copulas. By examining the above two examples in 

more detail it becomes clear that the copula itself always takes the form 

�,� , �#- = �� ,�,� - + �,�#-- 
where � is a decreasing function which maps k0,1] into k0,∞]. In fact, we obtain the Gumbel 

copula with 

��,�- = ,− ln�-ê 

and the Clayton copula with  

�íî,�- =  
ê ,��ê − 1-. 

The function � is known as the generator function of the copula. (Schmidt, 2007 pp. 10-11) 

				
Theorem	8:Theorem	8:Theorem	8:Theorem	8:	Let		�: k0,1]:→ k0,∞]	be	a	strictly	decreasing	continuous	function	with	�,1- = 0.	
Then	

�,� , �#- = ñ�� ��,� - + �,�#-�
0															 												 	@	�,� - + �,�#- ≤ �,0-

·�ℎd»ò@�d 	
is	a	copula	if	and	only	if		�	is	convex.7	
 

The generator is classified as strict in case �,0- = ∞ and �,� , �#- = �� ,�,� - + �,�#-- e.g. 

the Clayton copula generator function is strict only in case 4 > 0. Given 4 > 0  one obtains  

                                                           

7
 For a proof see Nelsen (2006 p. 111) 



Explicit Copulas 

  

 

 

 39 

 

,� �ê + �#�ê − 1-� ê 

This approach enables to generate of a number of copulas. The Frank copula for example is ob-

tained with the generator  ln�d�ê − 1� − ln�d�ê� − 1� : 

�ê�C,� , �#- = −14 ln f1 + �d�ê�Ê − 1� ∙ ,d�ê�â − 1-d�ê − 1 g 

for 4 ∈ ℝ\{0}. The generalized Clayton copula is yet another example, the generator 4�Ó,��ê −
1-Ó yields 

�ê,Óíî ,� , �#- = ]k,� �ê − 1-Ó + ,�#�ê − 1-Ó] Ó + 1`�
 ê

 

where 4 > 0 and Ô ≥ 1. In case  Ô = 1 one obtains the standard Clayton copula. Moreover, the 

generalization of this copula to higher dimensions is impossible in this case. (Schmidt, 2007 pp. 

11-12).  

The densities of the Gumbel, Clayton and the Frank copula are plotted in figure 12 which nicely 

shows their differences in the behavior at the lower left and upper right corner.  

 

Figure 12: Copula densities of the Gumbel (θ=2), Clayton (θ=2) and Frank copula (θ=5). 

Source: Own calculations 

From a qualitative perspective one may state that the Gumbel copula displays a rather extreme 

peak at (1,1) while being less prominent in the diagonal corner. This is captured by the so-called 

tail behavior where the Gumbel copula is said to have upper tail dependence (see section 4.3.2). 

The Clayton copula shows quite the opposite behavior peaking at (0,0) whereas the Frank copula 

does not appear to have significant tail dependence. A comparison with figure 11 yields that the 

t-copula is the only one displaying peaks at the corners (0,1) and (1,0) which may be attributed to 

the t-distribution’s mixing nature. (Schmidt, 2007 p. 12) 
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4.3. Dependence Measures 

Pearson’s linear correlation was introduced as a first measure of dependence in section 4.1, 

where also the shortcomings of this concept were highlighted. One of these downsides is that 

correlation is only appropriate for elliptical distributions (such as the normal distribution and 

mixtures of normal distributions). Despite being scale-invariant under linear transformations, 

Pearson’s linear correlation is not generally scale-invariant under strictly increasing transfor-

mations. There is however a number of other dependence measures which are not only scale-

invariant but further also appropriate to cover non-linear dependence structures. The most wide-

ly known alternatives are the non-parametric measures of rank correlation. The non-parametric 

feature means that these measures are independent of the marginal probability distributions. It 

is not surprising that these measures are directly connected to the copula function which will be 

shown below. (Cherubini, et al., 2004 p. 42) 

4.3.1. Rank Correlation 

Instead of concentrating on the data itself, it is a popular approach in nonparametric statistics to 

focus on the ranks of data. This concept has given rise to Kendall’s tau and Spearman’s rho, two 

important estimators of correlation. By focusing on ranks one obtains a scale-invariant correla-

tion estimate which is advantageous when working with copulas. Rank correlations therewith 

offer a potential way to fit copulas to data.  

Spearman’s rho can be seen as being closely related to the quantile transformation discussed 

above. One may note that the application of the empirical cumulative distribution function to the 

data itself yields the ranks of the data points (up to a multiplicative factor). The correlation of 

these transformed variables is then identical to the correlation of the ranks. A formulation which 

is intuitive in the context of copulas is the following: 

 

Definition Definition Definition Definition 3333 Let  9  and     9# be two random variables with the marginal distributions :  and 
:#. Based on the correlation definition in [12] Spearman’s rho is: 

�õ ≔ �·»»(: (9 ), :#(9#)) 
In the d-dimensional case, Corr refers to the correlation matrix and the Spearman’s rho ma-
trix is then defined as 

�õ(ö) ≔ �·»»(: (9 ), … , :È(9È)) 
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The entries in ρø(ù) are thus ρø(ù)úû = Corr(Fú(Xú), Fû�Xû�). In the two dimensional case Spear-

man’s rho simply equals the correlation of the uniform random variables : (9 ) and :#(9#). 

(Schmidt, 2007 pp. 15-16) 

In order to elaborate on the second rank correlation Kendall’s tau, let 9  and 9# be two random 

variables. Additionally, let 9¥  and 9¥# be two other random variables used for comparison which 

are independent of 9  and 9# but have the identical joint distribution. Plotting point (= , =#) and 

point (=ü , =ü#) one may connect the points by a line which in case of positive dependence is ex-

pected to be increasing and decreasing otherwise. The multiplication (9 − 9¥ ) ∙ (9# − 9¥#) re-

fers to the increasing case if it yields a positive sign and to the decreasing case if the sign is nega-

tive. By taking the expectations one ends up with the following definition. 

  

Definition Definition Definition Definition 4444 Let  9  and     9#  as well as 9¥  and 9¥# be two independent pairs of random varia-
bles with the same joint distribution. Kendall’s tau then is: 

��(9 , 9#) ≔ ��sign �(9 − 9¥ ) ∙ (9# − 9¥#)�� [26] 

In the d-dimensional case of a pair of independent random vectors 9 and 9¥ with the same 
distribution, Kendall’s tau is: 

��(9) ≔ �·¸ [�@�� (9 − 9¥)]  

 

As an alternative one may express the expectation in [26] as  

��(9 , 9#) = \ }�9 − 9¥ � ∙ �9# − 9¥#� > 0~ − \ }�9 − 9¥ � ∙ �9# − 9¥#� < 0~ 

Naturally ρ� = 0 if both probabilities are the same i.e. upward slopes are as probable as down-

ward ones. If ρ� > 0, the probability that upward slopes is higher and if ρ� < 0 one expects ra-

ther downward than upward slopes. (McNeil, et al., 2005b pp. 206-207; Schmidt, 2007 p. 16)  

The two presented rank correlations share a number of properties: They are both symmetric 

dependence measures that take on values in [−1,1], return 0 for independent variables (alt-

hough a rank correlation of 0 does not automatically imply independence), 1 for the comonoton-

ic and −1 for the countermonotonic case respectively. For continuous marginal distributions they 

can furthermore both be derived from the unique copula describing the dependence structure of 
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9 and 9#, therewith inheriting the copula’s property of invariance under strictly increasing trans-

formations. The rank correlations are thus given by:
8
  

�õ(9 , 9#) = 12 c c(�(� , �#) − � �#)�� ��#
 

*

 

*
 

��(9 , 9#) = 4 c c �(� , �#)��(� �#) − 1
 

*

 

*
 

In comparison with Pearson’s linear correlation rank correlations are capable of overcoming one 

drawback listed in section 4.1: for given marginal distributions the rank correlation may take on 

values among the entire range between -1 and 1. (McNeil, et al., 2005b pp. 207-208) 

The rank correlations for Gaussian copulas are given in the two-dimensional case by 

�õ(9 , 9#) = 6
� arcsin 1

2 � 

��(9 , 9#) = 2
� arcsin � 

The relationship between Spearman’s rho, Kendall’s tau and the linear correlation coefficient � of 

the Gaussian copula ��� is shown in a one-to-one mapping in figure 13.  Spearman’s rho is very 

close to the linear correlation which is reflected in the light blue line being very close to the dot-

ted black line marking � =  =. The relationship between Kendall’s tau and the linear correlation 

coefficient is depicted by the dark blue line and holds for the copulas of other normal variance 

                                                           

8
 See McNeil et al. (2005b pp. 208-209) for a proof.  

Figure 13: One-to-one mapping of Kendall's tau, Spearman's rho and the linear correlation ã of the Gaussian copula �ã�	 
Source: Own calculations 
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mixture distributions with the correlation coefficient � as for example the �-copula �,��  . (McNeil, 

et al., 2005b pp. 215-216) 

4.3.2. Tail Dependence 

As shown in section 4.2.6 respectively visualized in figure 11 the tail behavior of the Gaussian 

copula density is substantially different to the �-copula at the upper right as well as the lower left 

corner. The former corner refers to upper tail dependence whereas the latter refers to lower tail 

dependence. (Embrechts, et al., 2001 p. 15) Considering two uniform random variables É  and É# 

with copula �, the notion upper tail dependence naturally stands for the  expectation of large 

values of É# given large values of É . To put it with more precision the probability that É# ex-

ceeds its q-quantile, given that É exceeds its q-quantile for § → ∞ is considered. If this is larger 

than of order q, É  and É# have tail dependence, otherwise they do not.  

 Definition Definition Definition Definition 5555 Let  9  and 9# be two random variables with cumulative distribution functions  :  and  :#. The coefficient of upper tail dependence is then given by 

� ≔ Z@<&→ á \,9# > :#←,§-|9 > : ←(§)) 

provided that a limit 
� ∈ k0,1] exists. In case 
� � 0, 9  and 9# are said to exhibit upper tail dependence whereas for 
� = 0 they are said to be asymptotically independent in the upper 
tail. The coefficient of lower tail dependence analogously is 


î ≔ Z@<&→*� \(9# ≤ :#←(§)|9 ≤ : ←(§)) 
If F  and  F# are continuous distribution functions, simple expressions for λ� and  λî are obtained 

using Bayes’ rule: 


î = Z@<&→*�
\(9# ≤ :#←(§)|9 ≤ : ←(§))\(9 ≤ : ←(§)   

= Z@<&→*�
�,§, §-§   

And for the upper tail dependence one similarly obtains 

� = 2 + lim&→*�

�,1 − §, 1 − §- − 1§  
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Hence one essentially has to examine the slope of the copula when getting close to (0,0) respec-

tively (1,1). The larger than 1 the slope is (1 refers to the case of independence), the higher the 

copula’s tail dependence. (Schmidt, 2007 p. 17) 

The calculation of the tail dependence coefficient for the Gumbel and the Clayton copula is 

straightforward. Figure 12 indicates that the Clayton copula has no upper tail dependence. For 

the lower tail dependence, the coefficient is 

(2§�ê − 1-� /ê§ = ,2 − §ê-� ê 

⟶ 2� /ê = 
î 
In consequence the Clayton copula proves to have lower tail dependence for 4 > 0 while the 

coefficient converges to 1 for 4 → ∞ because as 4 → ∞ the Clayton copula approaches the 

comonotonicity copula. For the Gumbel copula one may demonstrate that 
� = 2 − 2 /ê, for 

4 > 1 the Gumbel copula therefore shows upper tail dependence. (Schmidt, 2007 p. 18)  This is 

completely in line with figure 7 where the visual examination already suggested that the Clayton 

copula has lower tail dependence, whereas the Gumbel copula has upper tail dependence. De-

termining the tail dependence for the Gaussian and the �-copula is more complicated as they are 

not available in an explicit form.  This thesis thus concentrates on the results of the according 

computation of McNeil et al. (2005b pp. 210-215). The Gaussian copula therewith proves to be 

asymptotically independent in both of the tails implying that even for a very high correlation, no 

tail dependence can be found if one goes far enough into the tails. The �-copula �,��  however is 

entirely different, its upper tail dependence coefficient is equally to the lower one given by 


 = 2�t �−�,è + 1-,1 − �-1 + � � 

Provided that � > −1, the copula of the bivariate � distribution hence exhibits both upper and 

lower tail dependence. The �-copula is tail dependent even for negative or zero correlation. This 

tail behavior is nevertheless atypical for normal mixture distributions. Naturally tail dependence 

is contingent on the tails of the mixing distribution and in case it does not have power tails, the 

asymptotically independent tails are taken over from the normal distribution. (McNeil, et al., 

2005b pp. 210-211; Schmidt, 2007 p. 18)  
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4.4.  Simulation from Copulas 

Nelsen (2006 p. 40) considers simulation and Monte Carlo studies to be one of the main applica-

tions of copulas. In the following section the necessary steps are presented to implement Monte 

Carlo simulations of random numbers that have a specific copula. While Nelson (2006 pp. 40-42) 

and Trivedi and Zimmer (2007 pp. 107-111) provide a good overview of techniques to implement 

Monte Carlo simulations of bivariate random numbers having a specific copula �, this thesis fol-

lows McNeil et al. (2005b pp. 66, 76-77, 192-193) and Schmidt (2007 pp. 18-20) presenting algo-

rithms for the d-dimensional case. The outlined algorithms enable a simulation of a vector 

É = ,É , … , ÉÈ- which is characterized by uniform marginal distributions and the chosen copula. 

By making use of equation [15] any marginal distribution can then be obtained by quantile trans-

formation. A distribution built with arbitrary marginal distributions and a specific copula is known 

as a meta distribution. The combination of a � copula �,��  with other than Student- � distributed 

margins is thus named a <d�) − � distribution. (McNeil, et al., 2005a p. 3; Tola, 2009 p. 86) 

4.4.1. Implicit Copulas 

For the Gaussian and the �-copula which are derived from a multivariate distribution, simulation 

proves to be straightforward. Step number one is to generate random variables according to the 

underlying multivariate distribution. Step two then consists of transforming them to uniform 

marginal distributions by quantile transformation specified in equation [16]. The resulting algo-

rithms are the following (McNeil, et al., 2005b pp. 66, 76-77, 192-193; Schmidt, 2007 p. 19):  Algorithm for the multivariate Gaussian Copula 
1. Obtain the correlation matrix Σ from any covariance matrix Σ¥ by scaling each component 

to variance 1. 

2. Compute the Cholesky-decomposition
9
 Σ = Á′Á  

3. Generate independent and identically distributed standard normal random variables 

9¥ , … , 9¥È 

4. From 9¥ = ,9¥ , … , 9¥È-′ calculate ,9 , … , 9È-6 = 9 = Á9¥ 

5. Return É = ,Φ,9 -,… ,Φ,9È--’ where Φ equals the cumulative standard normal distri-

bution function.  

 

                                                           

9
 See for example Nash (1990 pp. 84-93) chapter 7: “The Cholesky Decomposition” 
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Algorithm for the multivariate t-Copula 
1. Use steps 1 to 4 of above algorithm to generate multivariate normal 9 with covariance Σ  

2. Generate independent $~�#  by e.g. using  $ = ∑ ¶�#�� , where ¶�  are independent and 

identically a,0,1- distributed 

3. Return  É = ,�  (9 /¹($/è)),…, �  (9È/¹($/è)))’ where � denotes the cumulative dis-

tribution function of a univariate �-distribution with è degrees of freedom 

4.4.2. Explicit Copulas 

McNeil et al. (2005b p. 223) assign the explicit copulas presented in this thesis, Gumbel, Clayton 

and Frank copula, to a class they call Laplace transform Archimedean copulas. The simulation 

algorithm makes use of an attractive attribute of this copula class, namely that the inverse of the 

generator � can be represented as a Laplace–Stieltjes transform of some function �. The La-

place–Stieltjes transform of a cumulative distribution function � is defined as 

��,�- ≔ c d��h��,=-,								� ≥ 0.
[

*
 

If  ��,∞-:= 0 one may easily realize that ��: k0,∞] → k0,1] is a strictly decreasing continuous 

function which may hence serve as candidate for an Archimedean generator inverse. Generating 

a random variable º with cumulative distribution function �	and independent (also of º), identi-

cally distributed standard uniform random variables 9 , … , 9È and setting 

É� ≔ �� ]− ln9�º `, 
then McNeil et al. (2005b pp. 223-224) prove that with the generator � = ���  the vector É has 

the chosen Archimedean copula structure. On this basis the algorithm is as follows: (Schmidt, 

2007 p. 20; McNeil, et al., 2005b p. 224) 

 

Algorithm	for	Laplace	transform	Archimedean	copula	
1. Generate a random variate º with the cumulative distribution function � such that 

a. For the Clayton copula, º follows the gamma distribution �),1/4, 1- with 4 >
0.

10
 The distribution function of º has Laplace transform ��,�- = ,1 + �-� /ê 

                                                           

10
 For simulation of gamma and stable distributions see McNeil et al. (2005b pp. 496-498), for discrete 

distributions see e.g. Ripley (1987 p. 71). 
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b. For the Gumbel copula, º is stable distributed B�,1/4, 1, �, 0- where � =
,cos	,�/,24---ê with 4 > 0 and ��,�- = exp,−� /ê- 

c. For the Frank Copula, º is discrete with probability mass function e,£- =
\,º = ¯- = ,1 − exp,−4--¤ /,£4- for £ = 1,2,… and 4 > 0. 

2. Generate independent and identically distributed uniform random variables 9 , … , 9È 

3. Return É = ,��,− ln,9 -/º-, … , ��,− ln,9È-/º--′ 
 

4.5.  Fitting Copulas to Data 

While there are several methods to fit copulas to data such as the method-of-moments using 

Spearman’s rho respectively Kendall’s tau and the maximum likelihood estimation, this thesis 

concentrates on the latter since it is seen as the main method to estimate parametric copulas.
11

 

(Cherubini, et al., 2004 p. 153; McNeil, et al., 2005b p. 229; Durrleman, et al., 2000 p. 2)  

Usually in practice one is not solely interested in the copula but further needs estimates of the 

margins in order to build a complete multivariate model. As copula data is virtually never ob-

served directly, one has to estimate the margins in any case to perform an estimation of the cop-

ula - even if only the copula is of interest. The estimation process is split into two steps: the first 

step consists of the estimation of margins and the construction of a pseudo-sample of observa-

tions and the second step then defines in which way the copula parameters are to be estimated 

from this pseudo-sample using the maximum likelihood method. (McNeil, et al., 2005b p. 232)  

4.5.1. Creating a Pseudo-Sample from the Copula 

Consider :� , … , :�È to be estimates of the marginal distribution functions. The copula’s pseudo-

sample comprises the vectors  É� , … , É��, where 

É�� = �É�, , … , É�,È�6 = ,:� �9�, �, … , :�È�9�,È�-′ [27] 

The pseudo-sample data is generally dependent even if the original data vectors 9 , … , 9� are 

independent and identically distributed, as the estimates :�� are mostly created through univari-

ate samples 9 ,�, … , 9�,� from all the original data vectors. There are several methods to obtain 

the marginal estimates :��. Besides the elaborated semi-parametric method of this thesis model-

                                                           

11
 For information on the other methods see Cherubini et al. (2004 pp. 161-173), McNeil et al. (2005b pp. 

229-232) and Durrlemann (2000 pp. 7-9). 
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ing the body of the distribution empirically and parameterizing the tails using the generalized 

Pareto distribution as explained in chapter 3, there are also simpler methods. The first is a fully 

parametric estimation whose application requires a choice of an appropriate model for the data 

under observation, which is then fit by maximum likelihood. For financial risk factor data it may 

be natural to consider a generalized hyperbolic distribution such as the � distribution. The second 

method is the non-parametric estimation with variant of the empirical distribution function, 

where :% is estimated with 

:�,�∗ ,=- = 1� + 1� �«¾�,���¬
�

�� 
 

This is different to the standard empirical distribution function as the denominator is not � but 

� + 1 which ensures that the pseudo-copula data in [27] comes to lie in the interior of the unit 

cube. In order to perform the maximum likelihood one has to be able to evaluate the density of 

the copula at every É��, and in some cases on the boundary of the unit cube this density is not 

finite. (McNeil, et al., 2005b pp. 232-233) Despite its increased complexity the semi-parametric 

approach taken in this paper appears superior as it firstly circumvents the model risk of the par-

ametric method which requires a model choice for the interior of the distribution and secondly 

solves the problem of solely using the empirical distributions, which are known to yield poor es-

timates for the tails of the underlying distributions. 

4.5.2. Maximum Likelihood Estimation 

Let �ê be a parametric copula with 4 being the parameter vector that one wants to estimate, 

while É��  denotes a pseudo observation form the copula. The maximum likelihood estimation is 

then performed by maximizing 

ln ��4;É� , … , É��� =�ln �ê,É��-
�

�� 
 [28] 

with respect to 4, where �ê denotes copula density as in [19]. The quality of the obtained esti-

mates for the copula parameters is clearly dependent on the estimates of the marginal distribu-

tions involved in forming the copula’s pseudo sample. In the case where the marginal distribu-

tions are estimated by the first method presented above (parametric estimation) the maximum 

likelihood estimation approach in [28] is called inference-functions for margins (IFM) method. If 

the second method was used (non-parametric estimation) to estimate the marginal distributions, 

the approach is known as pseudo-maximum likelihood as the parameter estimates of the copula 

may be seen as semi-parametric. One may think of using the two-step approach to first choose 
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the most suitable copula and subsequently estimate all the parameters of marginal distributions 

and copula together in a fully parametric way. In order to use the maximum likelihood method in 

practice one has to derive the density of the copula. For the presented implicit copulas one may 

use [20] for this purpose. In general the maximum likelihood estimator is obtained by numerically 

maximizing the log-likelihood of [28]. (McNeil, et al., 2005b p. 234) 

For a Gaussian copula, [20] implies that the log-likelihood of [28] is given by 

ln ��Ρ; É� , … , É��� =�ln	�,Φ� �É��, �, … ,Φ� �É��,È� −��ln�,Φ� �É��,%�-
È

%� 

�

�� 

�

�� 
 

where  	Þ represents the joint density of a aÈ,0, Σ--distributed random vector. The second term 

is evidently irrelevant while maximizing with respect to Ρ, the maximum likelihood estimator is 

thus 

Ρ� = argmaxÞ∈Ƥ �ln	Þ ,¶�-
�

�� 
 [29] 

where ¶�,% = Φ� �É��,%� for 0 = 1,… , �, while the set of all possible linear correlation matrices is 

denoted by Ƥ. Ƥ can be created by searching over the set of unrestricted  lower-triangular matri-

ces having ones on the diagonal. Despite being practicable in low dimensions this search gets 

considerably slow in higher dimensions. It is quite simple to get an approximate solution to the 

maximization as one may maximize over the set of all covariance matrices instead of performing 

the maximization over Ƥ as in [28]. This yields the analytical solution Σ� = (1/�-∑ ¶�¶�′���  which 

is the maximum likelihood estimation of the covariance matrix Σ for independent and identically 

distributed normal data, distributed according to aÈ,0, Σ-. In practice Σ� is most probably nearly a 

correlation matrix. To approximate the solution of the initial problem one may use the correla-

tion matrix Ρ� = ℘�Σ��. (McNeil, et al., 2005b pp. 234-235) 

For the � copula, [20] implies that the log-likelihood of [28] is given by 

ln ��ν,Ρ; É� , … , É��� =�ln�é,�,�,� �É��, �,… , �� �É��,È� −��ln�,�� �É��,%�-
È

%� 

�

�� 

�

�� 
 

where �é,� is the joint density of a �È,è, 0,Ρ--distributed random vector. �é is the density of a 

univariate distribution, ��  is the according quantile function and Ρ is a linear correlation matrix. 

While in low dimensions the search for a global maximum over the set of correlation matrices Ρ 

and degrees of freedom parameter è is feasible, it may be less cumbersome in higher dimensions 
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to obtain an estimate of Ρ using estimates of Kendall’s tau, and subsequently perform maximum 

likelihood estimation for the single parameter è.
12

 (McNeil, et al., 2005b p. 235) 

4.6.  Application 

It would naturally be of interest to consider the entire range of presented copulas to model the 

dependence structure of the Swiss equity portfolio. However, while the application of explicit 

copulas is straightforward in the two dimensional case, its implementation for higher dimensions 

is rather intricate. Although a pairwise approach is theoretically feasible, Nystrom and Skoglund 

(2002a p. 4) emphasize that the number of parameters tends to grow exponentially with the 

number of risk factors involved. Fischer et al. (2009 p. 839) further point out that the � copula 

dominates in both empirical and practical applications where the dimensionality is higher than 

two since in those cases for other copula types they consider it “ far from clear how to construct 

copulas which sufficiently capture the characteristics of financial returns.” The studies of Zeevi 

and Mashal (2002), Breyman et al. (2003), McNeil and Demarta (2005a) and Fischer et al. (2009) 

in fact indicate the � copula’s superiority with regards to the empirical fit in the context of model-

ing multivariate financial return data. The � copula furthermore lends itself well for stress testing 

purposes as it offers the possibility to increase the likelihood of joint extremes by decreasing the 

copula’s degrees of freedom. Based on this reasoning the copula of choice in this paper is the � 
copula.  

In order to calibrate the � copula in the application at hand, each share’s standardized residuals 

from section 3.3.1 are transformed to uniform variates by inversion using the corresponding 

semi-parametric empirical cumulative distribution function derived in section 3.3.2. The linear 

correlation matrix and degrees of freedom parameter of the copula are estimated by the maxi-

mum likelihood estimation set out in section 4.5.2. This calibration method is often referred to as 

‘canonical maximum likelihood’ since the uniform variates were obtained by transforming the 

sample data with the empirical cumulative distribution function of each margin. (Cherubini, et al., 

2004 p. 160; Bouyé, et al., 2000 p. 25) If the full log-likelihood is maximized in a direct way the 

maximum of the objective function in the multi-dimensional space is frequently positioned in a 

long, narrow and flat valley which might lead to convergence difficulties (most pronounced in 

high dimensions). This paper thus uses a two-step approach to circumvent these potential com-

plications. In a first inner step the log-likelihood is maximized with regards to the linear correla-

tion matrix for a fixed degrees of freedom parameter. This conditional maximization is subse-

                                                           

12
 See McNeil et al. (2005b p. 231) example 5.54 for detailed guidance.  
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quently positioned within a one-dimensional maximization with respect to the degrees of free-

dom, hence performing the log-likelihood maximization over all parameters. The maximized 

function in this second outer step is known as the profile log-likelihood for the degrees of free-

dom. (The MathWorks Inc., 2009)  

The estimation of the � copula’s parameters for the Swiss shares in the portfolio yields a scalar 

degrees of freedom parameter of 10.65 which confirms that the � copula is the better choice 

compared to a Gaussian copula (which can be seen as a special case of the � copula when è →
∞). The correlation matrix of the � copula is depicted in table 3 in appendix B. 
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 Simulation 5.

This chapter completes the stress test model by linking the univariate risk factor models from 

chapter 3 by means of the dependence structure modeled with the � copula developed in chap-

ter 4 in order to simulate the effects of a selection of the stress scenarios outlined in chapter 2 on 

the sample portfolio. The model was implemented in Matlab® (see appendix D) to enable the 

reader to specify and run customized scenarios for any number of paths over arbitrary time hori-

zons. For the following simulations a 20 day period and 10’000 paths are chosen. The first simula-

tion presented below aims at estimating the portfolio’s profit and loss distribution at the end of 

the given time horizon as realistically as possible without the impact of stress. This is called the 

baseline scenario which is default program output that serves as a basis of comparison to assess 

the simulation outcomes of the stress scenarios.  

5.1.  Baseline Scenario 

To simulate jointly dependent equity returns with the parameters of the � copula one first of all 

has to generate the corresponding dependent standardized residuals. This is done by simulating 

dependent uniform variates and subsequently transforming them by inversion of the according 

share’s semi-parametric marginal cumulative distribution function derived in section 3.3.2, 

thereby extrapolating into the generalized Pareto tails and interpolating into the kernel 

smoothed interior. The resulting standardized residuals are consistent with the ones obtained 

from the filtration of section 3.3.1 and are independent in time yet dependent at any point in 

time. Every column of the generated matrix of standardized residuals per se is an independent 

and identically distributed stochastic process while based on the copula each row of the matrix 

has a common rank correlation. 

These simulated standardized residuals are then employed as the independent and identically 

distributed noise process of the GARCH model which reestablishes the heteroskedasticity and the 

autocorrelation of the original equity returns. To ensure that the simulation of each return path 

originates from a common initial state, the last observed values of the data set (recorded on 

March 30
th

 2011) and according volatilities serve as seeds to the GARCH model. With the simu-

lated 20 day returns for every asset the return of the portfolio is calculated assigning equal 

weight to each share. The weights of the portfolio are held constant over the simulation horizon, 

the daily rebalancing activities are presumed to be self-financing and thus neglected in the calcu-

lation.  
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The output of the program reports the maximum simulated profit and loss, the value-at-risk 

(VaR) and the expected shortfall (ES) on the confidence levels of 90%, 95% and 99% and addi-

tionally plots the profit and loss distribution.
13

 The results for 10’000 simulations over a time 

horizon of 20 days are shown in figure 14.  

 

  

Copula Degrees of Freedom:       10.65 

Maximum Simulated Loss:    63.63% 

Maximum Simulated Profit:    42.30% 

Simulated 90% VaR -10.47% 

Simulated 95% VaR -14.01% 

Simulated 99% VaR -22.54% 

Simulated 90%  ES -15.75% 

Simulated 95%  ES -19.47% 

Simulated 99%  ES -29.18% 

 

 

Figure 14: Simulation results of the baseline scenario 

Source: Own calculations 

5.2.  Stress Scenarios 

The program (see appendix D) allows specifying a plethora of different stress situations. It ena-

bles to run simulations ranging from simple sensitivity analyses for a single risk factor to complex 

user specified scenarios involving various combinations of risk factor changes. The use of the 

concept of copulas further gives the flexibility to stress and study the dependence structure in-

dependent of the marginal distributions of the individual shares.  

5.2.1. Hybrid Scenario 

The first stress scenario to be considered is a hybrid one as outlined in section 2.2.3, aiming to 

capture and simulate the effects of a recurring financial crisis on the equity portfolio. The param-

eters and residuals of the GARCH processes of the different equities and the � copula are there-

with calibrated on the data ranging from March 28
th

 2008 until March 31
th

 2010. The according 

estimators for the generalized Pareto distribution parameters of the tails are listed in table 2 in 

appendix B. The maximum likelihood estimation yields a degrees of freedom parameter of the 

                                                           

13
 For a discussion of the different risk measures see Artzner et al. (1999) and McNeil et al. (2005b pp. 238-

247). 
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fitted � copula amounting to 9.05 indicating a higher likelihood of extreme changes of the risk 

factors occurring simultaneously during the crisis compared to the baseline scenario. The correla-

tion matrix of the fitted � copula is shown in table 4 in appendix B. As pointed out by various 

studies (see for example Sandoval et al. (2010)) the increased dependence in times of crises is in 

fact observable by comparing the baseline scenario’s correlation matrix with the one of the hy-

brid scenario (see table 3 and 4 in appendix B). For the chosen simulation horizon of 20 days the 

resulting profit and loss distribution and according risk measures are depicted in figure 15 below. 

The visual inspection reveals that the probability of a positive return is roughly identical under 

the stress scenario related to the unstressed one. However, the reduced incline of the hybrid 

scenario’s profit and loss distribution in comparison to the baseline scenario indicates the for-

mer’s higher risk. The increased risk is further reflected in a prolonged lower tail ranging down to 

almost a total loss. This is substantiated by a significant increase in all the risk measures being 

most pronounced at the 99% confidence level.  

 

  

Copula Degrees of Freedom:       9.05 

Maximum Simulated Loss:    98.63% 

Maximum Simulated Profit:    77.22% 

Simulated 90% VaR -18.06% 

Simulated 95% VaR -25.24% 

Simulated 99% VaR -42.86% 

Simulated 90%  ES -28.48% 

Simulated 95%  ES -35.79% 

Simulated 99%  ES -53.50% 

 

 

Figure 15: Simulation results of the hybrid scenario 

Source: Own calculations 

5.2.2. Historical Scenario 

To establish a basis of comparison separate from the designed model, the impact of the financial 

crisis on the equities is further simulated using the historical scenario methodology outlined in 

section 2.2.1. Accordingly, the returns over 20 days of the equally weighted sample portfolio are 

calculated over the above defined financial crisis time period. The resulting 504 returns are sort-

ed in ascending order by size. Since the calculation of the risk measures requires an integer num-

ber of returns, the respective numbers are rounded accordingly. The 95% value at risk for exam-

ple is thus the 25
th

 (rounded from 25.2) worst return. The cumulative distribution of these re-
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turns represents the profit and loss distribution of the historical scenario. In figure 16 the results 

of the historical scenario simulation are presented including the profit and loss distribution of the 

hybrid scenario to enable a direct comparison. 

 

  

   

Maximum Simulated Loss:    31.47% 

Maximum Simulated Profit:    39.46% 

Simulated 90% VaR -14.42% 

Simulated 95% VaR -17.80% 

Simulated 99% VaR -22.73% 

Simulated 90%  ES -19.03% 

Simulated 95%  ES -21.77% 

Simulated 99%  ES -28.53% 

 

 

Figure 16: Results of the historical scenario simulation 

Source: Own calculations 

The profit and loss distribution of the historical scenario evidently displays the characteristic 

staircase pattern. In the mid-section around 0% return the two distributions do not differ signifi-

cantly. Nevertheless, the more negative the returns, the further the two distributions drift apart. 

The lower tail of the historical scenario’s distribution appears to be quite abruptly truncated at -

31.47% underpinning the methodology’s evaluation in section 2.2.1, stating that it is unsuitable 

for estimating extreme quantiles. However, this simulation shows that the differences are not 

limited only to the extremes. Already on the 90% confidence level the differences in value at risk 

are substantial. The expected shortfall of the historical scenario simulation on that same confi-

dence level indicates only two thirds of the according measure of the hybrid scenario. On the 

highest confidence level a stress test with the historical scenario methodology yields little more 

than half of the risk signaled by this paper’s model for the according hybrid scenario. This may be 

taken as evidence for an insufficient representation of risk in stress situations by the historical 

simulation method stemming from the fact that the method is unconditional, that it disregards 

the time varying nature of financial time series and neglects the dependence structure while fur-

ther being incapable to extrapolate beyond the historical data.  
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5.2.3. Hypothetical Scenario 

The stress test program provides the possibility to compose a stress scenario by changing any 

parameter in arbitrary combinations. To increase the ease of operation the program additionally 

offers a user interface, depicted in figure 26 in appendix C, to facilitate the input. The interface is 

divided into three sections. The first section allows to separately shock the volatility constants of 

the GARCH process of each share by specifying an according multiplier. In the second section the 

user is given the possibility to impose stress on the individual prices by defining each share’s ini-

tial daily return of the simulation. This enables to simulate arbitrary combinations of price shocks. 

The last empirical daily returns of the data set are used as default inputs to serve as a reference 

point. The third section of the user interface provides the possibility to directly intervene in the 

dependence structure in two ways. Firstly the user may change the degrees of freedom parame-

ter of the � copula which allows to manually increase the likelihood of joint extremes by reducing 

the parameter. Secondly the user is given the possibility to change the copula’s correlation matrix 

at will. He may thus freely leave some correlations in the matrix unchanged while stressing the 

remaining ones to reflect various stress situations. This flexibility might lead to some input com-

binations that result in a mathematically inconsistent stressed correlation matrix where the posi-

tive semi-definiteness of the matrix is harmed which naturally causes a breakdown of the model. 

To resolve the issue one needs to find the nearest valid correlation matrix to the inconsistent 

specified one. The implemented solution is based on a spectral decomposition of the correlation 

matrix, a technique which is also known as principal component analysis. (McNeil, et al., 2005b p. 

109; Alexander, 2008 pp. 64-70)  

Following Rebonato and Jäckel (1999) the first step to determine the nearest valid correlation 

matrix consists of calculating the eigenvalues 
� and the right-hand-side eigenvectors �� of the 

stressed correlation matrix � such that 

� × B = Λ × B									ò@�ℎ										Λ = �@)�,
�-. 
If the stressed correlation matrix � is not positive semi-definite then at least one eigenvalue is 

negative. The non-zero elements of the diagonal matrix Λ′ are then defined as  

Λ6 ∶ 	
�′ = ñ
� ∶ 	
� ≥ 0
0	 ∶ 	
� < 0 

For a non-positive semi-definite � at least one of the 
�′  will thus be zero. Further, the non-zero 

elements of the diagonal scaling matrix À are defined with regards to the eigensystem B by 
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À ∶ 	 �� = $���Ä# 
Ä6Ä
%
� 

 

The vectors �� are multiplied with their associated “corrected” eigenvalues 
�6 and arranged as 

the columns of  Â’ 
Â6 ≔ B¹Λ′ 

Finally B is obtained from B’ by normalizing the row vectors of B’ to unit length 

Â ≔	√ÀÂ6 =	√ÀB¹Λ′ 
Now by construction, the matrix �® given by 

�® ∶= 	ÂÂÅ  

is positive semi-definite with unit diagonal elements. It represents a valid correlation matrix that 

is in an intuitive way “near” to the originally stressed one. Naturally, the fewer eigenvalues had 

to be set to zero, the nearer it is. (Rebonato, et al., 1999 pp. 7-8)   

Having implemented this method to determine a valid symmetric, positive semi-definite correla-

tion matrix, the program is able to cope with any hypothetical user specified dependence stress 

scenario. A hypothetical scenario may be for example a price drop in the financials UBSN, RUKN 

and CSGN by 20% in a highly volatile environment, where the volatility constants of all shares’ 

GARCH processes are four times as large compared to the 10 year calibration period. Taking full 

advantage of the flexibility provided by the user interface, the � copula’s correlation matrix is 

altered to reflect a stress scenario with high dependence between the financials and a moderate-

ly increased dependence across the others compared to the baseline scenario. The accordingly 

modified correlation matrix is depicted in table 5 in appendix B. Despite the fact that it is sym-

metric with unit diagonal entries, this correlation matrix is mathematically inconsistent. Using the 

spectral decomposition method outlined above, the nearest valid correlation matrix is deter-

mined which is depicted in table 4 in appendix B. A comparison reveals that in fact the changes 

are only of minor nature. The scenario is further specified by reducing the degrees of freedom 

parameter of the � copula to 2 therewith inducing a substantial increase of the likelihood of joint 

extremes. The simulation results covering 10’000 paths over 20 days are depicted in figure 16 

below. 
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Copula Degrees of Freedom:     2 

Maximum Simulated Loss:   79.29% 

Maximum Simulated Profit:   57.03% 

Simulated 90% VaR -24.65% 

Simulated 95% VaR -30.14% 

Simulated 99% VaR -43.74% 

Simulated 90%  ES -32.7% 

Simulated 95%  ES -38.44% 

Simulated 99%  ES -51.93% 

 

 

Figure 17: Simulation results of the hypothetical scenario 

Source: Own calculations 

Similar to the hybrid stress test above, the slope of the stressed scenario’s profit and loss distri-

bution is visibly less steep compared to baseline scenario. Further similarities with the hybrid 

scenario are the pronounced upper and particularly lower tail extending right down to a loss of 

more than 79%. However, in contrast to the hybrid simulation the probability of a positive return 

is now halved being barely 20%. On the 99% confidence level the value at risk and the expected 

shortfall of the hypothetical scenario is in proximity to the according hybrid stress test measures 

from figure 15. Nevertheless, on the lower two confidence levels both risk measures are noticea-

bly higher in the hypothetical scenario.  

With the help of the user interface many more scenarios covering arbitrary time horizons may be 

run with minimum effort. By comparing the results of different stress scenarios and relating 

those to the outcome of the baseline scenario one may gain valuable insights into the sensitivity 

of the sample portfolio with regards to specific changes in the risk factors. The developed stress 

test model thus contributes to getting a better and more complete understanding of the portfo-

lio’s risk.  
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 Conclusion 6.

The recent financial crisis has led to an emphasis on stress testing as a core risk management 

tool. Stress test results are dependent on the applied stress scenario and on the model of the risk 

factor evolution. This paper has firstly presented an overview and evaluation of the methodolo-

gies used to specify stress situations for a portfolio. Stress tests may be conducted by imposing 

stress to a single or to multiple factors. Since simple univariate sensitivity analyses disregard the 

dependence structure between risk factors, their results are likely to be misleading. Hybrid and 

hypothetical scenarios are to be preferred to pure historical stress test as they allow more flexi-

ble scenarios than an exact repetition of past events. Hypothetical scenarios are favored over all 

since they provide the possibility to create forward looking stress situations.  

Secondly, on the example of a Swiss equity portfolio this thesis has developed and implemented 

a mathematical model to simulate the joint evolution of risk factors over time in a realistic way 

and elaborated on the necessary theoretical background. GARCH models emerged to be able to 

accurately capture the stylized facts of the financial time series and were thus used to model the 

univariate risk factor evolution. To mitigate the model risk involved in estimating a fully paramet-

ric distribution of the residuals of said processes, the kernel smoothed empirical distributions of 

the residuals were used for the interior. Since empirical distributions are known to be poor esti-

mates for the tails, the paper took advantage of extreme value theory parameterizing the upper 

and lower tails with generalized Pareto distributions therewith allowing extrapolation beyond the 

range of the historical data set. 

To model the dependence between risk factors, Pearson’s linear correlation was found to be 

inappropriate due to its incapability of capturing the entire dependency structure. Copulas have 

proven to be a superior approach due to several reasons. As distribution functions copulas are 

able to reflect nonlinear dependencies. Copula theory further provides the possibility to specify 

and stress the dependence specifications independent of the marginal distributions which firstly 

results in a more flexible and insightful stress testing model and secondly allows the use of more 

developed marginal models such as the derived semi-parametric marginal distributions. The cho-

sen � copula has the benefit of enabling a manual increase of the likelihood of joint extremes.  

The stress test model was implemented in Matlab® allowing to specify and simulate a plethora of 

stress scenarios over arbitrary time horizons. To enable a judgment of a scenario’s severity the 

program’s output also includes the results of an according unstressed baseline scenario. Two 

sample stress scenarios were simulated with the program over a 20 day time horizon. In the hy-

brid first scenario, the model was calibrated on data ranging from March 28
th

 2008 until March 
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31
th

 2010 therewith capturing the dynamics of the recent financial crisis. The profit and loss dis-

tribution and according risk measures resulting from 10’000 simulated paths gave a clear picture 

of the portfolio’s risk in case those dynamics recur. A further simulation using the historical sce-

nario method for the identical crisis time period enabled a direct comparison of the two ap-

proaches. The substantial differences between the results of the two methods may be seen as an 

indication of the weaknesses of the historical scenario method respectively of the importance of 

accurately considering volatility clustering, heavy tails and the entire dependence structure in a 

conditional method as proposed by this paper. One may conclude that risk measures resulting 

from stress tests conducted as historical scenario simulations significantly underestimate the 

portfolio risk. 

The hypothetical scenario exploited the model’s flexibility reflecting a regime with substantially 

increased volatility in which the share values of the financials in the portfolio were subjected to a 

significant price drop. The � copula’s degrees of freedom were reduced to 2 and the correlation 

matrix was entirely altered to reflect a forward-looking personal view. This correlation matrix 

proved to be mathematically inconsistent which was solved by determining the nearest valid 

correlation matrix using a method based on spectral decomposition. The simulation results of the 

hypothetical scenario provided valuable insights. The model’s user interface allows specifying and 

running many more scenarios with little effort. The exploration of the according simulation out-

comes contributes to obtaining a fuller picture of the portfolio’s risks. 

The limitations of the presented model give rise to a number of areas for further developments. 

The data generating process could be refined by estimating the GARCH models without any as-

sumption about the distribution of the residuals. The daily returns of the shares which were not 

subject to a user specified price drop could be corrected conditional on the manually altered 

returns. It would further be of interest to explore the effects of different rebalancing schedules. 

Since the sample portfolio purely consists of Swiss shares the model disregards the currency risks 

faced by international portfolios. An according advancement of the model would broaden its 

scope of usage. The model could further be extended to include a wider range of investment 

vehicles, in particular hedging instruments, as this would also allow to stress test the robustness 

of potential risk mitigation strategies. 
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Figure 18: Sample autocorrelation functions of the returns. 

Source: Thomson Reuters Datastream, own calculations 
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Figure 19: Sample autocorrelation functions of absolute and squared returns of RUKN, ABBN and UHR 

Source: Thomson Reuters Datastream, own calculations 
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Figure 20: Sample autocorrelation function of absolute and squared returns of ADEN and CSGN 

Source: Thomson Reuters Datastream, own calculations 
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Figure 21:  Plots of logarithmic returns and QQ-plots of logarithmic return quantile versus normal quantile for RUKN, 

ABBN and UHR 

Source: Thomson Reuters Datastream, own calculations 
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Figure 22: Plots of logarithmic returns and QQ-plots of logarithmic return quantile versus normal quantile for ADEN and 

CSGN 

Source: Thomson Reuters Datastream, own calculations 
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Figure 23: Filtered residuals and filtered conditional standard deviations of RUKN, ABBN, UHR, ADEN and CSGN 

Source: Thomson Reuters Datastream, own calculations 
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Figure 24: Sample autocorrelation function of standardized and squared standardized residuals of RUKN, ABBN and UHR 

Source: Thomson Reuters Datastream, own calculations 
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Figure 25: Sample autocorrelation function of standardized and squared standardized residuals of ADEN and CSGN 

Source: Thomson Reuters Datastream, own calculations 

 

0 2 4 6 8 10 12 14 16 18 20
-0.2

0

0.2

0.4

0.6

0.8

Lag

S
a
m

p
le

 A
u
to

c
o
rr

e
la

ti
o
n

Sample ACF of Standardized ADEN Residuals

0 2 4 6 8 10 12 14 16 18 20
-0.2

0

0.2

0.4

0.6

0.8

Lag

S
a
m

p
le

 A
u
to

c
o
rr

e
la

ti
o
n

Sample ACF of Squared Standardized ADEN Residuals

0 2 4 6 8 10 12 14 16 18 20
-0.2

0

0.2

0.4

0.6

0.8

Lag

S
a
m

p
le

 A
u
to

c
o
rr

e
la

ti
o
n

Sample ACF of Standardized CSGN Residuals

0 2 4 6 8 10 12 14 16 18 20
-0.2

0

0.2

0.4

0.6

0.8

Lag

S
a
m

p
le

 A
u
to

c
o
rr

e
la

ti
o
n

Sample ACF of Squared Standardized CSGN Residuals



Appendix A: Plots 

  

 

 

 69 

 

 

   

 

  

 

 

Figure 26: Semi-parametric cumulative distribution function of RUKN, ABBN, UHR, ADEN and CSGN. 

Source: Thomson Reuters Datastream, own calculations 
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Appendix B: Generalized Pareto Tail Parameters and Correlation Matrices 

 

Lower Tails Upper Tails 

 

$ � $ � 

UBSN -0.0061 0.7104 -0.0023 0.5359 

RUKN 0.0309 0.6135 0.1862 0.4686 

ABBN -0.0152 0.7096 0.3245 0.4113 

UHR -0.0455 0.6056 -0.0655 0.5270 

ADEN 0.0368 0.6444 0.1141 0.5443 

CSGN -0.0686 0.6530 0.0699 0.5056 

Table 1: Maximum likelihood estimators for the generalized Pareto distribution parameters (entire data set) 

Source: Own calculations 

 

Lower Tails Upper Tails 

 

$ � $ � 

UBSN -0.0581 0.6517 -0.3208 0.7542 

RUKN -0.0881 0.6537 0.0802 0.6379 

ABBN 0.0321 0.6659 0.0720 0.4987 

UHR -0.3162 0.8419 0.0562 0.4926 

ADEN -0.1589 0.8045 -0.2207 0.6828 

CSGN -0.0387 0.6229 0.1956 0.3182 

Table 2: Maximum likelihood estimators for the generalized Pareto distribution parameters (crisis data set) 

Source: Own calculations 

  UBSN RUKN ABBN UHR ADEN CSGN 

UBSN 1 0.6101 0.5687 0.5293 0.5593 0.7396 

RUKN 0.6101 1 0.5071 0.4804 0.5099 0.6056 

ABBN 0.5687 0.5071 1 0.5180 0.5446 0.5590 

UHR 0.5293 0.4804 0.5180 1 0.5231 0.5217 

ADEN 0.5593 0.5099 0.5446 0.5231 1 0.5584 

CSGN 0.7396 0.6056 0.5590 0.5217 0.5584 1 

Table 3: Correlation matrix of the baseline scenario’s t copula 

Source: Thomson Reuters Datastream, own calculations 

  UBSN RUKN ABBN UHR ADEN CSGN 

UBSN 1 0.6647 0.6247 0.5668 0.5838 0.7406 

RUKN 0.6647 1 0.6430 0.5956 0.5783 0.6858 

ABBN 0.6247 0.6430 1 0.6269 0.6577 0.6433 

UHR 0.5668 0.5956 0.6269 1 0.6475 0.6340 

ADEN 0.5838 0.5783 0.6577 0.6475 1 0.6115 

CSGN 0.7406 0.6858 0.6433 0.6340 0.6115 1 

Table 4: Correlation matrix of the hybrid scenario’s t copula 

Source: Thomson Reuters Datastream, own calculations 
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  UBSN RUKN ABBN UHR ADEN CSGN 

UBSN 1 0.9000 0.6000 0.5300 0.5700 0.9000 

RUKN 0.9000 1 0.5250 0.5500 0.5200 0.6000 

ABBN 0.6000 0.5250 1 0.6400 0.4900 0.5590 

UHR 0.5300 0.5500 0.6400 1 0.5500 0.5900 

ADEN 0.5700 0.5200 0.4900 0.5500 1 0.6200 

CSGN 0.9000 0.6000 0.5590 0.5900 0.6200 1 

Table 5: Mathematically inconsistent hypothetical correlation matrix 

Source: Own inputs 

  UBSN RUKN ABBN UHR ADEN CSGN 

UBSN 1 0.8854 0.5954 0.5289 0.5674 0.8848 

RUKN 0.8854 1 0.5244 0.5473 0.5183 0.6018 

ABBN 0.5954 0.5244 1 0.6397 0.4899 0.5583 

UHR 0.5289 0.5473 0.6397 1 0.5500 0.5871 

ADEN 0.5674 0.5183 0.4899 0.5500 1 0.6179 

CSGN 0.8848 0.6018 0.5583 0.5871 0.6179 1 

Table 6: Corrected hypothetical correlation matrix 

Source: Own calculations 
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Appendix C: Stress Test User Interface 

                  
                  
  On the Design of Stress Tests - Master's Thesis - Matthias Daniel Aepli       
                  

  Stress Test Scenario EditorStress Test Scenario EditorStress Test Scenario EditorStress Test Scenario Editor            
                  
  InstructionsInstructionsInstructionsInstructions                
                  
  Specify a stress test scenario by editing the parameters below.       
  Press 'Enter' to confirm each parameter change.         
                  
  Stress Test VolatilityStress Test VolatilityStress Test VolatilityStress Test Volatility                
                  
  Impose a shock by increasing the 'volatility shock parameters' below which represent      
  multipliers for the constant of the conditional GARCH variance process.       
                  

  UBSN RUKN ABBN UHR ADEN CSGN     

  1 1 1 1 1 1     
                  
  Stress Test PricesStress Test PricesStress Test PricesStress Test Prices                
                  
  Impose a price shock by manually specifying the simulation's initial logarithmic daily returns.     
                  

  UBSN RUKN ABBN UHR ADEN CSGN     

  0 -0.0028 0.0126 0.0188 -0.0011 -0.0016     
                  
  Stress Test DependenceStress Test DependenceStress Test DependenceStress Test Dependence              
                  
  Impose stress to the dependence structure by altering the copula's degrees of        
  freedom parameter and/or the correlation matrix.         
                  
  Degrees of freedom of the t copula           
                  
  Correlation matrix of the t  copula           
                  

    UBSN RUKN ABBN UHR ADEN CSGN   

  UBSN 1 0.8854 0.5954 0.5289 0.5674 0.8848   

  RUKN 0.8854 1 0.5244 0.5473 0.5183 0.6018   

  ABBN 0.5954 0.5244 1 0.6397 0.4899 0.5583   

  UHR 0.5289 0.5473 0.6397 1 0.5500 0.5871   

  ADEN 0.5674 0.5183 0.4899 0.5500 1 0.6179   

  CSGN 0.8848 0.6018 0.5583 0.5871 0.6179 1   
                  
                  
                  
                  

Figure 27: Screen shot of the stress test user interface 

Source: Own Matlab® code 

10.6 
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Appendix D: Matlab® Codes 

The following codes were programmed in Matlab® R2009b and require the statistics and the econo-

metrics toolbox to function properly. The code can also be found on the enclosed CD including the 

utilized data set. 

Code for the explanatory Figures 

%% Figure 4 

% Two plots showing the PDF and the CDF of the Generalized Extreme Value 

% Function with different Xi's 

x = linspace(-3,6,1000); 

subplot(1,2,1); plot(x,gevpdf(x,-.5,1,0),'-', x,gevpdf(x,0,1,0),'-', 

x,gevpdf(x,.5,1,0),'-'); 

xlabel('(x-\mu) / \sigma'); ylabel('Probability Density'); 

legend({'\xi < 0, Weibull' '\xi = 0, Gumbel' '\xi > 0, Fréchet'}); 

x = linspace(-3,6,1000); 

subplot(1,2,2); plot(x,gevcdf(x,-.5,1,0),'-', x,gevcdf(x,0,1,0),'-', 

x,gevcdf(x,.5,1,0),'-'); 

xlabel('(x-\mu) / \sigma'); ylabel('Cumulative Distribution'); 

legend({'\xi < 0, Weibull' '\xi = 0, Gumbel' '\xi > 0, Fréchet'}); 

 

%% Figure 5 

% Two plots showing the PDF and the CDF of the Generalized Pareto 

% Function with different Xi's 

x = linspace(0,10,1000); 

subplot(1,2,1); plot(x,gppdf(x,-.5,1,0),'-', x,gppdf(x,0,1,0),'-', 

x,gppdf(x,.5,1,0),'-'); 

xlabel('x'); ylabel('Probability Density'); 

legend({'\xi = -0.5' '\xi = 0' '\xi = 0.5'}); 

x = linspace(0,10,1000); 

subplot(1,2,2); plot(x,gpcdf(x,-.5,1,0),'-', x,gpcdf(x,0,1,0),'-', 

x,gpcdf(x,.5,1,0),'-'); 

xlabel('x'); ylabel('Cumulative Distribution'); 

legend({'\xi = -0.5' '\xi = 0' '\xi = 0.5'}); 

 

%% Figure 11 

% Two plots showing the copula densities of a Gaussian copula and a 

% t Copula 

u = linspace(0,1,20); 

[U1,U2] = meshgrid(u,u); 

F = copulapdf('Gaussian',[U1(:) U2(:)],0.3); 

subplot(1,2,1); surfc(U1,U2,reshape(F,20,20)) 

view([160,24]) 

xlabel('u') 

ylabel('v') 

set(get(gca,'zlabel'),'Rotation',0.0) 

zlabel('C_0_._3^G^a(u,v)') 

u = linspace(0,1,20); 

[U1,U2] = meshgrid(u,u); 

F = copulapdf('t',[U1(:) U2(:)],0.3,2); 

subplot(1,2,2); surfc(U1,U2,reshape(F,20,20)) 

view([160,24]) 

xlabel('u') 

ylabel('v') 

set(get(gca,'zlabel'),'Rotation',0.0) 

zlabel('C_2_,_0_._3^t(u,v)') 

 

%% Figure 12  

% Three Plots showing the copula densities of a Gumbel, a Clayton and a 

% Frank copula 

u = linspace(0,1,20); 
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[U1,U2] = meshgrid(u,u); 

F = copulapdf('Gumbel',[U1(:) U2(:)],2); 

a1 = subplot(1,3,1); surfc(U1,U2,reshape(F,20,20)) 

view([-15,20]) 

xlabel('u') 

ylabel('v') 

set(get(gca,'zlabel'),'Rotation',0.0) 

zlabel('C_2^G^u(u,v)') 

u = linspace(0,1,20); 

[U1,U2] = meshgrid(u,u); 

F = copulapdf('Clayton',[U1(:) U2(:)],2); 

a2 = subplot(1,3,2); surfc(U1,U2,reshape(F,20,20)) 

view([-15,20]) 

xlabel('u') 

ylabel('v') 

set(get(gca,'zlabel'),'Rotation',0.0) 

zlabel('C_2^C^l(u,v)') 

u = linspace(0,1,20); 

[U1,U2] = meshgrid(u,u); 

F = copulapdf('Frank',[U1(:) U2(:)],5); 

a3 = subplot(1,3,3); surfc(U1,U2,reshape(F,20,20)) 

view([-15,20]) 

xlabel('u') 

ylabel('v') 

set(get(gca,'zlabel'),'Rotation',0.0) 

zlabel('C_5^F^r(u,v)') 

 

%% Figure 13  

% Plot showing a one-to-one mapping between Kendall's tau, 

% Spearman's rho, and Pearson's linear correlation coefficient rho: 

subplot(1,1,1); 

rho = -1:.01:1; 

tau = 2.*asin(rho)./pi; 

rho_s = 6.*asin(rho./2)./pi; 

plot(rho,tau,'-',rho,rho_s,'-',[-1 1],[-1 1],'k:','LineWidth',2); axis([-1 1 -1 

1]); 

xlabel('\rho'); ylabel('Rank correlation coefficient'); 

legend('Kendall''s \tau', 'Spearman''s \rho_s', 'location','northwest'); 

 

Code for the Stress Test Program 

 
% Swiss Stresstester  

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

% The following code was programmed on Matlab R2009b and requires the 

% statistics and the econometrics toolbox to function properly.  

%_________________________________________________________________________  

 

%% Load daily equity close prices 

load SwissEquityPortfolio    

Equities = {'UBSN' 'RUKN' 'ABBN' 'UHR' 'ADEN' 'CSGN'}; 

prices    = [SwissEquityPortfolio.UBSN SwissEquityPortfolio.RUKN SwissEquityPortfo-

lio.ABBN SwissEquityPortfolio.UHR SwissEquityPortfolio.ADEN SwissEquityPortfo-

lio.CSGN]; 

  

% Data Inspection 

% 

% The raw data consists of 2601 observations of daily closing prices of the 

% following shares over the ten year period ranging from April 11th 2001 to  

% March 30th 2011 retrieved from Thomson Reuters Datastream. 

%  

% 

%           UBS: UBSN 

%      Swiss Re: RUKN 

%           ABB: ABBN 

%        Swatch: UHR 
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%        Adecco: ADEN 

% Credit Suisse: CSGN 

  

% Figure 1: Historical equity price movements on relative basis 

figure 

plot(SwissEquityPortfolio.Dates, ret2price(price2ret(prices))) 

datetick('x') 

xlabel('Date') 

ylabel('Equity Value') 

title ('Relative Daily Equity Price Movements') 

legend(Equities, 'Location', 'NorthWest') 

  

% Convert the closing prices to daily logarithmic returns. 

returns = price2ret(prices);  % Logarithmic returns 

T       = size(returns,1);    % Number of returns (historical sample size) 

  

% Figures 2, 18 and 19: Sample autocorrelation function of absolute and 

% squared returns 

equity = menu('Choose Equity to inspect Sample 

ACF','UBSN','RUKN','ABBN','UHR','ADEN','CSGN'); 

figure 

subplot(3,1,1); 

autocorr(returns(:,equity))  

title('Sample ACF of Returns') 

  

subplot(3,1,2); 

autocorr(abs(returns(:,equity)))  

title('Sample ACF of absolute Returns') 

subplot(3,1,3); 

autocorr(returns(:,equity).^2)  

title('Sample ACF of squared Returns') 

  

% Figures 3, 20 and 21: Plot of logarithmic returns and QQ plot  

% logarithmic returns versus standard normal 

equity = menu('Choose Equity to inspect Log-Returns & QQ-

Plot','UBSN','RUKN','ABBN','UHR','ADEN','CSGN'); 

figure 

plot(SwissEquityPortfolio.Dates(2:end), returns(:,equity)), datetick('x') 

xlabel('Date'), ylabel('Return'), title('Daily Logarithmic Returns') 

  

figure 

qqplot(returns(:,equity));  

xlabel('Standard Normal Quantiles'), ylabel('Quantiles Logarithmic Returns'), ti-

tle('QQ Plot of Logarithmic Returns vs. Standard Normal') 

  

%% Maximum likelihood estimation of GARCH parameters and return filtration 

nEquities = size(prices,2);     % Number of shares 

 

% Likelihood ratio test to assess whether moving average is statistically supported 

by 

%data 

H_LRT=NaN(6,1); % preallocate for improved speed 

spec10(1:nEquities) = garchset('Distribution' , 'T'  , 'Display', 'off', ... 

                            'VarianceModel', 'GJR', 'P', 1, 'Q', 1, 'R', 1);% pre-

allocate spec of AR-GARCH model for improved speed 

spec11(1:nEquities) = garchset('Distribution' , 'T'  , 'Display', 'off', ... 

                            'VarianceModel', 'GJR', 'P', 1, 'Q', 1, 'R', 1,'M',1);% 

preallocate spec of ARMA-GARCH model for improved speed 

for i = 1:nEquities 

    % Estimation of AR(1)-GARCH(1,1) 

    spec10(i)= garchset('Distribution' , 'T'  , 'Display', 'off', ... 

                            'VarianceModel', 'GJR', 'P', 1, 'Q', 1, 'R', 1); 

    [coeff10,errors10,LLF10] = garchfit(spec10(i),returns(i,:)); 

    % Estimation of ARMA(1,1)-GARCH(1,1) 

    spec11(i)= garchset('Distribution' , 'T'  , 'Display', 'off', ... 

                            'VarianceModel', 'GJR', 'P', 1, 'Q', 1, 'R', 1,'M',1); 

    [coeff11,errors11,LLF11] = garchfit(spec11(i),returns(i,:)); 
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    % Likelihood Ratio Test 

    [H_LRT(i,1),pValue,Stat,CriticalValue] = lratiotest(LLF11,LLF10,1,0.02); 

 

end 

 

spec(1:nEquities) = garchset('Distribution' , 'T'  , 'Display', 'off', ... 

                            'VarianceModel', 'GJR', 'P', 1, 'Q', 1, 'R', 1); % de-

fine GARCH model supported by likelihood ratio test 

 

% Preallocate matrices for improved speed 

residuals = zeros(T, nEquities);   

sigmas    = zeros(T, nEquities); 

 

% Perform MLE and obtain filtered residuals 

for i = 1:nEquities 

    [spec(i)       , errors, LLF, ... 

     residuals(:,i), sigmas(:,i)] = garchfit(spec(i), returns(:,i)); 

end 

 

% Perform Jarque Bera Test for normality of residuals 

JarqueBera = zeros (1,nEquities); 

for i=1:nEquities 

    JarqueBera(i)=jbtest(residuals(:,i),0.001); %second parameter denotes signifi-

cance level(scalar in the range [0.001, 0.50]) 

end 

 

% Figures 6 and 22: Filtered residuals and filtered conditional standard deviation 

equity = menu('Choose Equity to inspect Filtered Residu-

als','UBSN','RUKN','ABBN','UHR','ADEN','CSGN'); 

figure,  

subplot(2,1,1) 

plot(SwissEquityPortfolio.Dates(2:end), residuals(:,equity)) 

datetick('x') 

xlabel('Date'), ylabel('Residual'), title ('Filtered Residuals') 

 

subplot(2,1,2) 

plot(SwissEquityPortfolio.Dates(2:end), sigmas(:,equity)) 

datetick('x') 

xlabel('Date'), ylabel('Volatility') 

title ('Filtered Conditional Standard Deviations') 

 

% Standardization of filtered residuals by according conditional standard 

% deviation to obtain zero-mean, unit-variance i.i.d. series for EVT 

residuals = residuals ./ sigmas; 

 

equity = menu('Choose Equity to inspect Filtered Residuals Histo-

gram','UBSN','RUKN','ABBN','UHR','ADEN','CSGN'); 

figure 

hist(residuals(:,equity),100); % display zero-mean, unit-variance residual histo-

gram 

title ('Histogram of Standarized Residuals'); 

 

% Figures 7, 23 and 24: Sample autocorrelation function of standardized and 

% squared standardized UBSN residuals 

equity = menu('Choose Equity to inspect Residuals 

ACF','UBSN','RUKN','ABBN','UHR','ADEN','CSGN'); 

figure 

subplot(2,1,1) 

autocorr(residuals(:,equity)) 

title('Sample ACF of Standardized Residuals') 

subplot(2,1,2) 

autocorr(residuals(:,equity).^2) 

title('Sample ACF of Squared Standardized Residuals')  

%% Estimation of semi-parametric cumulative distribution functions 

nPoints      = 200;       % Number of sampled points of kernel-smoothed CDF 

tailFraction = 0.1;       % Decimal fraction of residuals allocated to each tail 

OBJ = cell(nEquities,1);  % Cell array of Pareto tail objects 
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% Perfom MLE of the tails' generalized Pareto distribution parameters and 

% smooth interior of empirical cdf with Gaussian kernel 

for i = 1:nEquities 

    OBJ{i} = paretotails(residuals(:,i), tailFraction, 1 - tailFraction, 'kernel'); 

end 

  

% Store estimated parameters of lower and upper generalized Pareto tails 

GPDlowerparameters = zeros(nEquities,2); % preallocation for improved speed 

GPDupperparameters = zeros(nEquities,2); % preallocation for improved speed 

  

for i = 1:nEquities; 

    GPDlowerparameters(i,1:2) = lowerparams(OBJ{i}); 

    GPDupperparameters(i,1:2) = upperparams(OBJ{i}); 

end 

  

% Figure 8: Generalized Pareto upper tail of residuals 

equity = menu('Choose Equity to inspect GPD 

Fit','UBSN','RUKN','ABBN','UHR','ADEN','CSGN'); 

figure 

[P,Q] = OBJ{equity}.boundary;     % cumulative probabilities & quantiles at bounda-

ries 

y     = sort(residuals(residuals(:,equity) > Q(2), equity) - Q(2)); % sort thresh-

old exceedances 

plot(y, (OBJ{equity}.cdf(y + Q(2)) - P(2))/P(1)) 

[F,x] = ecdf(y);                  % empirical cdf 

hold('on'); stairs(x, F, 'r'); grid('on') 

legend('Fitted Generalized Pareto CDF','Empirical CDF','Location','SouthEast'); 

xlabel('Exceedance'); ylabel('Probability'); 

title('Upper Tail of Standardized Residuals') 

  

% Figures 9 and 25: Semi-parametric empirical cumulative distribution 

% functions 

equity = menu('Choose Equity to inspect composite 

CDF','UBSN','RUKN','ABBN','UHR','ADEN','CSGN');% display input window to choose in-

dex 

figure, hold('on'), grid('on') 

minProbability = OBJ{equity}.cdf((min(residuals(:,equity)))); 

maxProbability = OBJ{equity}.cdf((max(residuals(:,equity)))); 

pLowerTail = linspace(minProbability  , tailFraction    , 200); % sample lower tail 

pUpperTail = linspace(1 - tailFraction, maxProbability  , 200); % sample upper tail 

pInterior  = linspace(tailFraction    , 1 - tailFraction, 200); % sample interior 

plot(OBJ{equity}.icdf(pLowerTail), pLowerTail, 'red'  , 'LineWidth', 1) 

plot(OBJ{equity}.icdf(pInterior) , pInterior , 'black', 'LineWidth', 1) 

plot(OBJ{equity}.icdf(pUpperTail), pUpperTail, 'blue' , 'LineWidth', 1) 

xlabel('Standardized Residual'), ylabel('Probability'), title('Semi-Parametric Em-

pirical CDF') 

legend({'Generalized Pareto Lower Tail' 'Kernel Smoothed Interior' ... 

        'Generalized Pareto Upper Tail'}, 'Location', 'NorthWest') 

  

%% Canonical maximum likelihood estimation of t copula 

U = zeros(size(residuals)) ; % Preallocate matrix for improved speed 

  

for i = 1:nEquities 

    U(:,i) = OBJ{i}.cdf(residuals(:,i)); % transformation of margins to uniform 

with semi-parametric cdf 

end 

  

[R, DoF] = copulafit('t', U,'Method', 'ApproximateML'); % MLE: for full maximum 

likelihood estimation remove parameters: ,'Method', 'ApproximateML' 

  

%% Display user menu to define time horizon and number of independent random 

% paths of the simulation 

prompt={'Enter Number of Simulations','Enter Timer Horizon in Days'}; 

name='Specify Parameter'; 

numlines=1; 

defaultanswer={'10000','20'}; 
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options.Resize='on'; 

options.WindowStyle='normal'; 

options.Interpreter='tex'; 

answer=inputdlg(prompt,name,numlines,defaultanswer,options); 

nPaths = str2double(answer{1}); 

horizon = str2double(answer{2}); 

  

%% Simulate returns with the t Copula 

s = RandStream.getDefaultStream(); reset(s)       % create and reset default random 

number stream 

Z = zeros(horizon, nPaths, nEquities);            % standardized residuals array 

U = copularnd('t', R, DoF, horizon * nPaths);     % t copula simulation 

  

for j = 1:nEquities 

    Z(:,:,j) = reshape(OBJ{j}.icdf(U(:,j)), horizon, nPaths); 

end 

  

% Specify the presample of model residuals, volatilities, and returns 

preResidual = residuals(end,:) .* sigmas(end,:); % presample model residuals 

preSigma    = sigmas(end,:);                     % presample volatilities 

preReturn   = returns(end,:);                    % presample returns 

  

simulatedReturns = zeros(horizon, nPaths, nEquities); % Preallocate array for im-

proved speed 

  

% Simulation of multiple return paths for a single share 

for i = 1:nEquities 

    [~, ~, ...  

     simulatedReturns(:,:,i)] = garchsim(spec(i), horizon, nPaths, Z(:,:,i), ... 

                                         [], [], preResidual(i), preSigma(i), ... 

                                         preReturn(i)); 

end 

  

% Reshape array of simulated returns to obtain single trials of multivariate 

% return series 

simulatedReturns = permute(simulatedReturns, [1 3 2]); 

  

% Form an equally weighted equity portfolio 

cumulativeReturns = zeros(nPaths, 1);                  % preallocate matrix for im-

proved speed 

weights           = repmat(1/nEquities, nEquities, 1); % equally weighted portfolio 

  

for i = 1:nPaths 

    cumulativeReturns(i) = sum(log(1 + (exp(simulatedReturns(:,:,i)) - 1) * 

weights)); 

end 

  

%% Calculation of Historical Simulation P&L and risk measures over chosen 

% horizon 

% Calculate log returns over chosen time horizon 

cumhorizonReturn = NaN(T-(horizon-1),nEquities); 

for i=1:nEquities 

    for t= 1:(T-(horizon-1)) 

        cumhorizonReturn(t,i)=sum(returns(t:(t+(horizon-1)),i)); 

    end 

end 

 

HorizonPortReturns = zeros((T-(horizon-1)), 1); % preallcate vector for improved 

speed 

numHorizonPortReturns = size(HorizonPortReturns,1); 

for i = 1:(T-(horizon-1)) 

    HorizonPortReturns(i,1) = sum(log(1 + (exp(cumhorizonReturn(i,:)) - 1) * 

weights)); 

end 

 

%% Calculate and display the risk measures of the historical simulation 

HorizonPortReturns=sort(HorizonPortReturns); 
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ESHorizonPortReturns=(HorizonPortReturns(size(HorizonPortReturns(:,1)*0.1))); 

VaRHorizonPortReturns= 100 * quantile(HorizonPortReturns, [0.10 0.05 0.01]'); 

 

disp(''); 

 

fprintf('Historical Simulation   %2.1f\n\n',''); 

fprintf('  Maximum Simulated Loss: %8.2f%s\n'   , -100*min(HorizonPortReturns), 

'%') 

fprintf('Maximum Simulated Profit: %8.2f%s\n\n' ,  100*max(HorizonPortReturns), 

'%'); 

fprintf('       Simulated 90%% VaR: %8.2f%s\n'  ,  VaRHorizonPortReturns(1), '%'); 

fprintf('       Simulated 95%% VaR: %8.2f%s\n'  ,  VaRHorizonPortReturns(2), '%'); 

fprintf('       Simulated 99%% VaR: %8.2f%s\n\n',  VaRHorizonPortReturns(3), '%'); 

 

SortedHorizonPortReturns = sort(HorizonPortReturns); 

sHS=round((size(HorizonPortReturns,1)*[0.01;0.05;0.1])); 

ESF_HS_99 = 100*mean(SortedHorizonPortReturns(1:sHS(1,1),1)); 

ESF_HS_95 = 100*mean(SortedHorizonPortReturns(1:sHS(2,1),1)); 

ESF_HS_90 = 100*mean(SortedHorizonPortReturns(1:sHS(3,1),1)); 

fprintf('       Simulated 90%%  ES: %8.2f%s\n'  ,  ESF_HS_90, '%'); 

fprintf('       Simulated 95%%  ES: %8.2f%s\n'  ,  ESF_HS_95, '%'); 

fprintf('       Simulated 99%%  ES: %8.2f%s\n\n',  ESF_HS_99, '%'); 

 

%% Calculate and display the risk measures of the baseline scenario 

VaR = 100 * quantile(cumulativeReturns, [0.10 0.05 0.01]'); 

disp(''); 

  

fprintf('Simulation Parameters   %2.1f\n\n',''); 

fprintf('      Degrees of Freedom: %8.2f\n\n', DoF); 

fprintf('   Number of Simulations: %8.0f\n\n', nPaths); 

fprintf('    Time Horizon in Days: %8.0f\n\n', horizon); 

  

fprintf('Baseline Scenario   %2.1f\n\n',''); 

fprintf('  Maximum Simulated Loss: %8.2f%s\n'   , -100*min(cumulativeReturns), '%') 

fprintf('Maximum Simulated Profit: %8.2f%s\n\n' ,  100*max(cumulativeReturns), 

'%'); 

fprintf('       Simulated 90%% VaR: %8.2f%s\n'  ,  VaR(1), '%'); 

fprintf('       Simulated 95%% VaR: %8.2f%s\n'  ,  VaR(2), '%'); 

fprintf('       Simulated 99%% VaR: %8.2f%s\n\n',  VaR(3), '%'); 

  

SortedcumulativeReturns = sort(cumulativeReturns); 

s=nPaths*[0.01;0.05;0.1]; 

ESF99 = 100*mean(SortedcumulativeReturns(1:s(1,1),1)); 

ESF95 = 100*mean(SortedcumulativeReturns(1:s(2,1),1)); 

ESF90 = 100*mean(SortedcumulativeReturns(1:s(3,1),1)); 

fprintf('       Simulated 90%%  ES: %8.2f%s\n'  ,  ESF90, '%'); 

fprintf('       Simulated 95%%  ES: %8.2f%s\n'  ,  ESF95, '%'); 

fprintf('       Simulated 99%%  ES: %8.2f%s\n\n',  ESF99, '%'); 

 

%% Plot the profit and loss distributions for the baseline scenario and the 

% historical scenario simulation. 

figure 

y1 = cdfplot(cumulativeReturns); 

set(y1, 'Color', 'Blue'); 

hold on 

y2 = cdfplot(HorizonPortReturns); 

set(y2, 'Color', 'Black'); 

 

xlabel('Continuous Return') 

ylabel('Probability') 

title ('Simulated Portfolio Profit & Loss Distribution') 

legend('Baseline Scenario','Historical Stress Scenario','location', 'NorthWest'); 

 

%% Open User Interface to specify stress scenario 

  

% Preallocate variables for user interface 

VolaShock = ones(1,6); % initialize VolaShock matrix  
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PriceShock = returns(end,:); % initialize PriceShock matrix 

RStress = R; % copy correlation matrix for stress scenario 

DoFStress = DoF; % copy DoF for stress scenario 

  

% Load user interface 

StressTestScenarioEditor 

 

% Press button “Proceed to Simulation” before running below code segements. 

  

%% Find nearest valid correlation matrix 

% Perform spectral decomposition of the correlation matrix and correct negative ei-

genvalues to create valid correlation matrix in case 

% user entries are mathematically inconsistent: 

[CorrVec, CorrVal]=eig(RStress);          % Calculate original eigenvectors and ei-

genvalues 

CorrVal_ColumnVector=eig(RStress);        % Store eigenvales in a column vector 

TestPositiveness=CorrVal_ColumnVector>=0; % Test if all eigenvalues are non-

negative 

% CorrVal_ColumnVector_cor=CorrVal_ColumnVector.*TestPositiveness; %setting nega-

tive eigenvalues to zero 

CorrVal_ColumnVector_cor=CorrVal_ColumnVector.*TestPositiveness + 

(not(TestPositiveness)*0.00000001); %substituting negative eigenvalues by a small 

positive value 

CorrVal_corrected=CorrVal_ColumnVector_cor*ones(1, nEquities).*eye(nEquities); 

%corrected eigenvalue matrix 

bdash=CorrVec.*((ones(nEquities)*CorrVal_corrected).^0.5); 

  

% Scale eigenvector by "square root of" individual corrected eigenvalues. 

b=bdash./repmat(sum((bdash.^2),2).^0.5, 1, nEquities); 

  

% Normalize to have row vectors of unit length 

RStress=b*b'; 

  

% Reset format of diagonal entries to single digit ensuring Matlab recognises the 

matrix as 

% correlation matrix 

for i=1:nEquities 

    RStress(i,i)=1; 

end 

  

%% Simulate stressed returns 

  

% Introduce volatility shock 

% Update the GARCH specifications with the user inputs to shock the 

% volatility constant of the correspondig equity GARCH process 

VolaShock = VolaShock'; % transpose to fit loop operation 

for i=1:nEquities 

    spec(i)=garchset(spec(i),'k',garchget(spec(i), 'k')* VolaShock(i,1)^2); % apply 

stress input to GARCH volatility constants 

end 

  

s = RandStream.getDefaultStream(); reset(s)       % create and reset default random 

number stream 

Z = zeros(horizon, nPaths, nEquities);            % standardized residuals array 

U = copularnd('t', RStress, DoFStress, horizon * nPaths);     % t copula simulation 

  

for j = 1:nEquities 

    Z(:,:,j) = reshape(OBJ{j}.icdf(U(:,j)), horizon, nPaths); 

end 

  

StressedsimulatedReturns = zeros(horizon, nPaths, nEquities);% Preallocate array 

for improved speed 

  

% Simulation of multiple return paths for a single share 

for i = 1:nEquities 

    [~, ~, ... 
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     StressedsimulatedReturns(:,:,i)] = garchsim(spec(i), horizon, nPaths, 

Z(:,:,i), ... 

                                         [], [], preResidual(i), preSigma(i), ... 

                                         preReturn(i)); 

end 

  

% Reshape array of simulated returns to obtain single trials of multivariate 

% return series 

StressedsimulatedReturns = permute(StressedsimulatedReturns, [1 3 2]); 

  

% Place user specified price shock 

for i=1:nPaths 

    StressedsimulatedReturns(2:horizon,:,i)=StressedsimulatedReturns(1:horizon-

1,:,i); 

    StressedsimulatedReturns(1,:,i)=PriceShock; 

end 

  

% Form equally weighted portfolio 

StressedcumulativeReturns = zeros(nPaths, 1);          % preallocate matrix for im-

proved speed 

weights           = repmat(1/nEquities, nEquities, 1); % equally weighted portfolio 

  

for i = 1:nPaths 

    StressedcumulativeReturns(i) = sum(log(1 + 

(exp(StressedsimulatedReturns(:,:,i)) - 1) * weights)); 

end 

  

%% Calculate and display the risk measures of the stress scenario 

StressVaR = 100 * quantile(StressedcumulativeReturns, [0.10 0.05 0.01]'); 

fprintf('Stress Scenario   %2.1f\n\n',''); 

fprintf('  Maximum Simulated Loss: %8.2f%s\n'   , -

100*min(StressedcumulativeReturns), '%') 

fprintf('Maximum Simulated Profit: %8.2f%s\n\n' ,  

100*max(StressedcumulativeReturns), '%'); 

fprintf('       Simulated 90%% VaR: %8.2f%s\n'  ,  StressVaR(1), '%'); 

fprintf('       Simulated 95%% VaR: %8.2f%s\n'  ,  StressVaR(2), '%'); 

fprintf('       Simulated 99%% VaR: %8.2f%s\n\n',  StressVaR(3), '%'); 

  

SortedcumulativeStressReturns = sort(StressedcumulativeReturns); 

s=nPaths*[0.01;0.05;0.1]; 

ESF99 = 100*mean(SortedcumulativeStressReturns(1:s(1,1),1)); 

ESF95 = 100*mean(SortedcumulativeStressReturns(1:s(2,1),1)); 

ESF90 = 100*mean(SortedcumulativeStressReturns(1:s(3,1),1)); 

fprintf('       Simulated 90%%  ES: %8.2f%s\n'  ,  ESF90, '%'); 

fprintf('       Simulated 95%%  ES: %8.2f%s\n'  ,  ESF95, '%'); 

fprintf('       Simulated 99%%  ES: %8.2f%s\n\n',  ESF99, '%'); 

  

%% Plot the profit and loss distributions of the baseline and the 

% stress scenario 

figure 

y1 = cdfplot(StressedcumulativeReturns); 

set(y1, 'Color', 'Red'); 

hold on 

y2 = cdfplot(cumulativeReturns); 

set(y2, 'Color', 'Blue'); 

xlabel('Logarithmic Return') 

ylabel('Probability') 

title ('Simulated Portfolio Profit & Loss Distribution') 

legend('Stress Scenario','Baseline Scenario','location', 'NorthWest'); 

VolaShock = VolaShock'; 

 

% This code is partly based on The Mathworks Inc. Matlab R2009b documentation 'Mar-

ket 

% Risk Using Extreme Value Theory and Copulas' of the Econometrics toolbox 
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Code for the User Interface 

function varargout = StressTestScenarioEditor(varargin) 

% StressTestScenarioEditor M-file for StressTestScenarioEditor.fig 

%      StressTestScenarioEditor is the user interface for 

%      SwissStressTester. 

%      StressTestScenarioEditor, by itself, creates a new  

%      StressTestScenarioEditor or raises the existing singleton. 

%       

% Begin initialization code - DO NOT EDIT 

gui_Singleton = 1; 

gui_State = struct('gui_Name',       mfilename, ... 

                   'gui_Singleton',  gui_Singleton, ... 

                   'gui_OpeningFcn', @StressTestScenarioEditor_OpeningFcn, ... 

                   'gui_OutputFcn',  @StressTestScenarioEditor_OutputFcn, ... 

                   'gui_LayoutFcn',  @StressTestScenarioEditor_LayoutFcn, ... 

                   'gui_Callback',   []); 

if nargin && ischar(varargin{1}) 

    gui_State.gui_Callback = str2func(varargin{1}); 

end 

  

if nargout 

    [varargout{1:nargout}] = gui_mainfcn(gui_State, varargin{:}); 

else 

    gui_mainfcn(gui_State, varargin{:}); 

end 

% End initialization code - DO NOT EDIT 

   

% --- Executes just before StressTestScenarioEditor is made visible. 

function StressTestScenarioEditor_OpeningFcn(hObject, ~, handles, varargin) 

% This function has no output args, see OutputFcn. 

handles.output = hObject; 

% Update handles structure 

guidata(hObject, handles); 

  

% --- Outputs from this function are returned to the command line. 

function varargout = StressTestScenarioEditor_OutputFcn(~, ~, handles)  

% Get default command line output from handles structure 

varargout{1} = handles.output; 

  

% --- Executes when entered data in editable cell(s) in uitable1. 

function uitable1_CellEditCallback(hObject, ~, ~) 

data = get(hObject, 'data'); 

assignin('base','RStress',data); 

  

function edit1_Callback(hObject, ~, ~) 

% hObject    handle to edit1 

DoFStress = str2double(get(hObject,'String')); 

assignin('base','DoFStress',DoFStress); 

  

% --- Executes during object creation, after setting all properties. 

function edit1_CreateFcn(hObject, ~, ~) 

% hObject    handle to edit1 

if ispc && isequal(get(hObject,'BackgroundColor'), 

get(0,'defaultUicontrolBackgroundColor')) 

    set(hObject,'BackgroundColor','white'); 

end 

  

function edit2_Callback(hObject, ~, ~) 

% hObject    handle to edit2 

horizon = str2double(get(hObject,'String')); 

assignin('base','horizon',horizon); 

  

% --- Executes during object creation, after setting all properties. 

function edit2_CreateFcn(hObject, ~, ~) 

% hObject    handle to edit2 
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if ispc && isequal(get(hObject,'BackgroundColor'), 

get(0,'defaultUicontrolBackgroundColor')) 

    set(hObject,'BackgroundColor','white'); 

end 

  

function edit3_Callback(hObject, ~, ~) 

% hObject    handle to edit3 

nPaths = str2double(get(hObject,'String')); 

assignin('base','nPaths',nPaths); 

  

% --- Executes during object creation, after setting all properties. 

function edit3_CreateFcn(hObject, ~, ~) 

% hObject    handle to edit3 

if ispc && isequal(get(hObject,'BackgroundColor'), 

get(0,'defaultUicontrolBackgroundColor')) 

    set(hObject,'BackgroundColor','white'); 

end 

 

% --- Executes when entered data in editable cell(s) in uitable5. 

function uitable5_CellEditCallback(hObject, ~, ~) 

% hObject    handle to uitable5 

VolaShock = get(hObject, 'data'); 

assignin('base','VolaShock',VolaShock); 

  

% --- Executes when entered data in editable cell(s) in uitable3. 

function uitable3_CellEditCallback(hObject, ~, ~) 

% hObject    handle to uitable3 

PriceShock = get(hObject, 'data'); 

assignin('base','PriceShock',PriceShock); 

  

% --- Executes on button press in pushbutton1. 

function pushbutton1_Callback(~, ~, ~) 

% hObject    handle to pushbutton1 

close(StressTestScenarioEditor) 

  

% --- Creates and returns a handle to the GUI figure.  

function h1 = StressTestScenarioEditor_LayoutFcn(policy) 

% policy - create a new figure or use a singleton. 'new' or 'reuse'. 

  

persistent hsingleton; 

if strcmpi(policy, 'reuse') & ishandle(hsingleton) 

    h1 = hsingleton; 

    return; 

end 

load StressTestScenarioEditor.mat 

  

appdata = []; 

appdata.GUIDEOptions = struct(... 

    'active_h', [], ... 

    'taginfo', struct(... 

    'figure', 2, ... 

    'uitable', 7, ... 

    'text', 20, ... 

    'edit', 4, ... 

    'axes', 2, ... 

    'pushbutton', 2), ... 

    'override', 0, ... 

    'release', 13, ... 

    'resize', 'none', ... 

    'accessibility', 'callback', ... 

    'mfile', 1, ... 

    'callbacks', 1, ... 

    'singleton', 1, ... 

    'syscolorfig', 1, ... 

    'blocking', 0); 

  

appdata.lastValidTag = 'figure1'; 
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appdata.GUIDELayoutEditor = []; 

appdata.initTags = struct(... 

    'handle', [], ... 

    'tag', 'figure1'); 

  

h1 = figure(... 

'Units','characters',... 

'PaperUnits',get(0,'defaultfigurePaperUnits'),... 

'Color',[0.941176470588235 0.941176470588235 0.941176470588235],... 

'Colormap',[0 0 0.5625;0 0 0.625;0 0 0.6875;0 0 0.75;0 0 0.8125;0 0 0.875;0 0 

0.9375;0 0 1;0 0.0625 1;0 0.125 1;0 0.1875 1;0 0.25 1;0 0.3125 1;0 0.375 1;0 0.4375 

1;0 0.5 1;0 0.5625 1;0 0.625 1;0 0.6875 1;0 0.75 1;0 0.8125 1;0 0.875 1;0 0.9375 

1;0 1 1;0.0625 1 1;0.125 1 0.9375;0.1875 1 0.875;0.25 1 0.8125;0.3125 1 0.75;0.375 

1 0.6875;0.4375 1 0.625;0.5 1 0.5625;0.5625 1 0.5;0.625 1 0.4375;0.6875 1 

0.375;0.75 1 0.3125;0.8125 1 0.25;0.875 1 0.1875;0.9375 1 0.125;1 1 0.0625;1 1 0;1 

0.9375 0;1 0.875 0;1 0.8125 0;1 0.75 0;1 0.6875 0;1 0.625 0;1 0.5625 0;1 0.5 0;1 

0.4375 0;1 0.375 0;1 0.3125 0;1 0.25 0;1 0.1875 0;1 0.125 0;1 0.0625 0;1 0 0;0.9375 

0 0;0.875 0 0;0.8125 0 0;0.75 0 0;0.6875 0 0;0.625 0 0;0.5625 0 0],... 

'IntegerHandle','off',... 

'InvertHardcopy',get(0,'defaultfigureInvertHardcopy'),... 

'MenuBar','none',... 

'Name','Stress Test Scenario Editor',... 

'NumberTitle','off',... 

'PaperPosition',get(0,'defaultfigurePaperPosition'),... 

'PaperSize',get(0,'defaultfigurePaperSize'),... 

'PaperType',get(0,'defaultfigurePaperType'),... 

'Position',[103.8 1.07692307692308 121 63],... 

'Resize','off',... 

'HandleVisibility','callback',... 

'Tag','figure1',... 

'UserData',[],... 

'Visible','on',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'text8'; 

  

h2 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'HorizontalAlignment','left',... 

'Position',[10 42.4615384615385 136.6 2.46153846153846],... 

'String',{  'Impose a shock to volatility by increasing the ''volatility shock pa-

rameter'' which represents '; 'a multiplier for the constant of the conditional 

GARCH variance process.' },... 

'Style','text',... 

'Tag','text8',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'uitable1'; 

  

h3 = uitable(... 

'Parent',h1,... 

'Units','characters',... 

'BackgroundColor',[1 1 1;0.96078431372549 0.96078431372549 0.96078431372549],... 

'CellEditCallback',@(hObject,eventdata)StressTestScenarioEditor('uitable1_CellEditC

allback',hObject,eventdata,guidata(hObject)),... 

'ColumnFormat',{  [] [] [] [] [] [] },... 

'ColumnEditable',mat{1},... 

'ColumnName',{  'UBSN'; 'RUKN'; 'ABBN'; 'UHR'; 'ADEN'; 'CSGN' },... 

'ColumnWidth',{  'auto' 'auto' 'auto' 'auto' 'auto' 'auto' },... 

'Data',[1 0.610101055318314 0.568745235232733 0.529292354903337 0.559266443319743 

0.739568808332005;0.610101055318314 1 0.507133138026823 0.480414624995726 

0.509855877804827 0.605628100346476;0.568745235232733 0.507133138026823 1 

0.517986960733984 0.54457395984457 0.559006562624012;0.529292354903337 

0.480414624995726 0.517986960733984 1 0.523113218586796 
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0.5217313692826;0.559266443319743 0.509855877804827 0.54457395984457 

0.523113218586796 1 0.558413257884987;0.739568808332005 0.605628100346476 

0.559006562624012 0.5217313692826 0.558413257884987 1],... 

'Position',[9.8 7 102 10.3076923076923],... 

'RowName',{  'UBSN'; 'RUKN'; 'ABBN'; 'UHR'; 'ADEN'; 'CSGN' },... 

'Tag','uitable1',... 

'UserData',[],... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'text1'; 

  

h4 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'HorizontalAlignment','left',... 

'Position',[9.8 18.2307692307692 38.6 1.23076923076923],... 

'String','Correlation matrix of the t Copula',... 

'Style','text',... 

'Tag','text1',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'text2'; 

  

h5 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'FontSize',12,... 

'FontWeight','bold',... 

'HorizontalAlignment','left',... 

'Position',[9.6 55.5384615384615 56 1.61538461538462],... 

'String','Stress Test Scenario Editor',... 

'Style','text',... 

'Tag','text2',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'text3'; 

  

h6 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'FontSize',10,... 

'FontWeight','bold',... 

'HorizontalAlignment','left',... 

'Position',[9.6 26.6923076923077 56 1.61538461538462],... 

'String','Stress Test Dependence',... 

'Style','text',... 

'Tag','text3',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'text5'; 

  

h7 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'HorizontalAlignment','left',... 

'Position',[9.8 20.3846153846154 50.2 1.61538461538462],... 

'String','Degrees of freedom of the t Copula',... 

'Style','text',... 

'Tag','text5',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'edit1'; 
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h8 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'BackgroundColor',[1 1 1],... 

'Callback',@(hObject,eventdata)StressTestScenarioEditor('edit1_Callback',hObject,ev

entdata,guidata(hObject)),... 

'Position',[51.2 20.5384615384615 10.2 1.69230769230769],... 

'String','10.6',... 

'Style','edit',... 

'CreateFcn', {@local_CreateFcn, 

@(hObject,eventdata)StressTestScenarioEditor('edit1_CreateFcn',hObject,eventdata,gu

idata(hObject)), appdata} ,... 

'Tag','edit1'); 

  

appdata = []; 

appdata.lastValidTag = 'text6'; 

  

h9 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'FontSize',10,... 

'FontWeight','bold',... 

'HorizontalAlignment','left',... 

'Position',[9.6 35.8461538461538 56 1.61538461538462],... 

'String','Stress Test Prices',... 

'Style','text',... 

'Tag','text6',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'text7'; 

  

h10 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'FontSize',10,... 

'FontWeight','bold',... 

'HorizontalAlignment','left',... 

'Position',[9.6 45.8461538461538 56 1.61538461538462],... 

'String','Stress Test Volatility',... 

'Style','text',... 

'Tag','text7',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'text15'; 

  

h11 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'HorizontalAlignment','left',... 

'Position',[10 33.3846153846154 90.4 1.53846153846154],... 

'String','Impose a price shock by manually specifying the simulation''s inital log-

arithmic daily returns.',... 

'Style','text',... 

'Tag','text15',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'uitable3'; 

  

h12 = uitable(... 

'Parent',h1,... 

'Units','characters',... 

'CellEditCallback',@(hObject,eventdata)StressTestScenarioEditor('uitable3_CellEditC

allback',hObject,eventdata,guidata(hObject)),... 
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'ColumnFormat',{  [] [] [] [] [] [] },... 

'ColumnEditable',mat{2},... 

'ColumnName',{  'UBSN'; 'RUKN'; 'ABBN'; 'UHR'; 'ADEN'; 'CSGN' },... 

'ColumnWidth',{  'auto' 'auto' 'auto' 'auto' 'auto' 'auto' },... 

'Data',[0 -0.00279720309775922 0.0126317290889428 0.0187643488951332 -

0.00110192848615664 -0.00161681129181801],... 

'Position',[10 29.3076923076923 97.6 3.15384615384615],... 

'RowName',blanks(0),... 

'Tag','uitable3',... 

'UserData',[],... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'uitable5'; 

  

h13 = uitable(... 

'Parent',h1,... 

'Units','characters',... 

'CellEditCallback',@(hObject,eventdata)StressTestScenarioEditor('uitable5_CellEditC

allback',hObject,eventdata,guidata(hObject)),... 

'ColumnFormat',{  [] [] [] [] [] [] },... 

'ColumnEditable',mat{3},... 

'ColumnName',{  'UBSN'; 'RUKN'; 'ABBN'; 'UHR'; 'ADEN'; 'CSGN' },... 

'ColumnWidth',{  'auto' 'auto' 'auto' 'auto' 'auto' 'auto' },... 

'Data',[1 1 1 1 1 1],... 

'Position',[10 38.3846153846154 97.6 3.15384615384615],... 

'RowName',blanks(0),... 

'Tag','uitable5',... 

'UserData',[],... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'pushbutton1'; 

  

h14 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'Callback',@(hObject,eventdata)StressTestScenarioEditor('pushbutton1_Callback',hObj

ect,eventdata,guidata(hObject)),... 

'Position',[87.6 2.30769230769231 24 1.69230769230769],... 

'String','Proceed to Simulation',... 

'Tag','pushbutton1',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'text16'; 

  

h15 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'HorizontalAlignment','left',... 

'Position',[10 48.3846153846154 179.8 2.61538461538462],... 

'String',{  'Specify a stress test scenario by editing the parameters below.'; 

'Press ''Enter'' to confirm each parameter change.' },... 

'Style','text',... 

'Tag','text16',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'text17'; 

  

h16 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'FontSize',10,... 

'FontWeight','bold',... 

'HorizontalAlignment','left',... 
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'Position',[9.6 51.9230769230769 56 1.61538461538462],... 

'String','Instructions',... 

'Style','text',... 

'Tag','text17',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'text18'; 

  

h17 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'HorizontalAlignment','left',... 

'Position',[9.8 23.2307692307692 90.4 2.38461538461538],... 

'String',{  'Impose stress to the dependence structure by altering the copula''s 

degrees of '; 'freedom parameter and/or the correlation matrix.' },... 

'Style','text',... 

'Tag','text18',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

appdata = []; 

appdata.lastValidTag = 'text19'; 

h18 = uicontrol(... 

'Parent',h1,... 

'Units','characters',... 

'HorizontalAlignment','left',... 

'Position',[9.8 58.5384615384615 90.4 1.53846153846154],... 

'String','On the Design of Stress Tests - Master''s Thesis - Matthias Daniel 

Aepli',... 

'Style','text',... 

'Tag','text19',... 

'CreateFcn', {@local_CreateFcn, blanks(0), appdata} ); 

  

hsingleton = h1; 

  

% --- Set application data first then calling the CreateFcn.  

function local_CreateFcn(hObject, eventdata, createfcn, appdata) 

  

if ~isempty(appdata) 

   names = fieldnames(appdata); 

   for i=1:length(names) 

       name = char(names(i)); 

       setappdata(hObject, name, getfield(appdata,name)); 

   end 

end 

  

if ~isempty(createfcn) 

   if isa(createfcn,'function_handle') 

       createfcn(hObject, eventdata); 

   else 

       eval(createfcn); 

   end 

end 

  

% --- Handles default GUIDE GUI creation and callback dispatch 

function varargout = gui_mainfcn(gui_State, varargin) 

  

gui_StateFields =  {'gui_Name' 

    'gui_Singleton' 

    'gui_OpeningFcn' 

    'gui_OutputFcn' 

    'gui_LayoutFcn' 

    'gui_Callback'}; 

gui_Mfile = ''; 

for i=1:length(gui_StateFields) 

    if ~isfield(gui_State, gui_StateFields{i}) 
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        error('MATLAB:gui_mainfcn:FieldNotFound', 'Could not find field %s in the 

gui_State struct in GUI M-file %s', gui_StateFields{i}, gui_Mfile); 

    elseif isequal(gui_StateFields{i}, 'gui_Name') 

        gui_Mfile = [gui_State.(gui_StateFields{i}), '.m']; 

    end 

end 

  

numargin = length(varargin); 

  

if numargin == 0 

    % STRESSTESTSCENARIOEDITOR 

    % create the GUI only if we are not in the process of loading it 

    % already 

    gui_Create = true; 

elseif local_isInvokeActiveXCallback(gui_State, varargin{:}) 

    % STRESSTESTSCENARIOEDITOR(ACTIVEX,...) 

    vin{1} = gui_State.gui_Name; 

    vin{2} = [get(varargin{1}.Peer, 'Tag'), '_', varargin{end}]; 

    vin{3} = varargin{1}; 

    vin{4} = varargin{end-1}; 

    vin{5} = guidata(varargin{1}.Peer); 

    feval(vin{:}); 

    return; 

elseif local_isInvokeHGCallback(gui_State, varargin{:}) 

    % STRESSTESTSCENARIOEDITOR('CALLBACK',hObject,eventData,handles,...) 

    gui_Create = false; 

else 

    % STRESSTESTSCENARIOEDITOR(...) 

    % create the GUI and hand varargin to the openingfcn 

    gui_Create = true; 

end 

  

if ~gui_Create 

    designEval = false; 

    if (numargin>1 && ishghandle(varargin{2})) 

        fig = varargin{2}; 

        while ~isempty(fig) && ~isa(handle(fig),'figure') 

            fig = get(fig,'parent'); 

        end 

         

        designEval = isappdata(0,'CreatingGUIDEFigure') || is-

prop(fig,'__GUIDEFigure'); 

    end 

         

    if designEval 

        beforeChildren = findall(fig); 

    end 

     

    % evaluate the callback now 

    varargin{1} = gui_State.gui_Callback; 

    if nargout 

        [varargout{1:nargout}] = feval(varargin{:}); 

    else        

        feval(varargin{:}); 

    end 

     

    % Set serializable of objects created in the above callback to off in 

    % design time. Need to check whether figure handle is still valid in 

    % case the figure is deleted during the callback dispatching. 

    if designEval && ishandle(fig) 

        set(setdiff(findall(fig),beforeChildren), 'Serializable','off'); 

    end 

else 

    if gui_State.gui_Singleton 

        gui_SingletonOpt = 'reuse'; 

    else 

        gui_SingletonOpt = 'new'; 
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    end 

  

    % Check user passing 'visible' P/V pair first so that its value can be 

    % used by oepnfig to prevent flickering 

    gui_Visible = 'auto'; 

    gui_VisibleInput = ''; 

    for index=1:2:length(varargin) 

        if length(varargin) == index || ~ischar(varargin{index}) 

            break; 

        end 

  

        % Recognize 'visible' P/V pair 

        len1 = min(length('visible'),length(varargin{index})); 

        len2 = min(length('off'),length(varargin{index+1})); 

        if ischar(varargin{index+1}) && strncmpi(varargin{index},'visible',len1) && 

len2 > 1 

            if strncmpi(varargin{index+1},'off',len2) 

                gui_Visible = 'invisible'; 

                gui_VisibleInput = 'off'; 

            elseif strncmpi(varargin{index+1},'on',len2) 

                gui_Visible = 'visible'; 

                gui_VisibleInput = 'on'; 

            end 

        end 

    end 

     

    % Open fig file with stored settings.  Note: This executes all component 

    % specific CreateFunctions with an empty HANDLES structure. 

     

    % Do feval on layout code in m-file if it exists 

    gui_Exported = ~isempty(gui_State.gui_LayoutFcn); 

    % this application data is used to indicate the running mode of a GUIDE 

    % GUI to distinguish it from the design mode of the GUI in GUIDE. it is 

    % only used by actxproxy at this time.    

    setappdata(0,genvarname(['OpenGuiWhenRunning_', gui_State.gui_Name]),1); 

    if gui_Exported 

        gui_hFigure = feval(gui_State.gui_LayoutFcn, gui_SingletonOpt); 

  

        % make figure invisible here so that the visibility of figure is 

        % consistent in OpeningFcn in the exported GUI case 

        if isempty(gui_VisibleInput) 

            gui_VisibleInput = get(gui_hFigure,'Visible'); 

        end 

        set(gui_hFigure,'Visible','off') 

  

        % openfig (called by local_openfig below) does this for guis without 

        % the LayoutFcn. Be sure to do it here so guis show up on screen. 

        movegui(gui_hFigure,'onscreen'); 

    else 

        gui_hFigure = local_openfig(gui_State.gui_Name, gui_SingletonOpt, 

gui_Visible); 

        % If the figure has InGUIInitialization it was not completely created 

        % on the last pass.  Delete this handle and try again. 

        if isappdata(gui_hFigure, 'InGUIInitialization') 

            delete(gui_hFigure); 

            gui_hFigure = local_openfig(gui_State.gui_Name, gui_SingletonOpt, 

gui_Visible); 

        end 

    end 

    if isappdata(0, genvarname(['OpenGuiWhenRunning_', gui_State.gui_Name])) 

        rmappdata(0,genvarname(['OpenGuiWhenRunning_', gui_State.gui_Name])); 

    end 

  

    % Set flag to indicate starting GUI initialization 

    setappdata(gui_hFigure,'InGUIInitialization',1); 

  

    % Fetch GUIDE Application options 
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    gui_Options = getappdata(gui_hFigure,'GUIDEOptions'); 

    % Singleton setting in the GUI M-file takes priority if different 

    gui_Options.singleton = gui_State.gui_Singleton; 

  

    if ~isappdata(gui_hFigure,'GUIOnScreen') 

        % Adjust background color 

        if gui_Options.syscolorfig 

            set(gui_hFigure,'Color', get(0,'DefaultUicontrolBackgroundColor')); 

        end 

  

        % Generate HANDLES structure and store with GUIDATA. If there is 

        % user set GUI data already, keep that also. 

        data = guidata(gui_hFigure); 

        handles = guihandles(gui_hFigure); 

        if ~isempty(handles) 

            if isempty(data) 

                data = handles; 

            else 

                names = fieldnames(handles); 

                for k=1:length(names) 

                    data.(char(names(k)))=handles.(char(names(k))); 

                end 

            end 

        end 

        guidata(gui_hFigure, data); 

    end 

  

    % Apply input P/V pairs other than 'visible' 

    for index=1:2:length(varargin) 

        if length(varargin) == index || ~ischar(varargin{index}) 

            break; 

        end 

  

        len1 = min(length('visible'),length(varargin{index})); 

        if ~strncmpi(varargin{index},'visible',len1) 

            try set(gui_hFigure, varargin{index}, varargin{index+1}), catch break, 

end 

        end 

    end 

  

    % If handle visibility is set to 'callback', turn it on until finished 

    % with OpeningFcn 

    gui_HandleVisibility = get(gui_hFigure,'HandleVisibility'); 

    if strcmp(gui_HandleVisibility, 'callback') 

        set(gui_hFigure,'HandleVisibility', 'on'); 

    end 

  

    feval(gui_State.gui_OpeningFcn, gui_hFigure, [], guidata(gui_hFigure), 

varargin{:}); 

  

    if isscalar(gui_hFigure) && ishandle(gui_hFigure) 

        % Handle the default callbacks of predefined toolbar tools in this 

        % GUI, if any 

        guidemfile('restoreToolbarToolPredefinedCallback',gui_hFigure);  

         

        % Update handle visibility 

        set(gui_hFigure,'HandleVisibility', gui_HandleVisibility); 

  

        % Call openfig again to pick up the saved visibility or apply the 

        % one passed in from the P/V pairs 

        if ~gui_Exported 

            gui_hFigure = local_openfig(gui_State.gui_Name, 'reuse',gui_Visible); 

        elseif ~isempty(gui_VisibleInput) 

            set(gui_hFigure,'Visible',gui_VisibleInput); 

        end 

        if strcmpi(get(gui_hFigure, 'Visible'), 'on') 

            figure(gui_hFigure); 
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            if gui_Options.singleton 

                setappdata(gui_hFigure,'GUIOnScreen', 1); 

            end 

        end 

  

        % Done with GUI initialization 

        if isappdata(gui_hFigure,'InGUIInitialization') 

            rmappdata(gui_hFigure,'InGUIInitialization'); 

        end 

  

        % If handle visibility is set to 'callback', turn it on until 

        % finished with OutputFcn 

        gui_HandleVisibility = get(gui_hFigure,'HandleVisibility'); 

        if strcmp(gui_HandleVisibility, 'callback') 

            set(gui_hFigure,'HandleVisibility', 'on'); 

        end 

        gui_Handles = guidata(gui_hFigure); 

    else 

        gui_Handles = []; 

    end 

  

    if nargout 

        [varargout{1:nargout}] = feval(gui_State.gui_OutputFcn, gui_hFigure, [], 

gui_Handles); 

    else 

        feval(gui_State.gui_OutputFcn, gui_hFigure, [], gui_Handles); 

    end 

  

    if isscalar(gui_hFigure) && ishandle(gui_hFigure) 

        set(gui_hFigure,'HandleVisibility', gui_HandleVisibility); 

    end 

end 

  

function gui_hFigure = local_openfig(name, singleton, visible) 

  

if nargin('openfig') == 2 

    gui_OldDefaultVisible = get(0,'defaultFigureVisible'); 

    set(0,'defaultFigureVisible','off'); 

    gui_hFigure = openfig(name, singleton); 

    set(0,'defaultFigureVisible',gui_OldDefaultVisible); 

else 

    gui_hFigure = openfig(name, singleton, visible); 

end 

  

function result = local_isInvokeActiveXCallback(gui_State, varargin) 

  

try 

    result = ispc && iscom(varargin{1}) ... 

             && isequal(varargin{1},gcbo); 

catch 

    result = false; 

end 

  

function result = local_isInvokeHGCallback(gui_State, varargin) 

  

try 

    fhandle = functions(gui_State.gui_Callback); 

    result = ~isempty(findstr(gui_State.gui_Name,fhandle.file)) || ... 

             (ischar(varargin{1}) ... 

             && isequal(ishandle(varargin{2}), 1) ... 

             && (~isempty(strfind(varargin{1},[get(varargin{2}, 'Tag'), '_'])) || 

... 

                ~isempty(strfind(varargin{1}, '_CreateFcn'))) ); 

catch 

    result = false; 

end 
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