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Abstract
Several objectives are pursued along this thesis. Firstly, to give a general understanding about structured products and their main building
blocks. Therefore, the pricing and hedging of vanilla options, digital
options and barrier options will be briefly described.
Secondly, the characteristics of oil prices and existing spot price models
and forward price models on oil will be dicussed.
Finally, in the practical implementation, two structured products: a barrier reverse convertible and a win-win (a capital protected certificate
with knock-out) will be priced and delta hedged from the issuer’s point
of view. Therefore two implied volatility ”worlds”will be used: on one
hand, a flat volatility world where the simple Black model is used and
on the other hand, a term structure of implied volatilities where Clewlow’s and Strickland’s two-factor model is applied. As the issuer, we
are interested not only in risk managing these products (delta hedging)
but also in observing the hedge performance through the final profit
and loss distribution.
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1

Introduction

The commodity market has proven to be an alternative asset class for investors and a
good risk diversification tool. However, commodity prices are very volatile and a big
source of instability and uncertainty (D’Ecclesia, 2008). Recent world events, booming
economic growth in the East and the recent financial crisis have thrown a big attention
on the security of energy supply, energy costs and price volatility.
When dealing with structured products one not only needs a knowledge of the underlying
building blocks which are available but also has to deal with pricing and risk management
i.e hedging issues. First of all, the liquidity of non-vanilla options is limited which forces
to manage the risk by trading vanilla instruments against the derivatives and rebalancing
the hedging portfolio over time. The pricing of structured products has to reflect the
additional ongoing cost of hedging. Some authors argue that it is therefore unrealistic
to expect to use the volatility of the equivalent vanilla option to price an exotic option
(Clewlow and Strickland, 1997). Second, certain products such as barrier and digital options are confronted with hedging problems especially when the underlying moves
around the barrier or reaches a predetermined point where the payoff jumps. These payoffs jumps create a huge amount of gamma risk which can lead to substantial hedging
issues. And third, when a structured product is dependent on multiple underlyings the
issue that arises is the correct estimation of the correlations. Correlations can not be
observed in the prices of traded instruments and leads therefore to historical analysis and
judgments. The big concern here is therefore the hedging as the amount of hedging is
specified by the correlation used in the reevaluation. In this paper we will not deal with
correlation issues as the focus lies on products with a single underlying.
This paper has three main objectives. First of all, to give a theoretical overview of what
risk, risk management and structured products are and how their main components can
be priced and hedged. Second, to present existing stochastic pricing models on oil. And
finally to practically analyze the pricing and hedging of two structured products: a barrier
reverse convertible and a Win-Win1 on oil, using on one hand the model of Black with flat
volatility and on the other hand, Clewlow and Strickland’s model with a term structure
of volatilities. The main focus there will not only be on the pricing and delta hedging but
also to show how input model parameters affect the final profit and loss distribution (in
the following PnL).
In order to achieve these objectives, the first part of this paper aims to inform its reader
about the general concepts of risk and risk management. We will consider risk management as ”the process of achieving the desired balance between risk and return through a
particular trading strategy (Pilipovic, 2007). Then structured products will be described
in general. The pricing and hedging of the main building blocks of structured products:
1a

capital protected certificate with knock-out on an oil future
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vanilla options, digital options and barrier options will be analyzed. As the thesis focuses
on two oil linked structured products, the fourth chapter is dedicated to the modelling of
oil prices. Important commodity based models such as Gabillon (1991), Schwartz (1997),
the Constant Elasticity of Variance and Clewlow and Strickland’s (1999) model will be
introduced. Finally all the gained theoretical knowledge will be practically implemented.
The focus will lie on the pricing and dynamic hedging of two structured products assuming
first a flat volatility world and secondly using a term structure of volatilities. The hedge
performance will be analyzed through the profit and loss distribution. Furthermore the
impact of the hedging frequency, the number of simulations and the overestimation as well
as underestimation of the volatility on the profit and loss distribution will be presented.
Along this paper we will consider Risk Management as ”the process of achieving the
desired balance between risk and return through a particular trading strategy (Pilipovic,
2007).

2

Risk And Risk Management

In the following the concepts of risk and risk management will be defined further. In order
to understand risk it is important to make a distinction between certainty and uncertainty
and between risk and uncertainty.
2.1

Certainty, Risk And Uncertainty

Certainty involves that the consequences of a decision are known. Under uncertainty
however, decisions with several possible outcomes are taken without knowing the specific
final outcome. In German uncertainty is called ”unsicherheit” and is further divided
into:”ungewissheit” (uncertainty in a narrower sense) and ”risiko” (risk). Borgmann
(2004), talks from risk if a probability can be assigned to the occurrence of an outcome. In
contrast, under the concept ”ungewissheit” he resumes all outcomes which are unknown
or for which a probability can not be assigned.
Risk does have several definitions, and it must always be put into context. Independently
of the context however, risk strongly relates to uncertainty and the notion of randomness.
Picoult states: ”the term ’risk’ is used in finance in two different but related ways: as
the magnitude of (a) the potential loss or (b) the standard deviation of the potential
revenue of a trading or investment portfolio over some period of time. The quantitative
relationship between risk as potential loss and risk as uncertainty in future revenue is a
function of the estimated probability distribution of future revenue” (Picoult, 2002 in
Dempster, 2002, p.1).
Vaughan distinguishes between pure risks and speculative risks. The former applies to
situations with only the chance of loss or no loss while speculative risks consider a possibility of loss as well as a possibility of gain (Vaughan, 1982, in Poitras, 2002. p.122).
This differentiation is important as normally only pure risks are insurable. Insurable risks
expose a company to volatility, but it is only downside in direction (Doherty, 2000).
Regarding losses arising from speculative risks, hedging is more appropriate.
In financial markets we deal with speculative risks, that is why in this paper the focus
will lie on hedging of speculative risks. In those markets, risk situations can work entirely
in favor of a company and lead to gains. ”Risk is associated with objectively measured
probabilities, while uncertainty requires subjective probability assessments” (Poitras,
2002, p.118). Poitras also quotes Knight when saying: ”randomness associated with
economic risks, such as business risk, is composed of ”risk”, which is measurable in an
objective sense, and ”uncertainty”, which is only measurable subjectively (...) risk can be
8

2.2 Risk Types To Be Managed

9

associated with variance minimization and uncertainty with speculation” (2002, p.118).
Because the value of a portfolio is dependent of a set of risk factors, in the following the
different risk types will be described.
2.2

Risk Types To Be Managed

There are several dimensions of risk. Litterman makes the following segmentation (2003,
p.27)
• Market Risk: refers to the risk associated to the decline in value of a financial
position due to changes in the value of the underlying components (risk factors) on
which that position depends i.e changes in price for equities,exchange rates, interest
rates and commodity futures prices but also changes in volatility.
Picoult makes a further differentiation and divides market risk in directional risk
and relative value risk. In the former, the trader expects a market instrument such
as currency to change in a particular direction. Whereas in the case of relative value
risk, the trader expects the relative difference in value of two markets to move in a
specific direction (Dempster, 2002, p.13). Besides price risk Borgmann also considers quantity scale risk and basis risk as part of market risk. Quantity scale risk
arises especially in the case of commodity. For instance from the non-storability of
electricity. Companies supplying electricity have to account for quantitative scale
risk through accurate production and consumption forecasts as well as option contracts. Basis risk can appear on one hand from the difference at expiry between the
spot and the future price and on the other hand from the fact that the delivery conditions of the hedged contract might be different from those of the futures contract
(Eydeland and Wolyniec, 2003)
• Credit Risk: risk that arises by not receiving promised repayments on outstanding
investments because of default of a counterparty. By executing trades through the
clearing house of an exchange stock the credit risk is minimized.
• Legal Risk: risks associated with contract dispute, a legal process, or illegal activity.
• Operational Risk: risk of loss because inadequate management in clearing or settlement of securities. It is the risk that arises because of inadequate internal processes
and systems or from external events.
• Liquidity Risk: risk ”stemming from the lack of marketability of an investment that
cannot be bought or sold quickly enough to prevent or minimize a loss” (Embrechts,Frey
& McNeil, 2005, p.3) . This risk is especially present in young markets as is the
case for the electricity exchange. In developed markets this risk is more present in
very specific contracts which are sold OTC. With the financial crisis, liquidity risk
became a big issue.
• Model Risk: model risk arises when inconsistent models, methodologies and assumptions are used during valuation and portfolio analysis. For instance we tend
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to assume some market characteristics to be constant over time in order to create
practical pricing models. As a matter of fact, Black and Scholes assume volatilities
to be constant over time. However we know that this is not true in reality and therefore such assumptions cannot protect the trader from the real impact of fluctuating
volatilities. When pricing an exotic option with Black and Scholes, we also might
have a model risk when the assumptions regarding the statistical properties of the
underlying made by this formula are not satisfied.
The goal of risk management is not to minimize risk, otherwise investors would be unable
to generate positive returns, but to monitor the level of risk in order to avoid surprises
and satisfy expectations. In this paper we will focus on market risk. In the next section
quantitative approaches to measure market risk will be described.
2.3

Methods For Measuring Risk: Value at Risk

To measure financial risk three different methods can be distinguished: scenario based risk
measures, loss distribution based risk measures and factor sensitivity measures. In the
former, to measure the risk of a portfolio, one takes different possible risk factor changes
into account. For instance, the effect of an interest rate or exchange rate shift. The risk
of the portfolio will then be the maximum loss considering all the possible scenarios.
Scenario analysis would complement the statistical analysis as the last make assumptions
about the future development of markets. As markets may experience sudden discontinuous changes in volatilities, correlations or liquidity, scenario analysis support the modeling
of such market states. In the following the two other methods mentioned above will be analyzed more in detail. However we will define the factor sensitivity measures as a method
for reducing risk.
It seems plausible to measure risk using the loss distribution. First of all it reflects netting
and diversification effects. Moreover, the comparison across portfolios becomes possible
(Embrechts,Frey & McNeil, 2005). However, the estimates of the loss distribution
are based on past data, which limits their prediction power if the markets experience
unexpected changes. As mentioned earlier, this problem can be overcome by scenario
analysis. One of the measures based on this approach is the Value at Risk (VaR). It is the
key statistical measure for market risk and it is an important measure in the Basel II capital adequacy framework. VaR indicates the possibility of a loss in a company’s portfolio
due to unfavorable development of prices and rates (Albanese & Campolieti, 2006) It
is a single measure that enables following statement: ”we are α percent certain that we
will not lose more than V dollars in the next N days (in market risk management usually
one or ten days).” V represents the VaR of the portfolio and is dependent on N, the time
horizon and the confidence level α  (0,1) (Hull, 2003, p.346). VaR is ”a percentile of the
distribution for changes in portfolio value” (Albanese & Campolieti, 2006, p.239).
There are several ways to calculate VaR: historical simulation (please refer to Hull, 2003),
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Monte Carlo Simulation or the variance-covariance approach for instance. The variancecovariance method might cause inaccurate estimates if non linear payoffs are considered
but it is still the easiest and most widely used approach. Before computing the VaR, the
level of confidence and the time horizon have to be defined. It is clear that the higher
the risk aversion to losses, the higher the confidence level will be. Concerning the time
horizon financial firms typically select one day intervals
Although it might be useful to have a single number which describes the risk of a portfolio
and in a way packs all the Greek letters (refer to next section) for all market variables
underlying the portfolio, the VaR has some disadvantages. First of all, most VaR calculations assume a static portfolio and an instantaneous shock in market rates (Dempster,
2002). Furthermore, other activities not comprised by the VaR may influence the actual
change in value of a trading portfolio over one day. Dempster enumerates the following:
Intra-day adjustments to hedges, Intra-day trading, Customer flow, Net interest revenues
or expenses and Adjustments for expected cost of counterparty credit risk, liquidity risk
and valuation risk (2002, p.18). These factors would influence the accuracy of the hypothetical probability distribution of revenue used to calculate the VaR. Embrechts, Frey
and McNeil (2005) also criticize the non-subadditivity of the VaR: the VaR of a merged
portfolio is not necessarily bounded above by the sum of the VaRs of the individual portfolios.
Finally VaR, fails to incorporate the magnitude and the probability of big changes in
market factors and the corresponding correlations. The conditional value at risk (C-VaR)
is then used.It corresponds to ”the expected loss during an N-day period conditional that
we are in the (100 - X)% left tail of the distribution.” (Hull, 2003, p.348).
2.4

Methods For Reducing Risk: The Greek Letters

Factor sensitivity measures, indicate the change in the portfolio value when one of the
underlying risk factors changes. The most important factor sensitivity measures are the
duration for bond portfolios and the Greeks for portfolios of derivatives.
Before going any further, in the Black Sholes model we need to make a conceptual differentiation between variables and parameters. The variable is the only term which changes
within the model. Parameters although they influence the price do not change within the
model. However, we can compute the derivative of the price of a portfolio with respect
to any of the underlying parameters.
To hedge k parameters, k-1 different options will be needed and the portfolio will be
constructed in order to match all the parameters at once by solving a system of linear
equations. Applying the partial derivatives of the Black-Scholes formula,also referred as
Greeks, enable to analyze and form portfolios containing derivative securities. Each Greek
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letter accounts for a different dimension of the risk in a option position. The goal of a
trader is to be able to manage the Greeks in order to remain with an acceptable risk
exposure (Hull, 2003). Although these measures cannot measure the overall riskiness
of a position and therefore are not very useful for capital-adequacy decisions, they are
useful for setting position limits. In the following the Greeks will be described further.
All explanations about the Greeks will be based on Hull (2003) and Joshi (2003) if not
otherwise stated.
Delta
The delta (∆) of an option, ”is defined as the rate of change of the option price with
respect to the price of the underlying asset” . In fact, it corresponds to the slope of the
curve that puts the option price in relation to the stock price. Mathematically:
∆=

∂V
∂S

(2.1)

where V is the value of an option and S is the price of the underlying. The delta of a call
increases from 0 to 1 with regards to the spot. As maturity approaches the delta of a call
will behave like a step function: just before expiry the delta will almost be equal to zero
if the option is out of the money, but it will rapidly increase to 1 if the spot is just above
the strike.
Furthermore the delta of a portfolio is given by:
∆=

n
X

wi ∆i

(2.2)

i=1

where ∆i is the Delta of the i th option and wi corresponds to the quantity of option i.
Gamma
Gamma, Γ, measures the sensitivity of the portfolio’s delta to changes in the price of
the underlying asset. It corresponds to the second partial derivative of the portfolio with
respect to the asset price. It measures the curvature of the relationship between option
price and stock price. In the Black-and-Scholes model it is always positive, for calls as
well as puts. This implies that for this model the price of an option is a convex function
of the spot. Mathematically:
Γ=

δ2Π
δS 2

(2.3)

where Π is the value of the portfolio. Gamma expresses how much hedging will cost in a
small interval. A large gamma, indicates that frequent adjustments have to be made to
keep the portfolio delta neutral. A positive gamma in the portfolio indicates that we will
make money by delta hedging. When the gamma of the portfolio is negative the opposite
is the case. A trader who has written a call option is short gamma and the hedging
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process will cost him money over the life of the option. When the trader is long gamma,
he makes money by hedging realizing the option’s value. As maturity approaches, given
the behavior of delta, gamma will become more spiked having its peak at the strike.
Vega
Vega, V, indicates the sensitivity of the portfolio’s value to changes in the volatility of
the underlying asset, which is a parameter of the model. Vega is an uncertain parameter,
and it expresses the position the trader is taking on volatility. Indeed, a positive Vega
reflects the opinion that volatilities will go up. The contrary is true for a negative Vega.
V=

∂Π
∂σ

(2.4)

If Vega is high, volatility changes will have a big influence on the value of the portfolio.
When a trader holds a position in the underlying asset it has a Vega of zero. The same
insensitivity to volatility is true for a forward. From put-call parity we know that the
Vega of a call is the same as the Vega of a put option with the same strike and it is always
positive. The Vega of a portfolio is affected when taking a position in an option. To be
Vega and gamma neutral, at least two derivatives are needed.
Rho
Rho, ρ, measures the sensitivity of the portfolio to changes in the interest rate:
ρ=

∂Π
∂r

(2.5)

Theta
Each option loses value with decreasing maturity (wasting asset). An underlying asset is
not subject to a time decay and has a theta, Θ, of zero (Reinmuth, 2005, p.67). The
theta of an option indicates the change of the value of the portfolio with respect to changes
in time, all else remaining constant. In a delta hedged portfolio the theta contributes to
make sure that the portfolio earns the risk-free rate (Wilmott, 2006, p. 125).
θ=

∂Π
∂t

(2.6)

3

Structured Products: An Overview

3.1

Structured Products: A Definition

Structured products are investment instruments composed of traditional financial instruments like shares or bonds, and at least one derivative, usually options.
The individual components are wrapped and securitized (Hutter, Rüthemann &
Wohlwend, 2004). It is then available in a ready to invest format. Although an investor
could achieve the desired payoff profile by holding the components individually, it is for
him easier to achieve the whole package through one transaction. Furthermore, short selling restrictions as well as indivisibilities are overcome (Burth, Kraus & Wohlwend,
2001). The issuing banks on their side profit from the economies of scale in the management of the positions.
The cost of a new structured product can be divided in a fixed part associated with the
structuring of the product and marketing among others and a part linked to the ongoing
management of the product specially the dynamic hedging strategies and compensation
for non-hedgeable risks.
Structured products allow for a match of return/risk profile of the instruments and the
market expectations of the investor. Risks can then be amplified, reduced or completely
eliminated based on one person’s needs (Hutter, Rüthemann & Wohlwend, 2004).
We can usually distinguish among two payoff profiles. On the one hand, products with a
convex payoff and on the other hand, products with a concave payoff. The former secure
a minimum final value at expiration but at the same time yield a certain upside potential.
A replicating portfolio of such a strategy would consist in a position in a riskless asset and
one or more call options on a underlying asset. Concave products on their side, enable
the investor to buy the underlying asset at a discount but he renounces to a substantial
part of the upside potential. This payoff can be replicated by combining a position in an
underlying asset with a short position in a call option on the same asset (Burth, Kraus
& Wohlwend, 2001).
The Swiss Structured Product Association, distinguishes between four types of products:
leverage products, participation products, yield enhancement products and capital protected notes.
• In the first category we will find the products with the highest level of risk.If the
market develops as the investor expects, he will be able to participate disproportionately in the gains of the underlying asset. The leverage will indicate the rate of this
participation.
14

3.2 Building Blocks: Vanilla Options

15

• In the category of participation products, also referred as certificates, investors usually participate from the progress of the underlying on a one to one basis. Important
aspects of certificates are the weighting of the several underlying, the exchange rate
and the time to maturity. When a quanto form is used, the exchange rate risk
is completely secured, only the performance of the underlying is relevant. Certificates are used for diversification purposes and to invest in specific topics like Energy,
Biotechnology, Commodities.
• In the third category, yield enhancement products, capped upside and unlimited
downside, the investor receives a fixed coupon which results in a higher yield if the the
market develops as anticipated. He expects stagnating markets, or moderate positive
price developments. He attributes a small probability to big positive changes in the
underlying, and is therefore willing to give up the upside potential for a premium
in cash. This enables to enhance the payoff profile of the products for the expected
market development.
• Finally, capital protected notes, have in common that at the end of the lifetime, a
predefined minimum amount is payed which generally lies between 90% and 100% of
the invested capital amount. Investors have low risk tolerance, and pay a premium
to ensure the downside protection and maintain the upside exposure.
The focus in this paper will lie on the last category, specially those combined with barrier
options.
3.2
3.2.1

Building Blocks: Vanilla Options
Definition

Options are securities which give the right to buy or sell an asset, subject to certain conditions, within a specified period of time. While American options can be exercised at
any time up to the date of expiration, European options can only be exercised at maturity.
The value of an option can not be worth more than the underlying asset, it can not be
negative and it can not be less than the underlying asset price minus the exercise value
(Black, Scholes, 1973). Since the first contracts were introduced in 1980’s the volume
of exchange traded options on commodities has risen sharply.
NYMEX is one of the most famous and active platforms for trading mostly US Options
on energy futures. It has to be said, that the major commodities exchanges do not trade
in options on spot prices but rather in options on futures of the same maturity as the
option. Two reasons lie behind this. On one hand, the no-arbitrage argument which
enables the computation of the option price, requires the existence of a liquid asset for
hedging; the futures are far more liquid than the spot. On the other hand, spot prices are
more difficult to model than futures prices as they have patterns of mean reversion, while
a fixed term futures contract is a martingale under the risk neutral measure (Alexander
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and Venkatraman, 2008).
The seasonal and mean reverting behavior of spot prices can give rise to term structures of
futures which alternate between contango and backwardation but there is no seasonality
or mean reversion in the futures price of any fixed term futures. At expiry the spot and
futures prices are equal and therefore have the same distribution. The price of a path
independent option, such as vanilla options, is only conditioned by the underlying price
distribution at expiry. Thus, it makes no difference to value vanilla options using the spot
or the futures price.
3.2.2

Pricing: General Black and Scholes Model

Black and Scholes delivered in 1973 the formulas for pricing options. The model of Black
Scholes relies on the risk neutral valuation and on several assumptions. The assumptions
are (Black, Scholes, 1973, p.640):
• A1: ”The short-term interest rate is known and constant through time
• A2: The underlying stock follows a random walk in continuous time with a variance
rate proportional to the square of the stock price. Thus the distribution of possible
stock prices at the end of any finite interval is log- normal. The variance rate of the
return on the stock is constant
• A3: The stock pays no dividend or other distributions
• A4: The option is European
• A5: No transaction costs
• A6: It is possible to borrow any fraction of the price of a security to buy it or hold
it, at the short-term interest rate
• A7: There are no penalties to short selling”
Assumption two is the most important assumption in the Black Scholes model. The
Geometric Brownian Motion assumption where proportional changes in the asset price,
denoted by S, are assumed to have constant instantaneous drift ,µ, and volatility ,σ, allows
for the following stochastic differential equation:
dS = µSdt + σSdz

(3.1)

dS is the increment in the asset price during a (infinitesimally) small interval of time dt,
and dz stands for the increment in a Wiener process during dt and is responsible for the
uncertainty driving the model. Under a risk neutral world the drift can be replaced by
the riskless rate of interest (Clewlow and Strickland b, 2000 p.9).
To find their equation Black and Scholes used two main building blocks: delta hedging
and no arbitrage. The value of an option will be determined by various contractual parameters such as the strike, the time to maturity, the maturity date, and the present time
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t, but it will also depend on the properties of the underlying itself (price, drift, volatility)
and the risk free rate.
We note the option value, V (S, t) as a function of the underlying price and the time. We
assume a portfolio, Π, with one long option position and a short position of delta, ∆, in
the underlying. For the moment delta is assumed to be a constant. For the underlying
we assume a lognormal random walk.
Π = V (S, t) − ∆S

(3.2)

The change in the portfolio value is given by:

dΠ = dV − ∆dS

(3.3)

dS is given by equation 3.1.
Applying Ito’s Lemma to V(S, t) we get:

∂ 2V
∂V
∂V
1
dt +
dS + σ 2 S 2 2 dt
∂t
∂S
2
∂S

(3.4)

∂V
1
∂ 2V
∂V
dt +
dS + σ 2 S 2 2 dt − ∆dS
∂t
∂S
2
∂S

(3.5)

dV =
Therefore:

dΠ =

The portfolio change is still composed by deterministic terms (represented with dt) and
random terms (represented with dS). In order to reduce randomness, we will delta hedge
and therefore delta will no longer be considered a constant but will be equal to delta
defined in equation 2.1. To have a perfect hedge the delta will continuously be rebalanced.
By substituting delta from equation 2.1 into 3.5 we get:

dΠ =

1
∂ 2V 
+ σ 2 S 2 2 dt
∂t
2
∂S

 ∂V

(3.6)

Now the change of the portfolio is not random anymore and is therefore completely riskless.
Under the no arbitrage condition the return on the portfolio is therefore the risk free rate,
r:
dΠ = rΠdt

(3.7)

Substituting 3.2, 3.6, and 2.1 into 3.7 and dividing by dt we find the Black Scholes
Equation:
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1
∂ 2V
∂V
∂V
+ σ 2 S 2 2 + rS
− rV = 0
∂t
2
∂S
∂S

(3.8)

From the factors which influence the price of the option mentioned at the beginning of this
paragraph it seems that the drift is missing in the equation. Actually it is not missing,
we eliminated the dependence on the drift when we delta hedged the portfolio eliminating
the dS component. The fact that we can perfectly hedge the option with the underlying
justifies that only the risk free rate of return is in the equation. To price commodity
options and options on futures the Black and Scholes equation has to be modified.
3.2.3

Pricing: Black and Scholes Model adapted for commodities

Commodities require an additional feature which is the cost of carry. The storage of
commodities involves costs. For each unit of commodity held, a specific amount of money
will be required during the short time dt to finance the holding. On the other hand, the
holder of a physical commodity in contrast has an additional benefit compared to the
holder of a future on the commodity. This benefit is called convenience yield and will be
defined more in detail in the following chapter.
For now, we consider the convenience yield y, as the difference between the positive gain
linked to the physical commodity minus the cost of storage. The convenience yield will
therefore here be positive or negative depending on the type of commodity, the inventory
level and the period (Geman, 2007). The reasoning is the same than before but in
equation 3.1 the drift µ is replaced by µ’ which is equal to:
µ0 = µ − y
The partial differential satisfied by the option price is therefore:
∂V
1
∂ 2V
∂V
+ σ 2 S 2 2 + (r − y)S
− rV = 0
∂t
2
∂S
∂S

(3.9)

As mentioned at the beginning of this chapter most of the trading in commodities takes
place in the form of futures. It is therefore important to introduce here the famous
Black Formula for options written on futures. The spot-forward relationship for storable
commodities is given by (Geman, 2007, p.98):
F T1 (t) = S(t)e(r−y)(T1 −t)

(3.10)

Where F T1 (t) represents the price of a future contract with maturity T1 , r and y are
assumed to be constant. Using the dynamics of the spot price and assuming we are under
the risk neutral measure Q we obtain:
dF T1 (T ) = F T1 (T )σdWt

(3.11)
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where Wt is a Q-Brownian motion. It is important to notice that ”in the geometric Brownian Motion setting, the dynamics under the pricing measure Q of the futures price are
identical whether the underlying be a non-dividend-paying stock, a dividend paying stock
or a commodity” (Geman, 2007, p.98).
The differential equation can be found by changing variables and looking for solution
V(S,t) = V’(F T1 , t) (Wilmott, 2006):
∂V 0 1 2 2 ∂ 2 V 0
+ σ F
− rV 0 = 0
∂t
2
∂S 2

(3.12)

In the following section, the solution for the partial differential equations will be given.
3.2.4

Pricing: Black and Scholes and Black Formulas

For the futures price following the zero drift dynamic of equation 3.11 Black derives the
following formula for the price at time t of a standard European call c(t) and put p(t)
option on F T1 , with strike K, maturity T and a volatility of the futures contract equal to
σ:
c(t) = e−r(T −t) [F T1 (t)N(d1 ) − KN(d2 )]
(3.13)
p(t) = −e−r(T −t) [F T1 (t)N(-d1 ) − KN(-d2 )]
where
d1 =

ln(F T1 (t)/K) + (σ 2 /2)(T − t)
p
σ (T − t)
p
d2 = d1 − σ (T − t)

(3.14)
(3.15)
(3.16)

In the particular case where the maturity of the futures contract is equal to the maturity
of the option, T1 =T, the option written on the futures contract is equivalent to an option
written on the spot price:
c(t) = S(t)e−y(T −t) N(d1 ) − Ke−r(T −t) N(d2 )

(3.17)

p(t) = Ke−r(T −t) N(-d2 )] − S(t)e−y(T −t) N(-d1 )

(3.18)

which represents the Merton formula for options written on the spot price of the commodity (Geman, 2007, p.94).Where:

d1 =

ln(St /K) + (r − y + σ 2 /2)(T − t)
√
σ T −t
√
d2 = d1 − σ T − t

(3.19)
(3.20)

N(x) is the cumulative probability distribution function for a standardized normal distribution. St is the spot price at time t, K is the strike price, r is the risk free rate, σ is the
spot price volatility, y is the convenience yield, and T-t is the time to maturity.
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Hedging

In the following the Black-Scholes option pricing model will be used to illustrate dynamic
hedging strategies for a written call. A dynamic hedging strategy usually involves on one
hand a static position in a security or a commitment by a firm (for instance a bank issuing
a call on a oil future) and on the other hand an offsetting position in a financial contract
(Benninga & Wiener, 1998). The bank to hedge its written call will buy futures of
the underlying commodity. The amount of futures bought at time t will not only depend
on the time to maturity but also on the price of the underlying commodity at t.
The bank can execute different strategies. It can follow a stop-loss strategy whereby
it will only purchase the underlying commodity if the call is in the money. If the hedging
period is set to one week the strategy will be as follows:

• First the bank will invest the premium received by selling the call in a zero coupon
bond for one week and get the risk free interest rate.
• After one week two scenarios are possible. On one hand, if the underlying commodity
lies below the strike the proceeds will be reinvested one week more in the zero coupon
bond. On the other hand, if the underlying commodity is above the strike, an amount
of futures fully covering the call will be bought. These futures will be paid by selling
the zero coupon bond and borrowing the rest of the money at the risk free interest
rate.
• After two weeks if the underlying commodity is still above the strike, we continue to
hold the futures. However, if the underlying goes below the strike all the futures are
sold and the proceeds are invested into zero coupon bonds.
Another strategy would be a simple delta hedging. In a delta hedge, the call position
is hedged by purchasing an amount equivalent to delta futures. The delta is given by
equation 2.1. To refresh the meaning of delta lets assume the delta of a call option on a
futures contract on oil is 0.7. Then if the futures price changes by a small amount the
option price will change approximately by 70% of that amount. If the investor has written 20 call option contracts, that is he has sold 20 options to buy 2000 futures, he could
hedge his position by buying 0.7x2000 = 1400 futures on oil. (In the case the investor has
bought 20 call option contracts he would sell 1400 futures).Therefore the gain (loss) made
with the option position will be offset by the loss (gain) made on the futures position.
However, the investo’s position will remain delta neutral only for a short period of time.
The hedge has to be adjusted periodically (Hull, 2003).
We have seen that the Black Scholes Formula for option valuation is derived through
continuous delta hedging. However, in the practical world trading can not be replicated
continuously. In the following, we will shortly examine what happens when instead of continuously rebalancing the hedge portfolio only a discrete number of rebalancing hedges
are made at regular intervals of time. Assuming the hedger follows the Black Scholes
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hedging strategy, he rehedges at discrete time and at expiry he delivers the option payoff
to the option holder and unwinds the hedge. The final profit or loss of this strategy is
defined by:
F inal P &L = V alue of the BS hedge at T − F inal option payof f

(3.21)

If the hedger would have followed the exact Black and Scholes replication strategy under
continuous rebalancing then independently of the path the underlying took, the final P&L
would exactly be zero. This is why the Black Scholes formula is said to deliver the fair
value of the option. However, when the hedger rehedges the portfolio at discrete time, the
hedge is not perfect and the replication is inexact. This leads to the fact that the final
P&L might deviate from zero creating a profit if the hedger is lucky or creating a loss
otherwise. The more often the rebalancing occurs the smaller the hedging error (Kamal,
1998).
Wilmott summarizes the key features of the hedging error as follows (Wilmott, 2006,
p.772):
• it should be on average zero for correctly priced options,
• it is asymmetric and its distribution is chi-squared,
• at each rebalancing the hedging error is proportional to gamma as well as to the time
between the rehedges,
• the total hedging error is strongly path-dependent,
• the existence of fat tails explains why the standard deviation of the real distribution
of the hedging error is larger in practice than in theory.
Kamal shows that the standard deviation of the final P&L, σP &L can be approximated
quiet good with the following equation:
r
Π
σ
σP &L =
V√
(3.22)
4
N
Where V, is the option’s Vega, N is the number of times the hedger rebalances his hedges
and σ is the volatility of the option. This formula shows that intermittent hedging can
lead to large P&L fluctuations even when all variables are known. The option of rehedging more frequently has already been discussed. However, the advantages of increasing
rebalancing must be weighted against the losses by reason of transaction costs and potentially unfavorable market impact. One further possibility would be to additionally make
a gamma hedge in order to avoid the need of rebalancing.
Finally let us consider how traders can make money with the simple delta hedging strategy. We put us in the position whereby a trader has bought an option and expects to
recover the money paid for the premium by re-hedging dynamically over the life of the
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option. This strategy is called trading the gamma. The following argumentation is based
on Rebonato (2004, p. 107f.). It is clear that the following argumentation can be applied
in an opposite manner for the case whereby the trader sells the call option.
Suppose the trader has bought the call and has delta hedged it. Therefore the trader
is long gamma and prefers when the underlying vibrates as much as possible. The reason
behind this is that to remain delta neutral the trader will be buying the underlying if
its prices fall and selling it when its prices rise. The more volatility the underlying has,
the more frequently the trader will be able to buy low and sell high and the more money
the trader will make. However, given the fact that if everything else remains constant
(especially the underlying) the value of the trader’s long option position will decline as
time goes by (lose in time decay, theta). Unless the underlying moves over a certain time
interval, more than a critical amount, the trader will lose in time decay more than she
will win by applying the buy low and sell high strategy. In order to represent this in a
mathematical manner we set up a delta-neutral portfolio, Π, consisting of a long call, C, a
short position in the delta amount of the spot, S, and a balancing position, β, in a bond,
B, to give zero value to the portfolio:
Π = C − ∆S + βB

(3.23)

In case of zero interest rates the bond will not change in price. So:
dΠ = dC − ∆dS

(3.24)

Using Ito’s Lemma and substituting dC we get:

dΠ =

δC
1 δ2C
dt +
dS 2
δt
2 δS 2

(3.25)

Applying the definition of theta and gamma given in the former chapter to this case we
get:
1
(3.26)
dΠ = θdt + ΓdS 2
2
Given the fact that the portfolio was constructed to be riskless and has zero value today
its increment must equal to zero. Therefore :
1
θdt + ΓdF 2 = 0
2

(3.27)

Under the diffusive process of 3.1 dt and dS 2 are not independent of each other:
dS 2 = S 2 σ 2 dt

(3.28)

So to conclude, for the P& L of a delta hedged√long position we can say that if the
logarithm of the spot price
√ moves by more than σ ∆t the strategy will yield to a profit.
If it moves exactly by σ ∆t what the option loses in time decay, the trader will gain from
his buy low sell high strategy. And if there is no price move at all over a time interval
∆t, the option will loose the maximum amount in time decay.
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Building Blocks: Digital Options
Definition

Digital options, also called binary options are frequently used for structured products.
Structured products with contingent coupons instead of fixed coupons use digital options
in their structure. Furthermore, by starting with binary options the understanding of
barrier options will be easier.
The two main types of binary options are cash or nothing options and asset or nothing
options. The latter pays the value of the underlying if the option ends in the money. The
cash or nothing binary option delivers a fixed payoff if it is in the money and pays zero
otherwise (Wilmott, 2006).
In the following we concentrate on the cash or nothing binary options. The payoff at
expiry of these options is discontinuous in the underlying asset price. For a European
digital call option (DC) which pays one dollar at expiration if it is in-the-money and zero
otherwise the payoff can be defined as follows:
(
1 if S(T ) > K
DC(T ) =
0 if S(T ) ≤ K

(3.29)

When and why are digital options attractive? Due to the fact that one will always get one
dollar regardless of the level of the underlying (exceeding the strike) at expiry, a binary
call will always be cheaper than an ordinary call with the same maturity and strike. If
one expects a small increase in the asset price, a digital call option is more appropriate.
However, if one expects the underlying to rise dramatically, it may be best to buy an
ordinary call (Jarrow & Turnbull, 2000).
3.3.2

Pricing and Hedging

When using the risk-neutral pricing methodology, the value of the cash or nothing digital
call option before maturity ,(DC(0)),is given by its discounted expected value:
DC(0) =
e−r(T −t) E π DC(T
√)
−r(T −t)
= P·e
· N (d − σ· T − t)

(3.30)

where P represents the payoff of the cash or nothing option if S>K, r is the risk free
interest rate, t is today, T is the maturity of the option and d is given by:
2

ln S + (r + σ2 )· (T − t)
√
d= K
σ· T − t
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By an argument analogous to the call, the value of a binary put option before maturity
,(DP(0)), is given by:
√
(3.31)
DP (0) = P · e−r(T −t) · N (−d + σ· T − t)
Regarding the hedging, digital options can be hedged in the same way as ordinary options.
Delta hedging may have its limitations.
When the underlying is below the strike, the option is deep-out-of-the-money such that
the delta is approximately zero. When the underlying is above the strike, the option
is deep-in-the-money, but the maximum value of the option is bounded and cannot be
greater than the face amount. Thus delta is again approximately 0. When the underlying
is very near to the strike, the option value goes from approximately 0, to a highly positive
value once the strike has been passed. This instability creates problems in delta hedging
digitals.
In order to avoid this instability, a digital option can be replicated by two ordinary European call options with the same maturity and with strike prices K1 and K2 such that
K1< K < K2, where K represents the strike of the digital option. The shape of the payoff,
of the replicated portfolio, is similar to that of a binary option except for its magnitude.
Therefore, a portfolio consisting of [1/(K2 - K1)] of ordinary options should be used to
approximate a digital call options payoff. As the spread between the strikes decreases the
accuracy of this static hedge will improve (Jarrow & Turnbull, 2000).
Finally it has to be said that such contracts are very exposed to volatility risk but such
a risk should not be measured by Vega. The reason behind this is, that contracts with
a gamma that changes sign may have a Vega measurement of zero. As the volatility
increases the price might rise somewhere (if underlying is below the strike) and fall somewhere (when underlying exceeds the strike by much).
3.4
3.4.1

Building Blocks: Barrier Options
Definition

Barrier options, also known as trigger options, limit options or limit dependent options,
are path dependent options which turn into vanilla ones or become worthless depending
on whether the underlying hits a predetermined barrier. They are attractive for investors
as they are cheaper than the corresponding regular options and allow for attractively
priced characteristics. For instance, if someone wants to participate of the performance
of an asset which is to be locked in at a certain price level, then he can add puts knocking
in the desired price level.
We can distinguish between eight types of barrier options. Three features determine the
type of barrier option. First, the direction in which the underlying moves from its current
price toward the barrier, respectively if the barrier level is above (up-option) or below
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(down-option) the initial asset price. Second, we make a difference if the barrier option
when reaching the barrier is activated, and turns into a standard option (in- respectively
knock-in option) or immediately expires worthless (out- respectively knock-out option).
And third we differentiate between call and put (Reinmuth, 2005).
Usually barrier options are classified in two groups: regular barrier options, which are
out-of-the-money when the underlying price hits the barrier and reverse barrier options
which are then in the money.
In this paper we will focus on the characteristics of down-and-in puts as in the practical
part we will price and hedge a barrier reverse convertible which can be replicated by this
type of option as will be shown more in detail in the practical implementation. In section
3.4.4 we will then further discuss the hedging of barrier options.
3.4.2

Down-and-In Put Option Characteristics

Down-and-in put options are only activated if the underlying goes below the barrier B. As
reverse options, they will be in the money when the underlying price reaches the barrier.
The payoff of the option is contingent to the event that the barrier B must be crossed at
least once during the life of the option. The presence of the barrier implicates that the
value of a down-and-in put will never be greater than a vanilla put option with the same
strike price and maturity. This is because a down-and-in put only matches the vanilla
put option once the barrier has been crossed.
The payoff of a down-in-in put option is defined as follows:

f(S(T)) =

(
M ax [K − S(T ); 0] if S(t) ≤ B for t  [0, T ],
R

else

(3.32)

Where:
f(S(T))
S(T)
S(t)
K
B
R

Payoff of the option at maturity
Price of the underlying at maturity T
Price of the underlying at time t, t≤T
Strike Price
Barrier Level
Rebate

The payoff of a down-and-in put option prior to maturity, DIP(0), is equivalent to the
value of a European put option, p(0), with strike price K and maturity date T, less a
down-and-out put option, DOP(0), with the same strike price, maturity date, and barrier.
DIP (0) = p(0) − DOP (0)

(3.33)
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Lets shortly mention some characteristics of the Greeks. The nearer the underlying price is
from the barrier, the more expensive the barrier option gets due to the higher probability
that the barrier is hit. Once the barrier is hit, the value of the option increases linearly in
the same way as a vanilla option. The kink in the value of the option can be seen in the
discontinuity of the delta. With low time to maturity, Gamma is very high at the barrier.
The Vega for a down-and-in put option is very high close to the barrier due to the high
probability of hitting the option. The developing of Vega is not symmetric around the
strike, the maximum moves with decreasing time to maturity toward the barrier. After
hitting the barrier, the Vega is the same as for a plain vanilla option.
3.4.3

Pricing

Due to the existence of the barrier and therefore, the option’s path dependency and discontinuity, we can not work with the standard Black Scholes framework. Merton (1973),
was the first to develop an analytical formula for a down-and-out call. He was then followed by Reiner and Rubinstein (1991) who provided the formulas for all eight type of
barrier options. Haug (1998) provided a generalization of these formulas.
To use these formulas to price barrier options the following assumptions have to be satisfied: Black Scholes assumptions, European barrier options, fixed barriers and continuous
observations of the barriers.
As in this paper the focus will lie on Monte Carlo simulations this section will not be
developed in detail.
3.4.4

Hedging

As a consequence of their discontinuous payoff profile, barrier options are much harder
to hedge than standard options. Any difference between the payoff of the option and the
hedge portfolio will create a hedge error. The goal is to minimize the hedge error. To
manage the risk exposure of barrier options, two approaches are known: dynamic hedging
and static hedging.
Dynamic hedging sets up a riskless position, depending on the development of the market
this riskless replicating portfolio is adjusted. To adjust the portfolio, sensitivities such
as delta, gamma and Vega are taken into account. In contrast, the idea behind static
hedging is not to match Greeks, but rather, to replicate as good as possible the payoff of
a barrier option by setting up a portfolio of vanilla options. The hedge position is created
at the issuance of the barrier option and remains unchanged until the option’s maturity
or a barrier is hit (Engelmann, Fengler, Nalholm & Schwendner, 2006). In the
following we will discuss both more in detail.
Dynamic Hedging
A portfolio can be immunized against all parameters which have an influence on its value.
If we want to protect a portfolio against changes in the value of the underlying a delta
hedging is done. The gamma of the option gives us a clue with respect to the portfolio
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adjustment frequency. The smaller the gamma, the more stable the delta and the less
adjustments are needed to maintain a delta neutral portfolio. The high transaction costs
that would arise from a high gamma could be reduced by building up a gamma neutral
portfolio. For barrier options, a gamma hedge is not possible at the barrier, as there
gamma goes to infinity.
A delta hedge occurs by building up a contrary position in the underlying. We try to
neutralize a positive (long) delta through a short position in the underlying respectively,
a negative (short) delta through a long position in the underlying. The idea behind this
approach, is that the value of the hedge portfolio at each point in time until maturity,
exactly equals the value of the barrier option to be hedged. We already mentioned that
hedging barrier options can be a difficult task. Three things should be kept in mind. First,
delta as well as gamma are not continuous at the barrier. Changes of sign, high absolute
values, and jumps characterize the developing of delta and gamma at the barrier. The fact
that we can have negative deltas on call options and positive deltas on put options, can,
depending on the underlying movements, transform short positions into long positions
and inversely. Second, for the hedging the location of the barrier with respect to the
strike and the option’s life-time are crucial factors. Third, because of the discontinuous
developing of delta induced by the barrier, the dynamic hedging of barrier options, can
lead to a higher risk of loss or to a higher chance of gains. The trader has to close his
position in the underlying at the barrier and buy or sell an amount of shares dependent
on the changing rate of delta (Reinmuth, 2005).
Static Hedging
Dynamic hedging demands frequent and costly trading in the underlying asset or in options. One way to mitigate the consequences of this hedging cost is using static hedging.
In their paper Carr and Chou (1997) use the standard Black Scholes model to show how
barrier securities can be broken up into more fundamental securities, known as Arrow
securities, which in turn can be formed out of vanilla options. Path dependent options
can therefore be statically hedged with path-independent vanilla options. The reader can
refer to the paper of Carr and Chou (1997) as well as Derman et al. (1994) for a deeper
analysis of this topic.

4

Modelling of Oil Prices

The last years have been dominated by a massive development of derivative financial
products on oil. The main participants were large energy-end-users who saw the opportunity to lock-in fixed or maximum prices for their supplies over a period of time
(Gabillon,1991). Energy producers, end-users and banks want to hedge their exposure
to future uncertainty or wish to obtain a specific risk-return strategy. The underlying assets for commodity derivatives are forward and futures not spot because of the fact that
the same commodity at a different time and place is a completely different financial asset.
Furthermore, the spot is impossible to short and it is less liquid which causes problems
for hedging. The pricing and modelling of energy markets are far more complex than interest rate and equity markets as commodities are produced, consumed, transported and
stored causing wide swings of market inventory. The different number of fundamental
price drivers cause a complex oil price behavior. In the following, after a small introduction to properties of oil prices different quantitative models to capture the complex price
behavior of oil will be analyzed.
4.1

Properties of Oil Prices

Before going into the properties of oil prices, we will first introduce the distributional
properties of oil price returns. In general, the return distributions of commodities display
a negative skew, longer neck, and fatter tails than in the normal distribution (Geman &
Fong Shih,2009). When analyzing the crude oil returns Geman and Fong Shih (2009)
found out that the standard deviation has decreased passing from an annualized volatility
of 44.17 % between 1990 and 1999 to 37.31 % between 2000 and 2007 and even to 34.02
% between 2003-2007. This counterintuitive result is in line with the in a steady way
increasing oil prices (especially in the third period) which led to a decreasing volatility.
These results are in contrast with the oil prices since summer 2008 where a spectacular
spike took place. Concerning the skewness of oil price returns it has always been negative
but it has decreased in absolute value. Over the period of 2003-2007 the distribution of
crude oil returns get close to the normal distribution (Geman & Fong Shih, 2009).
The spot price of crude oil is characterized by three significant properties: mean reversion, extreme volatility and high autocorrelation. Between 2006 and 2008, oil prices have
increased by more than 200 %, from 40 dollars a barrel to 139 dollars a barrel. The upward price trend recently collapsed given the magnitude of the financial crisis (Lindorff,
2008). Despite the sharp rises during short periods for specific events such as: the weather
or political conditions in producing countries, oil prices usually revert to a normal level.
Oil prices therefore, tend to have a general behavior of mean reversion combined with
spikes in prices caused by shocks in the supply and demand curve (Geman,2005). Two
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reasons explain the mean reversion of commodity spot prices. First, a positive comovement between prices and net convenience yields. A shortage in the commodity
translates into a proportionally larger increase in the net convenience yield which will
offset the capital loss implied by the reversion of spot prices. The second reason is the
negative correlation between interest rates and prices.
The second characteristic of oil prices is the extreme volatility. Prices of crude oil are
highly volatile and from time to time, there are large jumps. Such volatility is mainly
due to supply and demand imbalance. Pilipovic (2007) shows that energies function with
supply and demand drivers that do not exist in money-markets.
On one hand, from the supply side, production and storage have an impact on the prices
of oil. Expectations of technological improvements in the extraction process of oil will
impact the levels or yields of long term forward prices. The same reasoning applies for
expectations of overcapacity. The storage limitation creates a high volatility of spot prices
and explains the behavior of the oil forward curve. It is characteristic to see a stable long
end and a whipping short end. This implies that any factor causing a change in the
nearby contract price (the first nearby is simple the future contract closest to expiry) has
an impact on the prices of the subsequent contracts in the term structure but the impact
seems to decrease as maturity increases (Gabillon,1991). This is because in the long
run we expect the supply and demand to be balanced creating long-term forward prices
which are at an equilibrium price level.
On the other hand, demand drivers explain the issues of convenience yield and seasonality
(which is almost inexistent for crude oil). Because industry buys in advance (determined
by weather, GDP growth), most of the trading volume takes place at the long end of the
curve. Trades at the short end are used to cover unanticipated demand. Due to the fact
that the industry suffers huge gains or losses if they fail to deliver, the front of the forward curve is almost always backwardated. Industrial users are willing to pay a premium
to have the energy necessary to run their plants delivered now. The premium they are
willing to pay (dependent on abundance of supply relative to demand) for holding the
physical oil instead of holding contracts for future oil is called convenience yield. To be
more precise, the convenience yield represents ”the overall benefit minus the cost - with
the exception of the financing cost- that a holder of a commodity receives by holding the
commodity (Geman,2005).
The market is said to be in backwardation if the spot price of oil has a premium over the
futures prices. When the opposite is the case the market is in contango.//
Finally a further characteristic of crude oil price series is that the lagged prices are highly
autocorrelated. The theory of determination of commodity prices attributes such a high
autocorrelation to time dependencies in supply and demand shocks and performances of
speculators. Now that the specific properties of oil prices have been discussed the goal
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is to find an appropriate stochastic process for the oil spot price which is consistent with
them.
4.2

Stochastic Modeling of Oil Prices

The first valuation model to price derivatives on commodities can be attributed to Black
(1976) who derived the futures price formula of commodities by supposing the spot price
of commodities to follow a diffusion process as in the Black Scholes model. Later on, alternative one-factor models were developed which incorporated the net convenience yield
in order to account for the characteristic backwardation encountered in the commodities
market. Until the introduction of the two-factor model of Gibson and Schwartz (1990), all
the models assumed a constant convenience yield. However, this assumption was inconsistent with reality where there is an inverse relationship between the level of inventories
and the net convenience yield and where the level of inventories is variable.
By introducing a stochastic convenience yield into their model Gibson and Schwartz were
not only able to better reflect the market behavior of the oil price but the two-factor
model also explained why the spot price of commodities has a higher volatility than the
futures price. Gabillon (1990) criticized Gibson and Schwartz’s model in three points: the
convenience yield is specified independently of the spot price of oil, the chosen proxies for
the spot price and the convenience yield can lead to large discontinuities in the observations and finally the model did by then not provide a closed-form solution.
Gabillon introduced a two state variable model with a long term price of oil (1991). In
1997, Schwartz updated his model of 1990 and delivered an closed-for solution for his
model.
Later on, three-factor models have been developed: Geman introduced a three-state variable process with a long term value of the oil price and stochastic volatility. Geman and
Fong Shih (2009) analyzed the modelling of commodity prices under the Constant Elasticity of Variance (CEV) Model.
The modelling of commodity prices was usually centered on stochastic processes for
the spot price and other key variables such as the convenience yield and interest rates
(Schwartz (1997), Gibson and Schwartz (1990), Gabillon (1990)). This approach has
however some key disadvantages: ”firstly the key state variables, such as the convenience
yield, are unobservable and secondly the forward price curve is an endogenous function
of the model parameters and therefore will not necessarily be consistent with the market observable forward prices” (Clewlow & Strickland,2006, p. 135). In order to
price derivatives some banks require the forward curve to be an input into the derivatives
pricing model rather than an output from it. Forward curve models use all the information contained in the term structure of futures prices. In 1999, Clewlow and Strickland
introduced a multi-factor model for energy derivatives based on this approach. In their
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paper they developed a general framework which was consistent not only with the market observable forward price curve but also the volatilities and correlations of forward
prices. They claim their framework to be a synthesis of the results of Amin and Jarrow
(1991ab), Cortazar and Schwartz (1994), Amin, Ng and Pirrong (1995), Schwartz (1997)
and Hilliard and Reis (1998)((Clewlow & Strickland,1999).
In the following four spot price models and one forward curve model will be analyzed: a
one-factor futures pricing model with stochastic spot prices, a two-variable futures pricing
model with stochastic spot price and stochastic convenience yield, a two-state variables
model with stochastic spot price and a long-term price of oil, the CEV model and finally
Clewlow and Strickland’s two factor model. We shall use the following notation in this
section if not otherwise stated:

S
F
t
T
τ
σ
Cy

4.2.1

Spot Price
Futures Price
Current time
Maturity
Time to maturity (T-t)
standard deviation i.e volatility
Convenience Yield (here includes all yields and costs resulting
from holding physical oil except for the financial costs

A One-Factor Futures Pricing Model with Constant Convenience Yield

The following description is based on the paper of Gabillon (1991). The model is characterized by having uniquely a stochastic spot price. Other variables such as the convenience
yield, interest rate and volatility are assumed to be constant. Trading takes place continuously, there are no transaction costs, no short sales restriction and the spot price of oil
follows a diffusion process given as:
dS = µ(S)dt + σ(S)dz

(4.1)

where µ(S) and σ(S) are respectively the mean and standard deviation of the instantaneous rate of growth of the spot price and dz is a Wiener process. Gabillon then assumes
that the spot price of oil has a lognormal-stationary distribution. The dynamic of 4.1
then becomes:
dS = µSdt + σSdz
(4.2)
The futures price is a function of S and τ and is noted as F(S,t,τ ), applying Ito’s Lemma
and constructing a riskless portfolio consisting of one unit physical oil and x futures
contracts expiring in τ the author concludes that the partial differential equation governing
the futures prices is such that:
1
(r − C Y)SF S − F τ + F SSσ 2S 2 = 0
2

(4.3)
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Subject to the initial condition F(S,0)=S. The futures price then becomes:
F (S, τ ) = Se(r-CY)τ

(4.4)

and is independent of the stochastic process of the spot price. This simple model is able
to explain the situation of contango as well as backwardation. In the case that the convenience yield is bigger than the interest rate, the first derivative of F(S,t,τ ) with respect
to time to maturity (τ ), is less than zero. This means that the the futures price decreases
as time to maturity increases, the market is in backwardation. In the opposite situation
the market is in contango.
This model however, has some limitations. First, it assumes a constant convenience yield.
Second, when we consider the extreme situation that the maturity goes to infinity then
in the case of backwardation the futures price will go to zero and in the case of contango
it will infinitely increase. This certainly contradicts reality. And finally, in this model the
volatility of the futures price equals the volatility of the spot price which is inconsistent
with the pattern of decreasing volatilities already mentioned at the beginning.
4.2.2

A Two-Factor Futures Pricing Model with Stochastic Convenience yield

Gibson and Schwartz (1990) note that the spot price of oil is a fundamental, but not
unique determinant of the futures price on commodities. In addition, the convenience
yield represents a key factor driving the relationship between spot and futures prices.
Through their theoretical and empirical research they found for crude oil a mean reverting tendency as well as a high variability of the convenience yield, which suggests that a
stochastic representation of it is needed in order to price oil-linked securities accurately.
The authors assumed a lognormal-stationary distribution for the spot price and and a
Ornstein-Uhlenbeck stochastic process for the convenience yield. The joint diffusion process is specified as:
dS = µSdt + σ 1Sdz 1

(4.5)

dδ = k(α − δ)dt + σ 2dz 2

(4.6)

Where δ represents the instantaneous convenience yield, α is the mean convenience yield
and k is the mean reversion rate. dz1 and dz2 are two correlated standard Brownian
motions such that:
dz 1dz 2 = ρdt
(4.7)
Ignoring interest rate uncertainty and assuming a perfect market the futures price satisfies
a partial differential equation (for further information refer to Gibson and Schwartz, 1990)
which unfortunately at the time of their study did not have an analytical solution. It is
in 1997, that Schwartz presents the following two-factor model which is based on the one
developed with Gibson in 1990. The factors follow the joint stochastic process specified
as:
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dS = (µ − δ)Sdt + σ1 Sdz1

(4.8)

dδ = k(α − δ)dt + σ2 dz2

(4.9)

dz1 dz2 = ρdt

(4.10)

Under the equivalent martingale measures these equations can be transformed as follows:
dS = (r − δ)Sdt + σ1 Sdz1∗

(4.11)

dδ = [k(α − δ) − λ]dt + σ2 dz2∗

(4.12)

dz1∗ dz2∗ = ρdt

(4.13)

Where λ is the market price of the convenience yield risk and is assumed to be constant.
Since the convenience yield can not be hedged the risk adjusted convenience yield process
will have a market price of risk associated with it. They find out that futures prices then
satisfy the following partial differential equation:
1
1 2 2
σ1 S FSS + σ1 σ2 ρSFSδ + σ22 Fδδ
2
2
+(r − δ)SFS + (k(α − δ) − λ)Fδ − FT = 0

(4.14)

Subject to the initial condition F(S,δ,0)=S. The solution to equation 4.14 is then:
h
i
1 − e−kT
F (S, δ, T ) = Sexp − δ
+ A(T )
(4.15)
k
Where

1 σ22 σ1 σ2 ρ 
1 2 1 − e−2kT
A(T ) = r − α̂ +
−
T
+
σ
2 k2
k
4 2
k3

2
σ 1 − e−kT
(4.16)
+ α̂ + σ1 σ2 ρ − 2
k
k2
λ
α̂ = α −
k
4.2.3

A Two-Factor Futures Pricing Model with a Stochastic Long Term Price of
Oil

Gabillon (1991) develops a model by introducing two stochastic variables: the spot price
of oil, S, and the long term price of oil, L, which together are the main determinants of
the convenience yield function. Despite having a stochastic convenience yield the model
admits an analytical formulation assuming some restrictions. L is the price of oil for
delivery at infinite time. Their joint stochastic process is defined as follows:
dS = µS(t)Sdt + σ S(t)Sdz 1

(4.17)

dL = µL(t)Ldt + σ L(t)Ldz 2

(4.18)

Where dz1 and dz2 are two correlated Wiener processes such that:
dz 1dz 2 = ρ(t)dt

(4.19)
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ρ denotes the correlation coefficient. The futures price depends on S, L, t and T (not only
on time to maturity τ ) and has following conditions:
F (S, L, T, T ) = S
lim F (S, L, t, T ) = L

T +∞

Applying Ito’s Lemma the instantaneous change of the future price is then given by:
dF = α(S, L, t, T )dt + γ1 (S, L, t, T )dz1 + γ2 (S, L, t, T )dz2

(4.20)

where:
α(S, L, t, T ) = µS FS + 21 σS2 FSS + µL FL + 12 σL2 FLL + ρσS σL FSL + Ft
γ1 (S, L, t, T ) = σS FS
γ2 (S, L, t, T ) = σL FL
Gabillon proves that there exists a linear relationship between the functions α, γ1 and γ2
which is independent of T, such that:
α(S, L, t, T ) = λS (S, L, t)γ1 (S, L, t, T ) + λL (S, L, t)γ2 (S, L, t, T )

(4.21)

λS and λL represent the market price per unit of spot price respectively long-term price
risk. They can be calculated by the following expression:
λS =
λL =

µS +(CY −r)S
σS
µL
σL

Assuming the spot price and the long-term price of oil are lognormal stationary distributed
Gabillon (1990) concludes that the partial differential equation becomes:
1
1
(4.22)
(r − CY )SFS + σS2 S 2 FSS + σL2 L2 FLL + ρσS σL SLFSL + Ft = 0
2
2
The futures price depends on the form of the marginal convenience yield function which
is mainly determined by the relationship between the spot and long term price of oil. It
is the ratio between S and L which will influence heavily the global shape of the term
structure of prices and volatilities. Gabillon defines the convenience yield function as:
S
CY (S, L, t) = β(t)ln( ) + δ(t)
(4.23)
L
For further detail of the form of β and δ the reader might read Gabillon’s paper (1990,
p.24-25).
4.2.4

The Constant Elasticity of Variance Model - CEV Model

The CEV model was first introduced by Cox in 1975 and has been applied for stocks and
bond markets. This model was the first to go away from the constant volatility assumption of the Black and Scholes model by making the volatility dependent on the stock price
and therefore turning the volatility stochastic over time. The CEV model is an example
of a local volatility model (Geman & Fong Shih,2009). In their paper, Geman and
Fong Shih have tested how well the model fits the price trajectories of four commodities:
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crude oil, copper, coal and gold. For crude oil, it turned out that the model is a very
good fit for the period from 2000 to 2007.
Under the CEV model the price of the asset follows the stochastic differential equation
given by:
dS(t) = µS(t)dt + δ[S(t)]α dZ
(4.24)
where µ is a real parameter, δ is a strictly positive number, and α is the CEV exponent
which is assumed to belong to the interval [0,1]. The volatility in the CEV model is
therefore σ(S, t) =δ[S(t)]α-1. When α=1, we get the geometric Brownian motion of
the Black-Scholes model. If α < 1, the model displays a negative volatility skew as the
volatility and the spot price are inversely related. In contrast, if α > 1, we get a positive
skew where volatility and spot price are positively related.
This model can be changed in order to account for the mean reversion. The mean reverting
CEV model is then defined by the following stochastic differential equation:
dS(t) = k(µ − S(t))dt + δ[S(t)]α dZ

(4.25)

where µ can be interpreted by the long-term mean of the commodity and k is the speed
of mean reversion.
4.2.5

Clewlow and Strickland’s Two-Factor Model

In their paper, Clewlow and Strickland propose a multi-factor model for the evolution
of the forward curve. They assume interest rates to be deterministic in order to have
forward prices equal to futures prices. The process of their model is defined as follows:
dF (t, T )
= Σni=1 σi (t, T )dzi (t)
F (t, T )

(4.26)

F(t,T) is the forward price at time t for maturity T, and σi (t,T) are the volatility functions
correspondent to the independent Brownian motions zi (t) (Clewlow & Strickland,
1999). The authors assume therefore that there are n independent sources of uncertainty
which determine the shape of the forward curve. The volatility function associated with
each source of uncertainty determines by how much and in which direction the arrival of
information associated with a particular source of information moves each point of the
forward curve. It is important to notice that equation 4.26 has no drift. The reason
behind this is that forward and future contracts require no initial investment therefore,
under the risk neutral measure, their return should be equal to zero which leads to a
stochastic process with no drift.
In practice n would be set equal to 1, 2 or 3. Assuming two sources of uncertainty we get
a two-factor model. Clewlow and Strickland’s two-factor model is highly represented in
practice (Huhne & Ivanov, 2009). It’s process is defined by:
dF (t, T ) = σST e−α(T −t) dZST (t) + σLT dZLT (t)

(4.27)
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where: F(t,T) is the observed forward curve and represents the forward price at time t for
maturity date T, σST , σLT and α are constant and represent the short-term volatility , the
long-term volatility and the mean-reversion speed of the short-term toward the long-term
volatility respectively. dZS T and dZL T are independent Brownian motions. The short
term volatility function has a negative exponential form. This is to make short dated forward returns more volatile than long dated forwards so that today’s market information
will have a greater impact on the one month forward price than on the 5 year forward
price(Clewlow & Strickland, 2000)
At the beginning of this chapter we mentioned the difference between spot price models
and forwards curve models. However these two types of models must be related with
each other. As a matter of fact, Clewlow and Strickland (2000) show that when setting T=t (the spot price is just the Forward price for immediate delivery), n=1 and
σ1 (t,T)=σe−α(T −t) in equation 4.26 we get the single factor Schwartz model. By additionally setting α=0 we get the forward Black Model.

5

Practical Implementation: Pricing and Hedging of two
Structured Products
The goal of the practical part of this thesis is to price and delta hedge two structured
products from the issuer’s point of view. The two products are: a barrier reverse convertible and a win-win on oil (the term sheets can be found on the annex or refer to section
5.1 for a description). As the issuer we are interested in risk managing these products
(using delta hedging strategies) and observing the final hedge performance through the
PnL distribution.
These structured products are priced and hedged in two worlds: on one hand, a flat
volatility world and on the other hand, a world with a term structure of implied volatilities. In the flat volatility world, the simple Black model is used to price and hedge
our products. In the term structure of implied volatilities world, we use a Clewlow and
Strickland two-factor model which is quite popular in practice (Huhne & Ivanov, 2009).
At this point, the author wants to add, that she tried to price and hedge the two products
also using the Schwartz two-factor model. However while programming she realized the
complexity and non practicability of this model. Too many input parameters which can
not be observed in practice should be taken as input into the model. A wrong estimation
of them will have a big impact on the pricing and hedging results. What value should be
given to model input parameters such as: instantaneous convenience yield, mean convenience yield or market price of the convenience yield risk? The Schwartz model being a
spot model, these input parameters have first to be calibrated to the term structure of
the forwards. In the Clewlow model, the term structure is already an input parameter
what makes it much simpler and efficient. Therefore, this thesis will only focus on the
two models mentioned at the beginning of this chapter.
It is important to emphasize that in this thesis, we do not try to assess which model has
better qualitative properties or captures the underlying dynamics best. For each test, it
is assumed that the model used for the pricing/hedging of the product perfectly captures
the underlying dynamics: the market data is generated directly from the model used for
pricing and hedging.
As mentioned, the main goal of the practical implementation is to analyze the impact of
changing model input parameters on the PnL. Interesting therefore, will be to analyze
the impact on the PnL of three effects: first, the impact of the hedging frequency, second,
the impact of the number of simulations and third, the impact of the chosen volatility
37
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for pricing and hedging. The latter should be explained a bit further. In practice, the
volatility used for pricing and hedging purposes is estimated from the vanilla option prices
available in the market. The obtained implied volatility surface is the main input for pricing derivatives. It is thus worth knowing the impact on the PnL of the overestimation as
well as underestimation of the volatility used for hedging.
It has to be outlined that the goal of this paper is not to focus on actual market data and
to price and hedge the two instruments using real market conditions but much more to
analyze the effects on the PnL of changing model input variables.
In this chapter a brief description of the two structured products will be given first.
Then, the methodology used, including data and modeling assumptions, will be described.
Finally, the pricing, the hedging and the hedge performance (PnL) will be presented for
the two instruments for the scenario of flat volatility as well as for the term structure of
volatilities scenario.
5.1

Brief Product Descriptions

In the following the payoff of the two simulated structured products will be briefly described. The term sheets of both products can be found in the annex.
5.1.1

Win-Win A Capital Protection Product with Knock-Out on Oil

The investor of this product will receive at expiry the denomination multiplied by the
capital protection (in this case 100%). Furthermore:
• if for each observation date the underlying always trades between the floor and the
cap level, the investor will get a cash payment which is equal to the absolute performance of the underlying multiplied by the denomination and the capital protection.
• In contrast, if the floor level or the cap level are reached at least once, the investor
will receive the coupon multiplied by the denomination.
5.1.2

Barrier Reverse Convertible on Oil

For barrier reverse convertibles, the redemption also depends on the behavior of the
underlying during the entire product life cycle. At expiry:
• Redemption at par occurs if the underlying never hits the barrier level.
• Otherwise, when the barrier level is hit, the redemption amount depends on the
underlying’s value compared to the strike level at maturity:
– if the underlying lies above the strike level, redemption at par occurs.
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– if the underlying lies below the strike level, the investor pays the difference
between the strike and the underlying level to the issuer.
On top of it, and in any cases, the investor receives a guaranteed coupon.
A long position in a money market instrument in combination with a short position in a
down and in put option can be used to replicate the payoff (Seiz & Lindauer,2008).
5.2
5.2.1

Methodology used for the practical part
Modeling assumptions and simplifications

Most structured products on oil are indexed on the front-month future, and therefore
products with maturity longer than one month have to take into account the forward
term structure of oil, correlations among the different forwards and the rolling over costs.
To model all these parameters and pursue the hedging afterward demands complex programming knowledge. In order simplify the modeling, both instruments are assumed
to be indexed only on one forward, which expires one week after the product’s expiry.
Moreover, the Quanto feature of WinWin has not been taken into account.
5.2.2

Numerical Technique

In the absence of closed-form solutions the most commonly used techniques are trinomial
tree building and Monte Carlo simulation. Other techniques are finite difference schemes,
numerical integration, finite element methods. The latter mentioned methods require
more expertise in numerical techniques.
Monte Carlo simulation represents a simple and flexible method for pricing and hedging
complex derivatives for which analytical solutions are not possible. Furthermore, Monte
Carlo can easily be adapted for multiple random factors (random volatility, random convenience yield...) and it is also applicable for valuing path dependent options such as
barrier options. All these arguments explain why this method was chosen to simulate the
path of the underlying commodity future.
The pricing using Monte Carlo is simple and based on the fact that the value of a derivative
is the present value of the expected payoff under a risk neutral measure. The pricing
algorithm can be described through five steps (Wilmott, 2006, p.387):
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1. Simulation of the risk-neutral evolution of the forward, using today’s value as the initial
value of the asset, over the required time horizon. This will return one realization of the
underlying price path.
2. For this realization compute the payoff
3. Conduct many more such realizations over the time horizon
4. Compute the average payoff over all realizations
5. Take the present value of this average which will represent the value of this derivative.
One important issue when simulating many paths is dimensionality. We have to make
sure that truly independent N(0,1) variables are used each time to simulate the forward
prices. However, computers cannot generate truly random numbers, a computer produces
numbers from a deterministic sequence which looks as if they were random. The issue
arises that although many draws of a single number are reasonably random, when thinking in terms of a vector of uniforms they may not be so random. The choice of the random
number generator is crucial to ensure a meaningful Monte Carlo Integration (Joshi, 2003,
p208). In the practical part, the Mersenne Twister pseudo-random generator was used.
For further details on this the reader can refer to Makoto Matsumoto’s (one of the creators
of Mersenne Twister) homepage.
One criticism of Monte Carlo method concerns the speed with which derivatives can
be priced. It is not unusual to wait several hours to have a price which is sufficiently
accurate, due to the number of simulations which have to be done. Another major issue
with the Monte Carlo method is the obtention of correct risk sensitivities. The most
common method used to obtain risk sensitivities, is finite difference method. However, as
each Monte Carlo simulation is polluted by some numerical noise, this error impacts the
computation of risk sensitivities substantially when using finite difference. If one is not
careful, the second order risk sensitivities can just simply be numerical noise.
One way to speed up the process and to overcome these issues is to apply the techniques known as variance reduction techniques. In the following an illustration of the
variance reduction technique used in the practical part is given.
5.2.3

Variance Reduction Technique

When using Monte Carlo methods we have an error that accrues. Assuming a Monte
Carlo estimator v̂ as the average of several draws of the random variable V, we know from
the central limit theorem that for large N, each individual evaluation of the estimator
itself behaves like a normal variate (Jäckel, 2002, p.20). So by taking σ 2 as the variance
of V, this means:
 σ
v̂N →i.d N µ,
N
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Because of v̂N approaching a normal distribution, a statistical measure for the uncertainty
in any one simulation result of v̂N is represented by the standard deviation of v̂N :
p
σ
V [v̂N ] = √
N
Usually the variance σ 2 of the random variate V is not known. But by combining the
central limit theorem and the continuous mapping theorem, we can use the variance of
the simulation σ̂N instead as an approximation for σ 2 (Jäckel, 2002, p.20):
v
u
N
N
 1 X
2
u 1 X
σ̂N = t
vi2 −
vi
N i=1
N i=1
This directs us to the standard error of independent distributed variates (Jäckel, 2002,
p20) :
σ̂
(5.1)
N = √
N
For the simulations, the idea is to be as accurate as possible. The smaller the variance
and thus the standard deviation of the calculation the more accurate will be the result.
In order to reduce the standard error the antithetic variance reduction technique was used.
Jäckel explains the procedure as follows: ”whenever we use Gaussian variates to drive
a Monte Carlo calculation, or wish to simulate Brownian Motion by constructing sample
paths of Wiener processes, we can make use of the fact that for any one drawn path its
mirror image has equal probability. In other words, if a single evaluation is driven by a
Gaussian variate vector draw zi is given by vi = v(zi ), we also use ṽi = v(−zi )” (Jäckel,
2002, p.111). But by doing this we do not have independent draws anymore. However,
the central limit theorem allowing the standard error to be estimated by the square root
of the realized variance divided by the square root of the number of samples requires independent draws. Hence, if instead of considering vi = v(zi ) and ṽi = v(−zi ) as individual
draws their pairwise average v̄i = 0.5(v(zi ) + v(−zi )) are considered as individual samples
the problem is solved, as the pairwise averages v̄i are independent and the standard error
can be calculated as before. The new standard error is given by:
s
(5.2)
n = √
n
Where s is the standard deviation of the v̄i , n the number of realizations, i.e. in this
case the number of pairs of values estimated, n = 0.5N . This standard error will be
smaller than the one calculated using 2n random variables as on one hand, the number
of simulations needed is reduced by half and on the other hand, the square root of the
realized variance is smaller due to the negative correlation between two estimates.
5.2.4

Variate Recycling

In order to compute accurate risk sensitivities, variance reduction is sometimes not enough.
One needs some other techniques to get rid of the numerical noise that pollutes the risk
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sensitivities.
On of these methods is variate recycling: Jäeckel (2002) describes the method of the
variate recycling which is essentially used when calculating the Greeks of options by finite
differencing to obtain much more accurate risk sensitivities.
He defines v(p) as the approximation of the value of an option computed as the average of the payoff function over the N Wiener process sampling paths, dependent on the
parameter p.
A simple manner to estimate the sensitivity of v with respect to the parameter p is
to run a separate Monte Carlo calculation up-shifting the value for p, using p + ∆p to
obtain v(p + ∆p). So the delta for instance can be computed as:
∂v
v(p + ∆p) − v(p)
≈
∂p
∂p

(5.3)

where p in this case would represents the spot.
For our simulations we are interested in having an accurate estimate of the Greeks when
using the method defined by equation 5.3. To measure the accuracy of the Monte Carlo
simulations, the variance of the resulting numerical approximation can be computed.
Jäeckel (2002) shows that the variance of the sensitivity as given by equation 5.3 is:
V

h ∂v i
∂p

≈

2
V [v(p)](1 − Corr[v(p + ∆p), v(p)])
∆p

(5.4)

Thus, by reusing variates generated to compute v(p) to compute v(p + ∆p), the correlation between the two quantities is increased, and eventually gives lower variance in the
sensitivity.
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Volatility Estimation

For the practical part two implied volatility ”worlds” have been explored. The implied
volatility is: ”the volatility of the underlying which when substituted into the BlackScholes Formula gives a theoretical price equal to the market price [...] it is the market’s
view of volatility over the life of the option” (Wilmott,2006, p.130).
On one hand, the pricing and hedging of the instruments was performed in a flat volatility
world: the implied volatility was assumed to be constant over time and equal to 50%.
On the other hand, the pricing and hedging of the instruments was performed with a
non flat term structure of implied volatilities: the term structure of volatilities is defined
as the function which associates to a forward rate of a given maturity its own Black
market-implied volatility. The term structure of implied volatilities used is shown in figure 5.1 below. It correspond to the time structure of implied volatilities generated by
the Clewlow and Strickland’s two-factor model when parameters are set to σST = 0.7
σLT = 0.3 and α = 2. It can be noticed that the mid term implied volatility is roughly
50%.

Figure 5.1: The implied volatility term structure used for pricing/hedging in the non flat
vol case.
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Hedging Process and Computational Considerations

In the following we will describe shortly the hedging process used in the practical part.
For each simulated price path, hedging observation dates were defined according to the
desired hedging frequency (daily, each two days, each four days and each eight days). At
these dates, the re-balancing should take place. Therefore, at each hedging observation
date the net present value as well as the delta were computed. In case of a positive delta
variation an amount equal to the delta variation of the underlying futures is bought. In
case of a negative delta variation an amount equal to the delta variation of the underlying
futures is sold. The idea is to be delta neutral (see section 3.4.4) at all hedging observation
dates. This task is computational intensive.
For instance, suppose we have a structured product (the barrier reverse convertible as
example) with a maturity of one year. Computing at one point in time the price with
40000 Monte Carlo simulations takes roughly 14 seconds (on a Intel Pentium 2.26 Ghz).
Therefore for a maturity of one year, computing the daily prices of the structured product
takes 5110 seconds. This would give us a single profit and loss point. To compute the
profit and loss distribution function at least 200 points are needed. So finally we would
need 1 022 000 seconds (12 days) of computation.
This is not realistic for this study as more than only one profit and loss distribution
is needed. We want to analyze how different model parameters influence the profit and
loss and therefore more than one simulation is needed. Several alternatives can be used
to reduce the computational time.
For example, one can reduce the maturity of the product. For the Black Model the
Monte Carlo computation time can be also reduced by decreasing the number of barrier
observation dates of the product. This is due to the fact that for Black we have an analytical solution so we can jump to any point in time. However, for Clewlow and Strickland’s
model reducing the barrier observation frequency will not reduce the computational time
as we can not jump to any point in time. All the small steps in the path are needed.
5.2.7

Contract parameters

Thus, to substantially reduce the computational time, we had to chose different contract
parameters than the contract parameters in the original termsheets. Namely, it was
chosen:
• a shorter instruments’ maturity: both instruments have been priced and hedged
assuming a maturity of two months.
• a longer barrier monitoring frequency: instead of having a daily barrier monitoring,
we took a weekly barrier monitoring.
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Because of the shorter maturity the coupons have been reduced and set to 5% for the
barrier reverse convertible and 2% for the WinWin. For the barrier reverse convertible
the nominal is 100, the initial fixing level is 100, the strike is 100 and the barrier has been
set to 80%. For the WinWin the floor and the cap level have been set to 70% and 130%
respectively. Furthermore, the general assumptions of constant interest rates equal to 5%
and no transaction costs have been taken.

5.3

Pricing and Hedging using Flat Volatility: the Black Model

In the following section, the two structured products are priced and hedged from the
issuer’s point of view using the Black model with constant volatility. The hedge performance is evaluated using the profit and loss distribution.
The profit and loss was calculated according to the following equation:
P nL = P remium − Hedging Costs − P ayof f at M aturity + Hedge U nwind

(5.5)

The density of the PnL was estimated using the Gaussian kernel density estimation1 .
5.3.1

WinWin: Pricing, Hedging and PnL distribution

In the following section we will describe how the win-win has been priced and hedged.
The hedge performance will be shown with the profit and loss distribution. The effect
of the hedging frequency on the hedge performance will be analyzed. Furthermore the
impact on the PnL of the number of Monte Carlo simulations as well as the volatility
used for pricing and hedging will be discussed.
First, let us see how the payoff of the win-win is computed given a path of the underlying
future: For each observation dates, we check if the underlying future price has traded
above the cap level or below the floor level. If it was the case at any of those times the
payoff of this path is
payof f = nominal ∗ capital protection ∗ coupon
If not, the payoff is calculated according to the following formula:
 (F inal F ixing Level − Initial F ixing Level) 
payof f = nominal ∗ ABS
Initial F ixing Level

(5.6)

(5.7)

As in both cases the issuer has to pay on the redemption date the nominal times the
capital protection (here 100%) the final payoff is computed by adding to the preliminary
payoff 100% of the nominal. Finally we discount the obtained value with the risk free
1 Histograms are bad estimators of a probability density functions. They are step discontinuous functions and moreover,
their shape depends heavily on the number of classes used. To have better estimate of the density, we used the Gaussian
kernel density estimation. The reader can refer to [?] for more details
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rate to get the discounted payoff.
This procedure is repeated an enormous number of times: a Monte Carlo simulation
is called on each hedging times, and each Monte Carlo simulation calls this routine couple
of thousand of times for each of the simulated paths.
Eventually, the full process to evaluate the Profit and Loss distribution is the following:
1. Generate market data: first, the underlying future’s prices are simulated using the
Black model (as described in section 3.2.3) on each hedging dates and observation
dates. Some examples of the obtained paths are displayed in figure 5.2.
2. Performs the hedging: for each of the hedging dates, the net present value and the
delta is computed using Monte Carlo, the hedge portfolio rebalanced to be delta
neutral. The values of the net present value and the delta of the win-win over time
for the market data paths of figure 5.2 and displayed in figure 5.3 and 5.4. The
figure 5.5 displays the standard Monte Carlo error that was achieved during each
simulations.
3. The overall hedge performance for the current simulated market data path is computed and stored. Figure 5.6 displays the amount of cash available on the money
account used for the hedging strategy and compute the final PnL.
4. Repeat the process enough times to have a good estimation of the PnL probability
density (200 times).
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Figure 5.2: Three market data paths generated using Black. Model Parameters:
r = 0.05, σ = 0.5. Contract parameters: T = 2 months, InitialF ixing = 100.
N umber of M C Simulations = 40000

Figure 5.3: Net Present Value of the win-win over Time. Black Model Parameters: r =
0.05, σ = 0.5. Contract parameters: T = 2 months, InitialF ixing = 100, F loor = 70,
Cap = 130, Coupon = 3%, N ominal = 100, Barrier M onitoring F requency = W eekly.
N umber of M C Simulations = 40000
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Figure 5.4: Delta of the win-win over Time. Black Model Parameters: r = 0.05,
σ = 0.5. Contract parameters: T = 2 months, InitialF ixing = 100, F loor = 70,
Cap = 130, Coupon = 3%, N ominal = 100, Barrier M onitoring F requency = W eekly.
N umber of M C Simulations = 40000

Figure 5.5: Monte Carlo Standard Error over time when pricing the win-win. Black
Model Parameters: r = 0.05, σ = 0.5. Contract parameters: T = 2 months,
InitialF ixing = 100, F loor = 70, Cap = 130, Coupon = 3%, N ominal = 100,
Barrier M onitoring F requency = W eekly. N umber of M C Simulations = 40000
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While hedging, the cash amount on our hedging account used to buy and sell the underlying future to be delta neutral varies over time until expiry where our portfolio is unwind.
The figure below illustrated this phenomena.

Figure 5.6: Hedging the win-win: Evolution of
account. Black Model Parameters: r = 0.05,
T = 2 months, InitialF ixing = 100, F loor =
N ominal = 100, Barrier M onitoring F requency
2days, N umber of M C Simulations = 40000

the cash amount on the hedging
σ = 0.5. Contract parameters:
70, Cap = 130, Coupon = 3%,
= W eekly. HedgingF requency :

Impact of the hedging frequency on the PnL
When we study the hedging it is interesting to analyze how the hedging frequency impacts
the profit and loss distribution. The is reported on figure 5.7.
As one could expect, we notice at first sight that if we do not hedge or we only hedge
passively we have big probabilities of losses. The mean of the PnL is small, almost 0,
which means our product was correctly priced, i.e. we obtained fair prices. Both PnL
have a high standard deviation (around 8).
When we hedge each eight days, which is always one day after the barrier observation
date, we get a nicer distribution than without hedging, but the standard deviation of the
PnL is still quite high, actually the highest of all. Next, we can noticed that the more
frequent we hedge, the better the PnL distribution looks like. We get the lowest of all
standard deviations for daily hedging and it is reduced more than by half compared to
the cases of no hedging, hedging once or hedging each 8 days. This confirms our expectations. In the limit, if we could hedge continuously we would expect a zero PnL. The
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graphs actually reflect this, as they tend to be finer and finer distributed around 0.
The average standard Monte Carlo standard deviation is displayed on figure 5.8. The
standard deviation we obtained is not too high as the maturity of our product is rather
short. Of course, the hedging frequency does not impact the Monte Carlo error level.

Figure 5.7: Profit and Loss Distribution for win-win vs hedging frequencies (no hedging, passive hedging (delta hedge once at beginning), daily, 2 days, 4 days, 8 days).
Black Model Parameters: r = 0.05, σ = 0.5. Contract parameters: T = 2 months,
InitialF ixing = 100, F loor = 70, Cap = 130, Coupon = 3%, N ominal = 100,
Barrier M onitoring F requency = W eekly, N umber of M C Simulations = 40000,
Hedge V olatility = 0.5
Properties
PnL mean
PnL st. dev.

No
Hedging
0.321
7.927

Passive
Hedging
0.188
7.955

Daily
Hedging
0.396
3.787

Each
Two Days
0.012
4.920

Each
Four Days
0.832
4.916

Each
Eight Days
0.975
9.239
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Figure 5.8: Monte Carlo standard error for win-win vs time to maturity with different
hedging frequencies (daily, 2 days, 4 days, 8 days). Black Model Parameters: r = 0.05,
σ = 0.5. Contract parameters: T = 2 months, InitialF ixing = 100, F loor = 70,
Cap = 130, Coupon = 3%, N ominal = 100, Barrier M onitoring F requency = W eekly,
N umber of M C Simulations = 40000, Hedge V olatility = 0.5

Impact of the number of Monte Carlo Simulations on the PnL
As mentioned in section 5.2.3 the Monte Carlo standard error depends on the inverse of
the square root of the number of Monte Carlo Simulations. The higher the number of
simulations the smaller the error, thus we would expect a better Profit and Loss distribution, in the sense we would get a lower variance for high number of simulations. This
can also be observed in our results (see figure 5.10 and 5.9).

Properties
Premium NPV
PnL mean
PnL st. dev.

20 000
MC Simulations
109.14
0.0122
4.920

40 000
MC Simulations
109.11
-0.304
4.471

80 000
MC Simulations
109.049
-0.521
4.278
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Figure 5.9: Profit and Loss Distribution for win-win vs number of Monte Carlo simulations (20000, 40000, 80000). Black Model Parameters: r = 0.05, σ = 0.5. Contract
parameters: T = 2 months, InitialF ixing = 100, F loor = 70, Cap = 130, Coupon = 3%,
N ominal = 100, Barrier M onitoring F requency = W eekly, Hedging F requency =
2days, Hedge V olatility = 0.5

Figure 5.10: Monte Carlo standard error for win-win vs time to maturity with different
Monte Carlo simulations (20000, 40000, 80000). Black Model Parameters: r = 0.05,
σ = 0.5. Contract parameters: T = 2 months, InitialF ixing = 100, F loor = 70,
Cap = 130, Coupon = 3%, N ominal = 100, Barrier M onitoring F requency = W eekly,
Hedging F requency = 2 days, Hedge V olatility = 0.5
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Impact of the volatility on the PnL
It was interesting to analyze the effect of an underestimation or an overestimation of the
volatility on the profit and loss distribution (see figure 5.11).

Figure 5.11: Profit and Loss Distribution vs volatility used for pricing and hedging (0.3
(underestimation of the volatility), 0.5 (actual market data volatility) and 0.7 (overestimation of the volatility). Black Model Parameters: r = 0.05. Contract parameters: T = 2 months, InitialF ixing = 100, F loor = 70, Cap = 130, Coupon = 3%,
N ominal = 100, Barrier M onitoring F requency = W eekly, Hedging F requency =
2 days, N umber of M CSimulations = 40000

Properties
Premium NPV
Premium Delta
PnL mean
PnL st. dev.

Market Data Vol.: 0.5
Pric. & Hedg. Vol:0.3
108.21
0.014
-0.606
7.409

Market Data Vol.: 0.5
Pric. & Hedg. Vol:0.5
109.14
-0.157
0.0122
4.920

Market Data Vol.: 0.5
Pric. & Hedg. Vol:0.7
107.27
0.059
-2.633
6.301

In the ideal case the volatility used for pricing and hedging is equal to the volatility of
the market data. The market data was simulated using a volatility of 0.5.
When the volatility used for pricing and hedging is underestimated, the curve gets flatter
and wider, we have a bigger standard deviation within the PnL distribution. The mean
has decreased a bit but it is still around zero. These two effects can be explained by the
fact that we hedge less than what the market requires. Therefore we are exposed to more
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risks and we have a larger standard deviation.
On the other hand when we overestimate the volatility, the greatest effect is that the
mean of the PnL distribution is not anymore centered at 0 but at -2.6. When overestimating the volatility, we are hedging more than what the market requires which in average
increases our hedging costs and explains the deviation of the mean toward the loss zone.
Another driving factor of the Monte Carlo standard error is the volatility. The higher the
volatility the larger the Monte Carlo error. Figure 5.12 illustrates this fact.

Figure 5.12: Monte Carlo standard error vs time to maturity with different volatilities
used for pricing and hedging (0.3 (underestimation of the volatility), 0.5 (actual market data volatility) and 0.7 (overestimation of the volatility). Black Model Parameters:
r = 0.05. Contract parameters: T = 2 months, InitialF ixing = 100, F loor = 70,
Cap = 130, Coupon = 3%, N ominal = 100, Barrier M onitoring F requency = W eekly,
Hedging F requency = 2 days, N umber of M CSimulations = 40000

5.3 Pricing and Hedging using Flat Volatility: the Black Model

5.3.2

55

Barrier Reverse Convertible: Pricing, Hedging and PnL distribution

In the following section we will describe how the barrier reverse convertible has been priced
and hedged. The hedge performance will be shown with the profit and loss distribution.
The hedge performance using again different hedging frequencies will be shown. As the
impact of the number of Monte Carlo simulations on the PnL has already been analyzed
in the previous section only the impact of the volatility used for pricing and hedging will
be rediscussed.
Let us describe first how to compute the payoff of the barrier reverse convertible given
a sample path of the oil future prices. Given the observations of the underlying futures
price between the start date and expiry, the occurrence of a kick-in-event (event where
the barrier is hit) during the product life cycle is checked.
If a kick-in-event has occurred the value of the underlying with regard to the strike at
maturity is evaluated. If no kick-in-event occurs during the entire product lifecyle, we
have a payoff which is equal to 100% of the nominal amount. If the barrier has been
hitten at least once and the futures price at expiry is above the strike price, we get a
payoff which is again equal to 100% of the nominal amount.
However, if a kick-in event has ocurred and the futures price at expiry is below the
strike we get a payoff value equal to:


U nderlying F inal − U nderlying Initial 
payof f = nominal ∗ 100% + min 0%,
(5.8)
U nderlying Initial

As the coupon is due in any case, the final payoff is computed in both cases by adding
to the preliminary payoff the fixed interest coupon. The discounted payoff is computed
using the market risk free rate.
The hedging of the barrier reverse convertible applies analogously to the hedging of the
win-win. The payoff calculation is the only thing that changes compared to previous tests.
Refer to section 5.3.1.
We display below the net present value, the delta and the cash amount on the hedging
account, using the same set of market paths as before (refer to figure:5.2).
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Figure 5.13: Net Present Value of the Barrier Reverse Convertible over Time. Black
Model Parameters: r = 0.05, σ = 0.5. Contract parameters: T = 2 months,
InitialF ixing = 100, K = 100, Barrier = 80, Coupon = 5%, N ominal = 100.
Barrier M onitoring F requency = W eekly, N umber of M C Simulations = 40000

Figure 5.14: Delta of the Barrier Reverse Convertible over Time. Black Model Parameters: r = 0.05, σ = 0.5. Contract parameters: T = 2 months, InitialF ixing = 100, K =
100, Barrier = 80, Coupon = 5%, N ominal = 100. Barrier M onitoring F requency =
W eekly, N umber of M C Simulations = 40000
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Figure 5.15: Monte Carlo Standard Error over time when pricing the Barrier Reverse
Convertible. Black Model Parameters: r = 0.05, σ = 0.5. Contract parameters: T =
2 months, InitialF ixing = 100, K = 100, Barrier = 80, Coupon = 5%, N ominal = 100.
Barrier M onitoring F requency = W eekly, N umber of M C Simulations = 40000

Figure 5.16: Hedging the Barrier Reverse Convertible: Evolution of the cash amount on
the hedging account. Black Model Parameters: r = 0.05, σ = 0.5. Contract parameters:
T = 2 months, InitialF ixing = 100, K = 100, Barrier = 80, Coupon = 5%, N ominal =
100. Barrier M onitoring F requency = W eekly, N umber of M C Simulations = 40000
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Impact of the hedging frequency on the PnL
Figure 5.17 reflects the profit and loss distribution with no hedging, passive hedging and
different hedging frequencies.

Figure 5.17: Profit and Loss Distribution for BRC vs hedging frequencies (no hedging, passive hedging (delta hedge once at beginning), daily, 2 days, 4 days, 8
days). Black Model Parameters: r = 0.05, σ = 0.5. Contract parameters:
T = 2 months, InitialF ixing = 100, K = 100, Barrier = 80, Coupon = 5%,
N ominal = 100. Simulation parameters: Barrier M onitoring F requency = W eekly,
N umber of M C Simulations = 40000
When we do not hedge, we have a spike of losses at -5, which represents the coupon that
is due in any case.
It has to be said that in the graph it looks as if we have a density around -5. However,
this is not correct. At -5 we only can have a straight arrow, a Dirac. To represent the
profit and loss distributions the Gaussian kernel density estimation was used. The kernel
density estimation is a non-parametric way of estimating the probability density function
of a random variable. The Gaussian one is unable to capture such a Dirac and gives us
an approximation.

Properties
PnL mean
PnL st. dev.

No
Hedging
-0.081
10.750

Passive
Hedging
-0.475
8.455

Daily
Hedging
-0.536
4.713

Each
Two Days
-0.302
6.333

Each
Four Days
0.655
9.237

Each
Eight Days
-0.873
7.1786551
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Furthermore, when we do not hedge the probability of generating higher gains is higher
than when we do hedge. For the issuer of the products, gains are maximized in the case
where the barrier has been hit and the underlying is below the strike at maturity. When
we only hedge once we have PnL density function is very flat.
We see the more frequently we hedge the higher the density around zero and the smaller
the standard deviation of the PnL. This is the expected behavior as stated previously.
In order for the product to be fairly priced the mean of the profit and loss distribution
should be roughly zero.
The standard Monte Carlo errors for these simulations are shown on figure 5.18. As
expected the standard Monte Carlo error diminishes with time to maturity and is not
affected by the hedging frequency. The errors are small, 10 basis points, which is due to
the short maturity of the product.
Remember, we simulated our data assuming a maturity of two months in order to reduce computational time. In practice, products have longer maturities which yields to a
substantially higher Monte Carlo error. One has then to be careful with the number of
Monte Carlo simulations used, see section 5.2.3 formula 5.1.

Figure 5.18: Monte Carlo standard error for BRC vs time to maturity with different hedging frequencies (daily, 2 days, 4 days, 8 days) . Black Model Parameters:
r = 0.05, σ = 0.5. Contract parameters: T = 2 months, InitialF ixing = 100,
K = 100, Barrier = 80, Coupon = 5%, N ominal = 100. Simulation parameters:
Barrier M onitoring F requency = W eekly, N umber of M C Simulations = 40000

5.3 Pricing and Hedging using Flat Volatility: the Black Model

60

Impact of the volatility on the PnL
Finally the impact on the volatility used for hedging has been analyzed:

Figure 5.19: Profit and Loss Distribution for BRC vs volatility used for pricing and
hedging (0.3 (underestimation of the volatility), 0.5 (actual market data volatility) and
0.7 (overestimation of the volatility). Black Model Parameters: r = 0.05. Contract parameters: T = 2 months, InitialF ixing = 100, K = 100, Barrier = 80, Coupon = 5%,
N ominal = 100. Simulation parameters: Barrier M onitoring F requency = W eekly,
Hedging F requency = 2days, N umberof M onteCarloSimulations = 40000

Properties
Premium NPV
Premium Delta
PnL mean
PnL st. dev.

Market Data Vol.: 0.5
Pric. & Hedg. Vol:0.3
102.95
0.134
4.598
7.063

Market Data Vol.: 0.5
Pric. & Hedg. Vol:0.5
98.70
0.277
-0.302
6.333

Market Data Vol.: 0.5
Pric. & Hedg. Vol:0.7
94.74
0.058
-3.974
4.217

The green curve represents the profit and loss distribution when the volatility used for
hedging is the same as the volatility used for simulating the market data i.e underlying
futures price (σ = hedgevolatility = 0.5). The mean of the PnL is around zero, we do
not have neither a mis-pricing nor a mishedging.
When the volatility used for hedging is overestimated (σ = 0.5 and hedgevolatility =
0.7) we see that the mean of the PnL distribution is not anymore centered around zero
but around -4. Actually in average we loose money. This is due to the fact that as mentioned in 5.1.2 the issuer of the barrier reverse convertible is long in a down and in put
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option.
If the underlying future has an actual volatility of 0.5 but we price with a higher volatility
we are paying more for the product than what the market says and we loose money. Furthermore as we overhedge, we also have higher hedging costs which explains the higher
density of big losses but also the lower standard deviation of the PnL.
The contrary is the case when we underestimate the volatility for pricing and hedging.
We pay less than we should for the down and in put which explains that the mean of
the PnL around 4.5. However we hedge less than we should which explains the higher
standard deviation.
The standard Monte Carlo errors for these simulations are shown on figure 5.20. As expected the higher the volatility used for the calculation the higher the standard error of
the Monte Carlo simulations. See section 5.2.3 formula 5.1.

Figure 5.20: Monte Carlo standard error for BRC vs time to maturity with different
volatilities used for pricing and hedging (0.3 (underestimation of the volatility), 0.5 (actual market data volatility) and 0.7 (overestimation of the volatility). Black Model
Parameters: r = 0.05. Contract parameters: T = 2 months, InitialF ixing = 100,
K = 100, Barrier = 80, Coupon = 5%, N ominal = 100. Simulation parameters: Barrier M onitoring F requency = W eekly, Hedging F requency = 2days,
N umberof M onteCarloSimulations = 40000
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Pricing and Hedging using a Term Structure of Volatilities: Clewlow and
Strickland Model

In the following section the same two products are priced and hedged with Clewlow and
Strickland, which was explained in detail in section 4.2.5. This model has been chosen
because it is relatively simple to model (not many parameters) and it is one of the most
commonly used commodity models in practice (Huhne & Ivanov, 2009). The model
parameters: the short term volatility, σST , the long-term volatility, σLT , and the meanreversion speed of the short-term toward the long-term volatility, α, have been chosen in
such a way that the middle of the term structure is around 0.5, in order to be comparable
with Black.
In order to avoid repetitions with the section before, in the hedging part we will only
concentrate on the impact of the hedging frequency on the profit and loss distribution.
In addition to that, at the end of this chapter we will quickly analyze the effect on the
profit and loss distribution when the model used for simulating the market data is different
from the model used to price and hedge the products.
5.4.1

WinWin: : Pricing, Hedging and PnL distribution

The pricing and hedging process is similar than in the previous chapter. The path described in section 4.2.5 is used to simulate the market data used for pricing and hedging.
In the figures below, one market data path has been generated with Clewlow and Strickland (see figure 5.29). For this path the net present value, the delta, the premium (price of
the structured product) and the cash amount on the hedging account have been computed
and compared to Black (see figures: 5.22, 5.23, 5.24 and 5.25).
As we can see, for the npv, Black and Clewlow’s model would return almost the same npv
until half the time the maturity of the product. Afterward, it seems that Black’s npv is
smaller.
One of the reasons which might explain this, is the effect of long term volatility of Clewlow
and Strickland on the value of the product. As a matter of fact, the investor of the structured product expects a volatility which moves sideways within the floor and the cap level.
The lower the volatility, the lower the probability to hit one of the barriers and therefore
to gain the opportunity to participate on the performance of the underlying. Therefore
here the long-term volatility of Clewlow and Strickland (which is lower than for Black)
might overweight, increasing the net present value of the product.
The delta as well as the Monte Carlo standard error for the win-win behaves similar for
Black than for Clewlow.
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Figure 5.21: Market data path simulated with Clewlow and Strickland. Model
Parameters: r = 0.05, T = 2 months, σST = 0.7, σLT = 0.3, α=5.
N umber of M C Simulations = 40000

Figure 5.22: Net Present Value of the win-win over Time: Comparison Clewlow vs
Strickland and Black. Clewlow Strickland Model Parameters: r = 0.05, T = 2 months,
σST = 0.7, σLT = 0.3, α = 5. For Black: σ = 0.5. Contract parameters: T = 2 months,
InitialF ixing = 100, F loor = 70, Cap = 130, Coupon = 3%, N ominal = 100,
Barrier M onitoring F requency = W eekly. N umber of M C Simulations = 40000
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Figure 5.23: Delta of the win-win over Time: Comparison Clewlow and Strickland vs
Black. Clewlow Strickland Model Parameters: r = 0.05, T = 2 months, σST = 0.7,
σLT = 0.3, α=5. For Black: σ = 0.5. Contract parameters: T = 2 months,
InitialF ixing = 100, F loor = 70, Cap = 130, Coupon = 3%, N ominal = 100,
Barrier M onitoring F requency = W eekly. N umber of M C Simulations = 40000

Figure 5.24: Monte Carlo Standard Error over time when pricing the win-win. Clewlow
Strickland Model Parameters: r = 0.05, T = 2 months, σST = 0.7, σLT = 0.3, α=5. For
Black: σ = 0.5. Contract parameters: T = 2 months, InitialF ixing = 100, F loor = 70,
Cap = 130, Coupon = 3%, N ominal = 100, Barrier M onitoring F requency = W eekly.
N umber of M C Simulations = 40000
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Figure 5.25: Hedging the win-win: Evolution of the cash amount on the hedging account. Clewlow and Strickland Model Parameters: r = 0.05, T = 2 months, σST = 0.7,
σLT = 0.3, α=5. For Black: σ = 0.5. Contract parameters: T = 2 months,
InitialF ixing = 100, F loor = 70, Cap = 130, Coupon = 3%, N ominal = 100,
Barrier M onitoring F requency = W eekly. N umber of M C Simulations = 40000

Figure 5.26: Monte Carlo standard error for win-win vs time to maturity with different
hedging frequencies (no hedging, passive hedging (delta hedge once at beginning), daily, 2
days, 4 days, 8 days). Clewlow and Strickland model parameters: r = 0.05, T = 2 months,
σST = 0.7, σLT = 0.3, α=5.Contract parameters: T = 2 months, InitialF ixing = 100,
F loor = 70, Cap = 130, Coupon = 3%, N ominal = 100. Simulation parameters:
Barrier M onitoring F requency = W eekly, N umber of M C Simulations = 40000
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Impact of the hedging frequency on the PnL
While hedging with Clewlow and Strickland we remark from figure 5.27 as expected that
the profit and loss distributions look similar to the ones we had with Black (figure:5.7).
However, the standard deviations of these distributions, no matter how much we hedged
are very high (refer to the table below). Furthermore, while for Black we had a mean
centered around zero which was more positive than negative with Clewlow and Strickland
the opposite is the case.

Figure 5.27: Profit and Loss Distribution for WinWin vs hedging frequencies (no hedging, passive hedging (delta hedge once at beginning), daily, 2 days, 4 days, 8 days).
Clewlow and Strickland model parameters: r = 0.05, T = 2 months, σST = 0.7,
σLT = 0.3, α=5. Contract parameters: T = 2 months, InitialF ixing = 100,
F loor = 70, Cap = 130, Coupon = 3%, N ominal = 100. Simulation parameters:
Barrier M onitoring F requency = W eekly, N umber of M C Simulations = 40000

Properties
PnL mean
PnL st. dev.

No
Hedging
-0.332
8.366

Passive
Hedging
-0.043
8.051

Daily
Hedging
-0.147
8.270

Each
Two Days
-0.202
7.096

Each
Four Days
-0.593
9.950

Each
Eight Days
-0.744
7.795

Impact of the model on the PnL
Because of these results it becomes interesting to analyze how the profit and loss distribution would look like if instead of pricing and hedging with Clewlow and Strickland we
would use Black. In order to analyze this, three scenarios can be distinguished: first,
Clewlow and Strickland is used for pricing and hedging (scenario 1), second, the former is
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only used for pricing and Black is used for hedging (scenario 2) and finally Black is used
for pricing and hedging (scenario 3).
In all three cases, the market data is simulated using Clewlow’s and Strickland process
described in section 4.2.5. The results are presented in figure 5.28.
For the win-win we do not observe a big difference between all the three scenarios. When
looking at the probabilities of high losses and the probabilities of high gains, scenario 1
delivers the best results, which is what is expected as this model best reflects the market
data. Unfortunately, it is also the scenario with the highest standard deviation in the
profit and loss distribution.

Figure 5.28: Profit and Loss Distribution for win-win: Impact of modeling on pricing
and hedging. Clewlow and Strickland model parameters: r = 0.05, T = 2 months,
σST = 0.7, σLT = 0.3, α=5. Black Model Parameters: r = 0.05, σ = 0.5. Contract
parameters: T = 2 months, InitialF ixing = 100, F loor = 70, Cap = 130, Coupon = 3%,
N ominal = 100. Simulation parameters: Barrier M onitoring F requency = W eekly,
N umber of M C Simulations = 40000

Properties
Premium NPV
PnL mean
PnL st. dev.

M.Data, Pric. & Hedg.:
M.Data: CS
M.Data & Pric.: CS
CS (40000 M.C Sim.) Pric. & Hedg.: Black
Hedg.: Black
109.23
109.05
109.12
-0.202
0.176
-1.373
7.096
6.207
5.875
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Barrier Reverse Convertible: Pricing, Hedging and PnL distribution

After having done the pricing and hedging with Clewlow and Strickland for the win-win,
we will concentrate here on the barrier reverse convertible. In order to avoid repetitions
only the results will be presented and commented.
The figures below show the net present value, the delta, the premium (price of the barrier
reverse convertible) and the cash amount on the hedging account which have been computed with Clewlow and Strickland and compared to Black (see figures: 5.30, 5.31, 5.32
and 5.33)

Figure 5.29: Market data path simulated with Clewlow and Strickland. Model
Parameters: r = 0.05, T = 2 months, σST = 0.7, σLT = 0.3, α=5.
N umber of M C Simulations = 40000
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Figure 5.30: Net Present Value of the BRC over Time: Comparison Clewlow vs Strickland
and Black. Clewlow and Strickland model parameters: r = 0.05, T = 2 months, σST =
0.7, σLT = 0.3, α=5. Contract parameters: T = 2 months, InitialF ixing = 100,
K = 100, Barrier = 80, Coupon = 5%, N ominal = 100. Simulation parameters:
Barrier M onitoring F requency = W eekly, N umber of M C Simulations = 40000

Figure 5.31: Delta of the BRC over Time: Comparison Clewlow and Strickland vs Black.
Model parameters: r = 0.05, T = 2 months, σST = 0.7, σLT = 0.3, α=5. Contract parameters: T = 2 months, InitialF ixing = 100, K = 100, Barrier = 80, Coupon = 5%,
N ominal = 100. Simulation parameters: Barrier M onitoring F requency = W eekly,
N umber of M C Simulations = 40000

5.4 Pricing and Hedging using a Term Structure of Volatilities: Clewlow and Strickland Model

70

Figure 5.32: Monte Carlo Standard Error over time when pricing the BRC.Model parameters: r = 0.05, T = 2 months, σST = 0.7, σLT = 0.3, α=5. Contract parameters: T = 2 months, InitialF ixing = 100, K = 100, Barrier = 80, Coupon = 5%,
N ominal = 100. Simulation parameters: Barrier M onitoring F requency = W eekly,
N umber of M C Simulations = 40000

Figure 5.33: Hedging the BRC: Evolution of the cash amount on the hedging account.
Clewlow and Strickland model parameters: r = 0.05, T = 2 months, σST = 0.7,
σLT = 0.3, α=5. Contract parameters: T = 2 months, InitialF ixing = 100,
K = 100, Barrier = 80, Coupon = 5%, N ominal = 100. Simulation parameters:
Barrier M onitoring F requency = W eekly, N umber of M C Simulations = 40000
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Impact of the hedging frequency on the PnL
When looking to the profit and loss distribution of the barrier reverse convertible with
different hedging frequencies we have a similar picture than what we got with Black.
Contrary to the result we obtained for the win-win, the standard deviations of the profit
and loss distributions are relatively low with the lowest one obtained when we daily hedge.

Figure 5.34: Profit and Loss Distribution for BRC vs hedging frequencies (no hedging, passive hedging (delta hedge once at beginning), daily, 2 days, 4 days, 8 days).
Clewlow and Strickland model parameters: r = 0.05, T = 2 months, σST = 0.7,
σLT = 0.3, α=5. Contract parameters: T = 2 months, InitialF ixing = 100,
K = 100, Barrier = 80, Coupon = 5%, N ominal = 100. Simulation parameters:
Barrier M onitoring F requency = W eekly, N umber of M C Simulations = 40000

Properties
PnL mean
PnL st. dev.

No
Hedging
0.319
12.312

Passive
Hedging
-0.233
8.897

Daily
Hedging
-0.756
3.44

Each
Two Days
-0.473
5.092

Each
Four Days
-0.397
4.734

Each
Eight Days
0.477
8.556
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Figure 5.35: Monte Carlo standard error for BRC vs time to maturity with different
hedging frequencies (no hedging, passive hedging (delta hedge once at beginning), daily, 2
days, 4 days, 8 days). Clewlow and Strickland model parameters: r = 0.05, T = 2 months,
σST = 0.7, σLT = 0.3, α=5. Contract parameters: T = 2 months, InitialF ixing = 100,
K = 100, Barrier = 80, Coupon = 5%, N ominal = 100. Simulation parameters:
Barrier M onitoring F requency = W eekly, N umber of M C Simulations = 40000
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Impact of the model on the PnL
What is striking for the barrier reverse convertible is the result of the impact of modeling
on pricing and hedging.
Again, the market data was simulated using Clewlow and Strickland. As during the
simulations it was unexpected to see that the highest probability of losses arise when
we price and hedge with the model used for generating the market data (Clewlow and
Strickland -scenario 1).
But when we closely look at the results we see that Clewlow and Strickland, generates
prices with a higher standard deviation than for the flat Black model. This is due to the
extra volatility plugged into the model by the two factors.
To properly compare results with the Black model, we need to use a higher number of
simulation when we use the Clewlow Strickland model in order to have a standard Monte
Carlo error of the same order. Thus, the Clewlow Strickland simulation was repeated
doubling the number of Monte Carlo Simulations. The result is better: the PnL standard
deviation was reduced by half, but surprisingly the model does not perform better than
Black. They roughly give the same order of PnL standard deviation.

Figure 5.36: Profit and Loss Distribution for BRC: Impact of modeling on pricing and
hedging. Clewlow and Strickland model parameters: r = 0.05, T = 2 months, σST = 0.7,
σLT = 0.3, α=5. Black Model Parameters: r = 0.05, σ = 0.5. Contract parameters: T = 2 months, InitialF ixing = 100, K = 100, Barrier = 80, Coupon = 5%,
N ominal = 100. Simulation parameters: Barrier M onitoring F requency = W eekly,
N umber of M C Simulations = 40000
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Properties
Premium NPV
PnL mean
PnL st. dev.

M.Data, Pricing
M.Data, Pricing.
& Hedging: CS
& Hedging: CS
(40000 M.C Sim.) (80000 M.C Sim.)
98.26
98.27
-0.474
-0.851
5.093
3.703

M.Data: CS
Pricing & Hedging:
Black
98.62
-0.061
3.278
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M.Data & Pricing:
CS. Hedging:
Black
98.26
-0.526
3.287

Figure 5.37: Impact of modeling on pricing and hedging the BRC: Monte Carlo standard error for BRC vs time to maturity. Clewlow and Strickland model parameters:
r = 0.05, T = 2 months, σST = 0.7, σLT = 0.3, α=5. Black Model Parameters:
r = 0.05, σ = 0.5. Contract parameters: T = 2 months, InitialF ixing = 100,
K = 100, Barrier = 80, Coupon = 5%, N ominal = 100. Simulation parameters:
Barrier M onitoring F requency = W eekly, N umber of M C Simulations = 40000

6

Conclusion

This thesis has brought us several insights. Firstly, commodities especially oil require
pricing models which are able to account for their key features. In contrast to equities,
commodities are produced, consumed, transported and stored. Three properties have
been identified for crude oil: mean reversion, extreme volatility and high autocorrelation. The main reason behind mean reversion of commodity spot prices is the positive
comovement between prices and net convenience yields. The high volatilities and spikes
are explained by supply and demand imbalances.
The most important and known models for stochastically simulating commodities: Black
(1976), Gabillon (1991), Gibson and Schwartz (1990), Schwartz (1997), Geman and Fong
Shih (2009) and Clewlow and Strickland (1999) have been described. The first and the
last one have been used in the practical implementation. Black assumes that there is only
one source of uncertainty, the underlying forward. Clewlow and Strickland assume that
there are n independent sources of uncertainty which determine the shape of the forward
curve. The volatility function associated with each source of uncertainty determines by
how much and in which direction the arrival of new information associated with a particular source of information moves each point of the forward curve. In the practical part
we used the two-factor model, where the short term volatility had a negative exponential
form to make short dated forward returns more volatile than long-dated forward returns.
In the practical part two structured products: a barrier reverse convertible and a win-win
were priced and delta hedged from the issuers point of wiew. We used on one hand, the
Black model with flat implied volatilities and on the other hand, Clewlow and Strickland’s
model with a term structure of implied volatilities. We focused on the hedge performance
through the profit and loss distribution. The results obtained were according to our expectations. For both products and models the profit and loss distribution was (for the
standard case) centered around zero which indicated that the products are fairly priced.
Furthermore, with increasing hedging frequency as well as increasing number of Monte
Carlo simulations the standard deviation was reduced. The impact of an overestimation
and underestimation of the volatility when using Black was for both instruments remarquable. For the win-win it translated into a much bigger standard deviation of the profit
and loss distribution. For the barrier reverse convertible, the issuers long position in the
down-and-in put caused the mean of the standard deviation to move towards a positive
profit when underestimating the volatility.
The results that came out when analyzing the impact of modelling on pricing and hedging
were not totally in line with the expectations. Given the fact that Clewlow and Strickland
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was used to generate the maket data, a higher difference in the PnL distribution was
expected when pricing and hedging on one hand, with Black and on the other hand, with
Clewlow and Strickland. We can therefore conclude, that for our simulations, the Black
Model is as efficient as the Clewlow and Strickland one. This conclusion can obviously
not be made in practice, where much more parameters not accounted for in Black model
influence the pricing and hedging.
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