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Abstract 

This thesis applies the copula methodology to hedge funds. Copula models have gained 

attention in finance only recently although the statistical literature knows this concept for 

decades. Copulas provide an effective way to model dependence between risk factors. 

Dependence in finance is usually described by linear correlation and some cornerstones in the 

traditional finance literature are based on the assumption of normally distributed returns. 

Consequently, dependence is completely described by linear correlation. This is an 

assumption which is regularly disproved in reality since returns exhibit third and fourth 

statistical moments different to those of a normal distribution. Especially hedge funds exhibit 

highly non-normal returns and therefore a dependence concept is asked for which goes one 

step further than linear correlation. The main purpose of this thesis is to introduce and apply 

such dependence concepts and to provide new insights into dependencies in the hedge fund 

industry. 

We use a data set from January 1995 to March 2009 comprising of 12 return series of 

different hedge fund strategies. We work with single hedge fund returns and thereby avoid the 

loss of idiosyncratic information in the returns which appears from aggregation to an index 

level. We use a factor model to identify the two main risk drivers in each hedge fund strategy 

and analyze the risks using a bivariate copula approach. Two different methods for copula 

inference are used, namely the inference functions for margins and the pseudo log-likelihood 

method. It turns out that 9 out of the 12 analyzed cases, the main risk factors in hedge funds 

have the potential to exhibit joint extreme losses. Therefore, the alleged low correlations to 

other asset classes hedge funds claim to have cannot be confirmed for our data set. It is well 

known that hedge fund returns exhibit option-like payoffs and we find similar evidence. We 

show for many hedge fund strategies that in times of market distress, extreme co-movement 

of risk factors increases whereas there is only little co-movement in normal market 

conditions. The pseudo log-likelihood method proves to the better inference model for finance 

applications as it is easier to apply and the inference functions for margins runs into trouble 

when risk factors are modeled by univariate t-distributions.  
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1.  Introduction 

The hour of birth of the first hedge fund was in 1949 when Alfred Winslow Jones introduced 

the "A.W. Jones & Co" to the world. Jones structures his fund as a general partnership to 

circumvent the Securities and Exchange Commission's restrictive regulation in order to freely 

decide how to construct his portfolio. Jones believed in his superior stock picking abilities and 

used short selling and leverage to diversify his portfolio and to enhance returns. Both methods 

were known but uncommon in portfolio management back in those days (e.g. Lhabitant, 

2006). The basic strategy of the "A.W. Jones & Co" has become very popular and is known as 

equity long / short nowadays. Today, short selling and leverage are well known and 

established tools in the hedge fund industry. Interestingly, exactly because of these tools, 

hedge funds have come under criticism recently. 

In the eyes of the broad public, the hedge fund industry has a rather doubtful reputation at 

present. The bailout of "Long Term Capital Management" in the second half of 1998 cost 

3.625 billion US-dollars in order to prevent systemic risks which probably were capable of 

destabilizing the whole financial system (Edwards, 1999). Eight years later in September 

2006, the hedge fund "Amaranth" created a loss of more than 6 billion US-dollars in just one 

month; a monthly negative return of about 66 % (Stulz, 2007). According to Strömqvist 

(2009), 89 % of the hedge funds listed in the Barclay Hedge database reported a loss in 

September 2008 and while they coped well in other financial crises, they suffer from 

significant losses in the financial crisis of 2008.  

According to recent estimations in the first quarterly report of 2010 from the hedge fund 

database Credit Suisse / Tremont (CS Tremont, 2010), the total assets under management in 

the hedge fund industry are currently at 1.5 trillion US-dollars. The same report further 

informs about the potential of hedge funds to deliver positive long-term returns which are 

uncorrelated with returns of other asset classes. Furthermore, it is reported that hedge funds 

generally show low correlations to equity indices in times of bear markets whereas correlation 

is higher in bull markets. These are prominent claims about hedge funds. Another well known 

claim states that low volatilities and low correlations to other asset classes make hedge funds 

ideal candidates for portfolio diversification. Moreover, hedge funds frequently argue to 

generate positive returns irrespective of prevailing market conditions. This "ability" is called 

absolute return. Absolute returns and the alleged capacity of hedge fund managers to generate 

so called alpha are equivalent expressions since alpha is the part of the return which cannot be 

explained by systematic risks and is therefore attributable to management skill. 
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Somehow, the experienced losses from the past and the statements of absolute returns and low 

correlations seem to be contradicting. Where do the huge losses come from? What drives the 

risks in hedge funds and how do the risks really behave in different market conditions? To 

find appropriate and detailed answers to these questions is the main purpose of this thesis. 

Among the first who studied the characteristics of hedge funds in greater detail are 

Ackermann et al. (1999) and Fung & Hsieh (1997). The risks in hedge funds are studied by 

various researchers. One strand of research considers hedge funds in the context of optimal 

portfolio decisions. Gehin & Vaissie (2006) and Schneeweis & Spurgin (2000) find 

diversification benefits by adding hedge funds to traditional portfolios. Edwards & Liew 

(1999) find evidence for increased Sharpe ratios in traditional portfolios where hedge funds 

are added for diversification purposes. The studies use a mean-variance approach and 

consequently risk is only coming from the second moment, i.e. covariance risk. A setting like 

this assumes normally distributed returns which is a common and widespread assumption in 

traditional finance. However, there is evidence against mean-variance approaches for hedge 

funds. For example Brooks & Kat (2002), Amin & Kat (2002), Fung & Hsieh (1999) and 

Alexiev (2005) consider higher statistical moments and conclude that the traditional mean-

variance approach is inappropriate to assess the true risk in hedge funds as they exhibit highly 

non-normally distributed returns. The works of Fung & Hsieh (1997, 2001, 2004), Agarwal & 

Naik (2004) and Mitchell & Pulvino (2001) apply a factor model based on the ideas of Sharpe 

(1992) to identify significant market risk factors for hedge funds. The authors show for 

different hedge fund strategies that the risk profile of some risk factors exhibits an option-like 

payoff. This finding must lead to further concerns about mean-variance methods in the hedge 

fund industry.  

Evidently, the dependence structure of two (or more) vectors of random variables is seldom 

completely described by covariance alone as the work of Embrechts et al. (2002) shows. The 

concept of copulas to model dependence exists for decades and goes back to the seminal 

works of Hoeffding (1940) and Sklar (1959). Yet, copulas have gained attention in finance 

applications only for a short time. Mikosch (2006) notices that a Google search of the word 

"copula" yielded 10,000 responses back in 2003 whereas in September 2005 already 650,000 

search results appeared. Today, status May 2010, 952,000 search results appear in a Google 

search. Even though, research on analyzing dependence structures in hedge funds by means of 

copulas is almost non-existent. To our best knowledge, only three empirical papers deal with 

copulas in a hedge fund context up to now. Patton (2008) use a copula approach to analyze 
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market neutral funds and shows that these funds often are not as neutral to market risks as 

they claim to be. Kat & Palaro (2005) propose a copula approach to replicate hedge fund 

returns. Bedoui & Ben Dbabis (2009) give a small introduction on how to implement copula-

based methods together with an application to hedge fund indices. Closely related to the 

copula conception is extreme value theory. Bacmann & Gawron (2004) and Gawron (2007) 

deliver a contribution in this field of research. Their results suggest that hedge funds show 

good tail diversification benefits but the benefits depend on the initial composition of the 

portfolio. Hedge funds do not show any asymptotic dependence with bonds but with stocks. 

The core of this thesis is a bivariate copula approach. It aims at giving the reader a deeper 

insight in the stochastic dependencies of hedge funds, an insight which goes beyond linear 

correlation. Copulas give information about the joint behavior of specific random variables. 

Especially in times of extreme market conditions, this information is of utmost importance in 

order to assess the potential loss arising from exposures to certain risks. Therefore, the copula 

analysis is particularly interesting from the viewpoint of risk management and we put some 

emphasis on risk considerations in this thesis. Nevertheless, the implications are also 

important for investment and portfolio decisions as well as for hedge fund replications even 

though we do not consider these topics in more detail.  

This thesis contributes to the existing literature in several ways. First, we give insights on the 

single fund level rather than on an index or fund of funds level. This enables us to have a look 

into the dependence structure without getting a "blurred picture" which is a problem on an 

aggregate level. The aggregation to an index or fund of funds mixes together many different 

trading strategies of each single fund and idiosyncratic features might get lost. Second, we 

apply the copula concept on a wide range of different hedge fund strategies. In total, we 

consider 12 different hedge fund strategies and analyze how the dependence structure of their 

most significant risk drivers looks like. The results give fundamental information about how 

different hedge fund strategies really behave in different market situations. Third, we compare 

a parametric copula fitting approach with a semi-parametric one and highlight peculiarities of 

these two methods which prove to be relevant in finance applications. Furthermore, we do not 

restrict our analysis to a small set of copulas but use 9 different types to account for various 

kinds of dependencies and thereby ensuring an appropriate fit to the data.  

The thesis is structured as follows: Section 2 introduces the data and presents some 

idiosyncratic data issues which are common when dealing with hedge funds. Section 3 

introduces the methodology of the empirical application. First, some very basic statistical 
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methods are presented for the analysis of the hedge fund distributions. Second, the factor 

model used to identify the main risk drivers in each hedge fund strategy is illustrated. 

Thereafter, we present some essential definitions and properties needed for the bivariate 

dependence analysis of the identified risk factors. Emphasis is on dependence concepts, their 

implications and possible limitations. Next, 5 different univariate marginal distributions are 

presented which are used as inputs in the parametric estimation of the marginal distributions. 

The parametric estimation of the marginals is the first of two steps in the parametric copula 

estimation procedure. Subsequently, bivariate parametric copula models are presented from 

which the copula estimation routines choose the one which best fits the data. The copula 

estimation procedure is presented in three parts. We describe the full maximum likelihood 

estimation first and thereafter the inference functions for margins and the pseudo log-

likelihood method. The next subsection in Section 3 deals with copula simulation where we 

choose the conditional sampling method to generate uniform random numbers with joint 

distribution equal to the best fitting copula obtained by the copula estimation procedure. 

Finally, after having obtained the simulated random numbers, we replicate the hedge fund 

returns in order to calculate value at risk and expected shortfall. Section 4 deals with the 

empirical application of the methodology presented in Section 3 and we consider 12 different 

hedge fund strategies. The central insights and implications from the empirical application are 

summarized in Section 5. Section 6 concludes and gives suggestions for further research. 

 

2.  Data 

2.1  Data Issues 

Research starts with a solid data basis and right there, hedge funds introduce some issues we 

have to deal with. First of all, the unregulated nature of the hedge fund industry leads to 

opacity about the operating business. Disclosure of information (e.g. returns, net asset values 

and strategy descriptions) is non-mandatory and therefore it is under the discretion of the 

hedge fund manager if he or she likes to disclose any information at all.  

Most of the studies which have been conducted in the past use hedge fund indices (e.g. Jaeger 

& Wagner, 2005; Agarwal & Naik, 2004). Indices are provided by hedge fund databases like 

Hedge Fund Research, Center for International Securities and Derivatives Markets or Credit 

Suisse / Tremont to name a few. These databases launched their own indices which provide 

information about the most common hedge fund strategies like equity long / short, convertible 
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arbitrage etc. An immediate advantage of indices is that information provision is free of cost 

in most databases. However, working on an index level has its problems, for example there is 

no generally agreed classification scheme for hedge fund strategies which leads to 

comparability problems between different databases. It is well known that hedge fund 

databases are prone to specific issues and biases (e.g. Fung & Hsieh (2004), Malkiel & Saha 

(2005), Black (2009)). First, no database is complete since hedge funds are free to report their 

performance data whenever to whomever they like. Often, hedge funds are only reporting to a 

subset of databases which again impedes the comparability between indices provided by 

different hedge fund databases. Second, the construction of hedge fund strategy indices differs 

between the various databases. Some of them use an equally-weighted approach while others 

prefer an asset-weighted approach. This in turn leads to differences in returns across the 

databases. Third, specific distortions of results called biases are inherent in hedge fund 

databases.   

The survivorship bias arises from the fact that some hedge funds stop reporting to a database 

after a while. Most of the times, this has two reasons: Either the fund has economic problems 

(bankruptcy at worst) and has thus no incentive to report "bad news" or it may be the case that 

a hedge fund operates successfully and does not want to attract new capital. The latter point is 

explained by Fung et al. (2008) who show that capital seeks alpha and a significant inflow of 

new funds decreases the level of alpha in subsequent years which is naturally not in the 

interest of hedge fund managers. Malkiel & Saha (2005) report that less than 25% of all hedge 

funds which have reported to a database in 1996 continued reporting in 2004. We may 

therefore conclude that economic problems are the more likely explanation for the aborted 

reporting. Otherwise, we need to assume that most hedge funds canceled reporting in the 

Malkiel & Saha (2005) study because they are all able to generate superior alpha which seems 

highly improbable. Most databases remove the whole return history of a hedge fund if it stops 

reporting which introduces an upward bias in the index returns since retired funds tend to be 

those who exhibit greater risks and lower returns. The upward bias in returns is reported to be 

between 0.6 to 3.6 % per annum (Black, 2009).  

The self-selection bias arises from the discretionary disclosure of information in the hedge 

fund industry. Funds joining a database are most likely those funds which have a good track 

record and want to attract new investors. Investors subsequently get an overoptimistic picture 

as the index underestimates the true risk of the whole hedge fund universe while it 

overestimates the returns at the same time.  
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The backfill bias occurs because most databases backfill the whole track record of newly 

entered hedge funds since their inception. As the self-selection bias already suggests, only 

successful hedge funds have an incentive to participate in a database while less successful 

funds rather abstain from reporting in order to hide their inferior performance. Again, this 

leads to an upward bias. The backfilled data makes the index look more attractive than it 

really is due to underestimated risks and overestimated returns. Malkiel & Saha (2005) 

estimate the backfill bias to be around 5% per annum in the period of 1994 to 2003 which 

means that backfilled returns are higher by that amount compared to contemporaneous 

returns.  

Working at the single fund level has a great advantage compared to hedge fund strategy 

indices. The factor model introduced in Section 3.2 concentrates on identifying the main risk 

drivers in a certain hedge fund strategy. For each hedge fund strategy, an index aggregates 

hundreds or even thousands single hedge fund return series. Consequently, a factor model can 

only assess the risk drivers in the aggregate. While this still provides valuable insights, such 

studies have been conducted already by various researchers (e.g. Fung & Hsieh, 1997; 

Agarwal & Naik, 2004; Jaeger & Wagner, 2005). On the other hand, not much research is 

available on the single fund level. While identified risk factors on an index level can be 

considered as the least common denominator of the aggregate, idiosyncratic risks of some 

single funds may be lost in the aggregation process and remain unconsidered. Working with 

single hedge funds effectively circumvents this problem. 

Nevertheless, the data used in this study is not completely free of potential issues. The factor 

model we apply only provides reliable results when sufficient amounts of data are present. We 

therefore pick hedge funds which provide a long data history. Of course, one can argue that 

this introduces a bias as well because the funds with a long history are most likely those 

which performed better than the average in the past and therefore returns might be over- and 

risks underestimated. We believe that a factor model with too little data input could do much 

more harm. Moreover, we are not interested to present representative averages but we want to 

identify and analyze idiosyncratic risks in the returns of the single hedge funds. Under these 

circumstances and since we have the possibility to freely choose a single hedge fund from the 

database which matches our expectations, we do not have to worry about the aforementioned 

biases at all.  
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2.2  Data Set 

The hedge fund data is taken from the Center for International Securities and Derivatives 

Markets (CISDM) database. This database contains information about 13,368 different hedge 

funds, funds of funds, commodity trading advisors and commodity pool operators. Our data 

set comprises of 12 return series of single hedge funds where each series describes a different 

hedge fund strategy. The strategy styles are: Commodity trading advisor with systematic 

trading, convertible arbitrage, distressed securities, emerging markets, equity long / short, 

equity market neutral, event driven, fixed income arbitrage, global macro, merger arbitrage, 

sector and short bias. Each return series itself comprises of 171 monthly log-returns and the 

sample period ranges from January 1995 to March 2009. For the risk identification process, 

the factor model described in Section 3.2 needs risk factors to choose from. We provide 39 

different market risk factors which are listed in Appendix A. All risk factors are taken from 

Datastream and Bloomberg except SMB, HML and Momentum which are taken from the 

website of Prof. Kenneth French.1 The risk factors used to describe the hedge fund risk 

exposures are all index-based factors which are readily observable in the former mentioned 

databases. Some risk factors are constructed from two risk factors. For example, we model a 

credit spread by subtracting the ten year treasury yield from a high yield bond index. The only 

non-index based risk factor is the AR(1) which denotes an autoregressive process of order 1. 

It is used to detect autocorrelation and serves as a proxy for liquidity and valuation risks (e.g. 

Getmansky, 2004). All 39 risk factors are properly conditioned, that is, log-returns are 

computed to get 171 monthly observations in the period January 1995 to March 2009 in order 

to match the length of the hedge fund return series.  

 

3.  Methodology 

Here we provide just a few remarks on some notations. We use the terms marginal and margin 

equivalently to describe the univariate marginal distribution. In this thesis, we model the 

losses in the left tail of the distribution and the gains in the right tail. For example, if we speak 

of left tail dependency, this means that losses tend to co-move. Lower and upper tails are 

equivalent to left and right tails respectively. 

 

                                                           
1 Website Prof. Kenneth R. French: 
http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html 
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3.1  Basic Statistics 

We begin the empirical analysis by having a closer look at the return series of the 12 hedge 

fund strategies. For this purpose, the first four statistical moments are computed for each 

return series as well as the median. The worst and best monthly returns of a hedge fund return 

series are indicated by minimum and maximum respectively. Additionally, we test the returns 

for normality. A popular test for this prupose is the Jarque-Bera test and its test statistic is 

given by 

��� � ��16 	
�� � 124 	
� � 3�� , 
where N is the sample size. 
� � �� ∑ 	������� ��� !�  denotes the skewness where "� is the sample 

mean and #$ is the estimator for the standard deviation which is based on the biased variance 

estimator. 
� � �� ∑ 	������� ��� !�  denotes the kurtosis. Subtracting 3 from the kurtosis yields the 

excess kurtosis. Under the null hypothesis of normality, the Jarque-Bera test is asymptotically 

Chi-squared distributed with two degrees of freedom. Additionally, we deliver the 

corresponding p-value of the Jarque-Bera test statistic to easily assess if the null hypothesis is 

rejected or not. 

3.2  The Factor Model 

In order to uncover the sources of risk in a specific hedge fund strategy, we perform a 

stepwise regression including a regression constant. The way we use this regression is also 

called a factor model as it explains hedge fund returns by linear combinations of market risk 

factors; a procedure first proposed by Sharpe (1992) in the field of equity mutual funds. 

Basically, the factor model splits the hedge fund returns into two parts. The first part is the 

regression constant which refers to alpha. Alpha plays a great role in evaluating hedge funds 

since it reflects the part of the return which is attributable to the skill of the hedge fund 

manager. Hedge funds have considerable fees and it is very understandable that an investor 

demands returns which cannot be easily replicated by just collecting risk premiums from 

exposures to systematic risks. There is a large literature available on alpha (e.g. Jaeger & 

Wagner, 2005; Fung et al., 2008; Agarwal & Naik, 2000) but we do not focus our attention on 

it. The second part consists of the beta factors which represent the sensitivities of the hedge 

fund return to certain risk factors it is exposed to. The beta factors represent systematic risks. 

The regression model has the form 



10 

%& � 
 � '�(&� � '(& � )� '*(&* � +&  , , � 1,2, … ,. , (3.1) 

where  

• Zj is the dependent variable, i.e. the hedge fund return vector of length j of one of 

hedge fund strategies. 

• α is the regression constant; it may represent the management skill. 

• cjk are the k independent variables with a vector length of j.  

• βk is the factor sensitivity of Zj to the k
th risk factor cjk. 

• εj is the error term, a vector with length j. The error term is assumed to be �	0, #01� 
where Im is the m x m identity matrix.  

We perform a stepwise regression with a combinatorial approach. The combinatorial 

approach evaluates every possible combination of added variables and selects the combination 

which leads to the largest R2. The adjusted R2 in the final regression is used to evaluate the 

explanatory power. We perform (3.1) as a stepwise regression because we are dealing with a 

large set of risk factors from which we only want to select the most significant two. In order 

to deal with the huge number of possible combinations between the risk factors, an automated 

procedure is clearly asked for albeit it has been criticized.2 It is clear that variables selected by 

an algorithm always must be controlled for "making sense" in an economic way.  

Another problem may arise since we are only selecting two risk factors for our bivariate 

dependence analysis. Although, we are not primarily interested in alpha, we have to make an 

important remark nonetheless. If alpha is statistically significant, it has to be interpreted with 

care as it may be management skill but it may also indicate missing relevant risk factors. If 

the latter would be included, alpha may very well lose its significance. In our study, alpha is 

only relevant in Section 3.9 where it is used, whenever it is statistically significant at the 5 % 

confidence level, to replicate hedge fund returns along with the simulated risk factor values.  

3.3  Definitions and Properties for the Dependence Analysis 

In this subsection, we are mainly following Cherubini et al. (2004). Obtaining a set of random 

variables (X1,…,Xn), the joint distribution is defined as 

2	"�, … , "3� � Pr�6 7 " �,    89: ;<< = > 	1, … , ?�. 
                                                           
2
 The critiques involve data snooping and difficulties in interpreting the p-values since they are dependent on 

previous data in- or exclusion. See for example Roecker (1991) and Hurvich & Tsai (1990). 
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Since we want to explore the dependence of two risk factors, it is useful to recall conditions 

necessary and sufficient for a right-continuous function to be a bivariate cumulative 

distribution function: 

1. <=.�ABCD2	"�, "� � 0,   89: , � 	1,2� 
2. <=.�ABD2	"�, "� � 1,   89: , � 	1,2� 
3. 29: ;<< 	;�, ;� ;?E 	F�, F� G=HI ;� 7 F�, ; 7 F, 2	F�, F� � 2	;�, F� � 2	F�, ;� � 2	;�, ;� J 0. 

The third condition arises from the rectangle inequality and we say that F is 2-increasing. The 

first two conditions state that 0 ≤ F ≤ 1.  

We get univariate marginal distribution functions F1(x1) and F2(x2) by: 

2�	"�� � <=.�KBL2	"�, "�   ;?E   2	"� � <=.�MBL2	"�, "�. 
The generalized inverse of a distribution function is defined by 

2 N	"� O inf  ST: 2 	T� J ", 0 V " V 1W, 
where inf denotes the infimum.  

If we consider a bivariate cumulative distribution function F(x1,x2) with univariate margins 

F1(x1) and F2(x2), the joint cumulative distribution function is bounded above and below by 

the so called Frechet-Hoeffding upper and lower bounds. Let FL denote the Frechet-Hoeffding 

lower bound and FU the upper one, then FL and FU are given by: 

2X	"�, "� �  max �\2&	" � � ? � 1,0 � � 2�  ,3
&!�     ? � 2, = � 	1,2� 

2]	"�, "� � min�2�	"��, 2	"�� � 2^. 
This results in 

2� � max�\2&	" � � ? � 1,0 � 7 2	"�, "
3

&!� � 7  min�2�	"��, 2	"��  � 2^ , 
? � 2, = � 	1,2� 

Since we are considering the bivariate case here, the upper as well as the lower bound is a 

cumulative distribution function. In the case of n > 2, only the upper bound is always a 
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cumulative distribution function while the lower bound is a cumulative distribution function 

only under certain conditions. See (Joe, 1997) for more details about this issue.  

A copula is a function C:[0,1]d → [0,1] which satisfies the following conditions: 

1. �  _ _ �  _`= =a Tb:9.  
2. 29: `  > �0,1�, c	1,… ,1, ` , 1, … ,1� � `  89: ;<< = > S1,2, … , EW. 
3. 29: ;<< �`��, `�� d �`�, `� d …d �`_�, `_� E �E=.b?a=9?;< :b(H;?e<ba =? �0,1�_ ,  

\…
 M

\	�1� M^)^ f
 f

cg 1=1 2=2 E=Eh  

Condition 1 states that the joint probability of all outcomes is zero if one outcome has a 

probability of zero.3 Condition 2 states that the joint probability of d outcomes, where d-1 

outcomes have probability equal to 1, is the same as the probability of the remaining uncertain 

outcome. Condition 3 states that C is d-increasing. According to the function C of the d-

dimensional rectangle, d-increasing functions assign a non-negative mass to every rectangle 

in their domain. When we compare these conditions for d = 2 with the conditions for the 

bivariate cumulative distribution function introduced above, it becomes immediately clear that 

the copula definition stated above is equivalent with: 

A copula is a bivariate distribution with standard uniform (0,1) marginal distributions.4  

Before we introduce the fundamental theorem of Sklar (1959), we establish the relation of 

copulas and distribution functions after introducing two important transformations. 

If we consider two random variables X and Y with distribution function F1 and F2 

respectively, then 

1. HIb i:9F;F=<=Hj =?Hbe:;< H:;?a89:.;H=9? =a ; .;ii=?e k:l  B �0,1�,  	", j� m g2�	"�, 2	j�h 
2. HIb n`;?H=<b H:;?a89:.;H=9? =a e=ob? Fj kN: �0,1�  B  l,  	`�, `� m g2�N	`��, 2N	`�h. 

                                                           
3
 Condition 1 is also called the grounded property. 

4
 This definition holds for any dimension. Simply replace the term “bivariate” by “multivariate”. 
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The probability-integral-transforms of random variables X and Y, X → F1(X), Y → F2(Y), are 

standard uniformly distributed: 

2�	6�~q� ,  2	r�~q  
Analogous, we can say: 

2 N	q  �~2  
We have seen that copulas are joint distribution functions with standard uniform marginals. 

Computing a copula at F1(x), F2(y) gives a joint distribution function at (x,y): 

cg2�	"�, 2	j�h � Prgq� 7 2�	"�, q 7 2	j�h � Pr	2�N	q�� 7 ", 2N	q� 7 j� � Pr	6 7 ", r 7 j� � 2	", j� 
Sklar’s theorem states that all multivariate distribution functions contain copulas and copulas 

can be used in combination with univariate distribution functions to construct multivariate 

distribution functions.  

Let us consider a probability space (Ω, s, P) where Ω is the state space, s denotes the sigma-

algebra and P is a probability measure on s. We define X and Y as random variables on (Ω, s, P) with values in the extended real line lt . F, F1 and F2 are their joint and marginal 

distribution functions respectively. 

Given marginal distributions F1(x), F2(y), it follows that for every (x,y) є lt : 
1. =8 c =a ; a`F(9i`<; G=HI u;? 2� d u;? 2,   cg2�	"�, 2	j�h =a ; ,9=?H E=aH:=F`H=9? 8`?(H=9? G=HI .;:e=?a 2�	"�;?E 2	j�.   

 

2. =8 2	", j�=a ; ,9=?H E=aH:=F`H=9? G=HI .;:e=?a 2�	"�;?E 2	j� HIb:b b"=aHa  ; a`F(9i`<; c G=HI E9.;=? u;? 2� d u;? 2 a`(I HI;H    2	", j� �  cg2�	"�, 2	j�h 
 

The notion Ran F1 x Ran F2 denotes the range of F1 and F2 and it is used in the case where the 

copula is only uniquely determined on Ran F1 x Ran F2 which is the case for discontinuous 
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margins. If the margins are continuous, then the copula is unique and the terms subcopula and 

copula coincide. For the remainder of this thesis, we will assume that margins are continuous 

and therefore we will not discuss subcopulas in more detail. For the definition and further 

discussion of subcopulas see Cherubini et al. (2004).  

Sklar’s theorem is very powerful as it allows writing a joint distribution in terms of the copula 

and the univariate margins. A very important feature is the independence of the copula from 

the univariate margins. The dependence structure between random variables X and Y is 

completely described by the copula. Often the univariate marginal distributions are well 

known but their joint behavior is unknown. The copula concept allows us to construct the 

joint distribution by putting together marginal distributions with a copula. In the case of a 

bivariate function, the copula is a distribution function C:[0,1]2 → [0,1] which satisfies: 

2	", j� � c	2�	"�, 2	j�; w�, (3.2) 

  

where θ is the dependence parameter. θ measures the dependence between the marginals. 

Another nice feature of copula functions is that marginals may come from different 

parametric families. Marginal distributions and dependence can be treated individually which 

is a very useful feature when we estimate copulas (Section 3.7). The copula captures all 

information about the dependence between the random variables and thus the terms copula 

and dependence structure can be used interchangeably.  

By applying the quantile transformation, we can rewrite (3.2) and get an explicit expression 

for the copula as a function of the joint distribution and the univariate margins.  

c	`�, `� � 2g2���	`��, 2��	`�h (3.3) 

  

It has to be noted that, since we are assuming continuous margins, the generalized inverse in 

(3.3) becomes the usual inverse function F-1 which is a special case of the generalized inverse. 

Since copulas are multivariate distributions, the Frechet-Hoeffding bounds also hold for 

copulas: 

 c� � max�2�	"� � 2	j� � 1� 7 2	", j� 7  min�2�	"�, 2	j�� � c^ . 
C- and C+ denote the minimum and maximum copula respectively.  

The copula density for parametric copulas is given by 
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(	`, o� � xc	`, o�x` xo  , 
and for implicit copulas like the Gaussian and t copula, the copula density is5 

(	`, o� � 8g2���	`�, 82��	o�h 8�g2���	`�h8g2��	o�h , 
where fi(·) is the marginal density for i = 1,2. 

As already mentioned, copulas are dependence functions and as such, they allow us to 

describe independence, perfect positive and perfect negative dependence. 

Two random variables X and Y are independent if and only if 

2	", j� � 2�	"� y 2	j�. 
This is equivalent with stating that X and Y are independent if and only if they have the 

product copula C┴ as their joint distribution function, that is: C(x,y) = F1(x) * F2(y).  

Perfect positive and perfect negative dependence is described in terms of comonotonicity and 

countermonotonicity respectively. X and Y are said to be comonotone if and only if their 

copula is the upper Frechet-Hoeffding bound and countermonotone if and only if their copula 

is the lower Frechet-Hoeffding bound. More precisely: 

z abH z {  lt  =a a;=E H9 Fb (9.9?9H9?=( =8 ;?E 9?<j =8  89: ;?j 	"�, j�� ;?E 	", j� =? z b=HIb: 
|"� 7 j�" 7 j }    9:   |"� J j�" J j }. 

Moreover, a random vector (X,Y) is comonotonic if and only if there exists a comonotonic set z {  lt  such that Pr((X,Y) є A) = 1. 
z abH z {  lt  =a a;=E H9 Fb (9`?Hb:.9?9H9?=( =8 ;?E 9?<j =8  89: ;?j 	"�, j�� ;?E 	", j� =? z b=HIb: 

|"� 7 j�" J j }    9:   |"� J j�" 7 j }. 
Moreover, a random vector (X,Y) is countermonotonic if and only if there exists a 

countermonotonic set z {  lt  such that Pr((X,Y) є A) = 1. 
                                                           
5
 Implicit copulas are copulas with no simple closed form whereas explicit copulas have a simple closed form. 
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Another important feature is the invariance property which states that the dependence 

structure captured by a copula is invariant under strictly increasing transformations of the 

marginals.   

If we define 
 : lt  B  l, = � 1,2 to be two increasing functions almost surely, the marginals 

of the random variables α1(X) and α2(Y) are transformations of the related Fi: 


�	6�~2�	
����  , 
	r�~2	
��� 
Let Hi denote the marginals 2 	
 ��� for i = 1,2, the theorem of Schweizer & Wolff (1976, 

1981) states: 

X and Y are two continuous random variables with marginal distribution functions F1, F2 and 

copula C. If α1 and α2 are two transformations, increasing almost surely, the random variables 

α1(X) and α2(Y) which have marginal distribution functions ~� � 2�	
����, ~ � 2	
��� 
and joint H 

~	`, H� � Pr 	
�	6� 7 `, 
	r� 7 H� 
have the same copula C: 

~	`, H� � cg~�	`�, ~	H�h. 
This becomes very useful in Section 3.7 when we map the marginals in a different space by 

applying the probability integral transformation in order to estimate the copula.  

3.4  Measures of Dependence 

3.4.1  Linear Correlation 

Since we have introduced copulas it is interesting to know how the dependence measured by a 

copula fits in the much more familiar concept of correlation. Again, the discussion is 

restricted to the bivariate case.   

Embrechts et al. (2002) mention four desirable properties which a dependence measure should 

have. If we denote δ(· , ·) to be a dependence measure that assigns a real number to any pair of 

real-valued random variables X and Y, then this measure should have the following 

properties: 

1. δ(X,Y) = δ(Y,X) (symmetry). 

2. -1 ≤ δ(X,Y) ≤ 1 (normalization). 
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3. δ(X,Y) = 1 ↔ X,Y comonotonic ; δ(X,Y) = -1 ↔ X,Y countermonotonic. 

4. For strictly monotonic transformation T: l → l of X: 

�	k	6�, r� � | �	r, 6�k =?(:b;a=?e��	r, 6�k Eb(:b;a=?e.} 
The well known Pearson linear correlation coefficient only satisfies property 1 and 2 stated 

above and is defined by: 

��� � (9o	6, r�#�#�  

where cov(X,Y) is the covariance between X and Y and σX and σY are the standard deviations 

of X and Y respectively. The Pearson correlation coefficient measures linear dependence and 

it is invariant only under strictly increasing linear transformations. The correlation measure 

does not stay invariant under non-linear increasing transformations. In general: ρ[T(X),T(Y)] 

≠ ρXY for T: l → l which describes a violation of property 4. Furthermore, the correlation 

coefficient is not defined for some very heavy-tailed distributions since such distributions 

may exhibit non-existing second moments (Embrechts et al., 2002). In Section 4.2, we 

encounter financial time series which possess such heavy tails. Furthermore, let us consider 

the following example: A = (-1,0,1)′ and B = A2 = (1,0,1)′. A and B are uncorrelated but 

obviously not independent. Thus, zero correlation does not generally imply independence.6 

However, if the distribution comes from a multivariate elliptical family, then dependence is 

fully determined by the correlation matrix and correlation equal to zero implies independence. 

Finally, the attainable values of the Pearson correlation coefficient depend on the marginal 

distributions F1(X) and F2(Y). We have seen that the Frechet-Hoeffding bounds determine the 

bounds for the maximum and minimum attainable values. In the case of the Pearson linear 

correlation coefficient, these values can be very different from -1 and 1 and hence property 3 

is violated.  

3.4.2  Rank Correlation 

If we define X and Y as random variables with margins F1(X), F2(Y) and joint distribution 

F(X,Y), Spearman’s rank correlation is given by: 

                                                           
6
 This is an example for illustrative purposes to show that correlatedness and independence are two very 

different concepts. We do not require "δ(X,Y) = 0 ↔ X,Y are independent"  to be an additional desired 

property since no dependence measure would fulfill this criterion together with property 4. However, it is 

possible to include this additional property but at the price of getting a dependence measure that can no 

longer distinguish between positive and negative dependence; see Embrechts et al (2002).  
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��	6, r� � �g2�	6�, 2	r�h, 
where ρ is the ordinary linear correlation. ρS(X,Y) is called "Spearman’s Rho". 

Let (X1,Y1) and (X2,Y2) be two iid pairs of random variables from the joint distribution 

F(X,Y), then Kendall’s rank correlation is given by: 

��	6, r� � Pr�	6� � 6�	r� � r� � 0� � Pr�	6� � 6�	r� � r�} V 0� , 
and ρτ(X,Y) is called "Kendall’s Tau". Pr�	6� � 6�	r� � r� � 0� denotes the probability of 
concordance whereas Pr�	6� � 6�	r� � r�} V 0� is the probability of discordance. Loosely 
stated, concordance expresses the probability of X and Y both taking on large or small values. 

Discordance means that X tends to take on large values when Y takes on small values and 

vice versa. 

McNeil et al. (2005) describe rank correlations as scalar measures of dependence which 

depend only on the copula and not on the marginal distributions. In contrast, linear correlation 

depends on both. Since rank correlation is based on ranks, only the ordering of the data 

matters and not the values itself. In this sense, Spearman’s Rho is the linear correlation of 

F1(X) and F2(Y) which are integral transforms of X and Y.  Furthermore, Spearman’s Rho can 

be seen as the correlation of the copula associated with X and Y. Both Spearman’s Rho and 

Kendall’s Tau are measures of the degree of monotonic dependence between X and Y.  

Embrechts et al. (2002) mentions some important properties of ρS(X,Y) and ρτ(X,Y). Both 

have the properties of symmetry, normalization, comonotonicity and countermonotonicity. 

Furthermore: 

��	6, r� � ��	6, r� � 1 � c � c^, 
��	6, r� � ��	6, r� � �1 � c � c�. 

For ρS(X,Y) = ρτ(X,Y) = 0 independence is a sufficient but not a necessary condition. There 

are distributions which provide rank correlations with value zero although they are dependent 

(see Embrechts et al., 2002). Still, ρS(X,Y) and ρτ(X,Y) satisfy the properties 1 to 4 (as shown 

in Section 3.4) and are thus a more desirable dependence measure in contrast to the Pearson 

linear correlation coefficient. Rank correlation is a copula-based measure whereas linear 

correlation is not. 
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3.4.3  Tail Dependence 

Tail dependence is an asymptotic measure of dependence which focuses on extreme values of 

bivariate distributions. It considers concordance in the upper and lower tails of a distribution. 

Since extreme downside risks are of special interest in a risk oriented context, tail dependence 

measures provide a useful tool to investigate if there is dependence in the tails of a bivariate 

distribution and how strong it is. Tail dependence between two random variables X and Y is a 

copula property and it is invariant under strictly increasing transformations. We define tail 

dependence as limiting conditional probabilities of quantile exeedances according to 

Embrechts et al. (2003): 

X and Y are random variables with margins F1(X) and F2(Y). The coefficient of upper tail 

dependence is given by: 

�] � lim�B�C Pr 	r � 2�� 	n�� 6 �  2���	n�h, (3.4) 

 

provided that a limit λU є [0,1] exists. If λU є (0,1] exists, then λU = 0 states that X and Y are 

asymptotically independent and otherwise, we say that X and Y exhibit upper tail dependence. 

The above stated expressions represent, in case of upper tail dependence, the limit of the 

conditional probability of Y exceeding the q-quantile q given that X exceeds the q-quantile 

when q tends to one. In an analogue way we can state this for lower tail dependence which is 

given by: 

�X � lim�B�� Pr 	r 7 2�� 	n�� 6 7  2���	n�h, 
 

(3.5) 

 

provided that a limit λL є [0,1] exists. If λL є (0,1] exists, then λL = 0 states that X and Y are 

asymptotically independent and otherwise, we say that X and Y exhibit lower tail dependence.  

Looking at the expressions (3.4) and (3.5), it is easy to see that these expressions can be 

reformulated in terms of a copula if we define C to be the copula of X and Y: 

�] � lim�B�C
c� 	n, n�1 � n , (3.6) 

 

 

�X � lim�B��
c 	n, n�n . (3.7) 
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c�  denotes the survival copula and c�	n, n� � Pr	q � n, � � n�  with q � 2���	6�, � �2��	r�. Formulation of tail dependence in terms of a copula proofs to be useful when the 

copula has a closed form. In these cases, the calculation is simpler using (3.6) and (3.7) than 

(3.4) and (3.5). 

3.5  Univariate distributions 

At this point we briefly describe the univariate distributions which we use in the inference 

functions for margins method presented in Section 3.7.2. In this method, the parametric 

estimation of the marginals is the first of two steps in the copula estimation process. The 

distribution that fits a risk factor best is chosen by maximum likelihood out of the following 

possible distributions: 

3.5.1  Two-Parameter Distributions 

3.5.1.1  The Extreme Value Distribution 

We consider an extreme value distribution of type 1, namely a Gumbel-type distribution. Its 

probability density function is given by: 

iE8�� � 8	"|�, #� � #��b����� �b�����C�� �� , (3.8) 

 

where µ is the location parameter and σ is the scale parameter. By some simple 

transformations, the type 1 distribution can be transformed into type 2 (Frechet type) and type 

3 (Weibull type) distributions. Detailed information about extreme value distributions can be 

found in Kotz & Nadarajah (2000). For our purpose, it is enough to know that all three types 

can be derived using (3.8).  

3.5.1.2  The Logistic Distribution 

The logistic distribution has the following probability density function: 

iE8X�� � 8	"|�, #� �  #�� b����� �
�1 � b����� �� , 

with location parameter µ and scale parameter σ > 0 for all x є l.  
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 3.5.1.3 The Gaussian (Normal) Distribution 

The Gaussian distribution is characterized by the following probability density function: 

iE8� � 8	"|�, #� �  1#√2� b�	����K�K  , 
with µ denoting the mean, σ2 and σ denoting the variance and standard deviation respectively.  

3.5.2  Three-Parameter Distributions 

3.5.2.1  The Generalized Extreme Value Distribution 

The generalized extreme value distribution has a probability density function split into two 

parts: 

iE8��� � 8	"|�, #, �� �
 ¡¢
¡£#��b¤���^¥����� ��CM¦§��^¥����� ��CMCM¦ ,   89: � ¨ 0

#��b¤���C��C�� �������� �§,   89: � � 0
,}  

with scale parameter µ and shape parameters σ and ξ. The shape parameter ξ controls the tail 

behavior. In the case of ξ = 0, we end up with a type 1 distribution whereas if ξ > 0, we get the 

type 2 and if ξ < 0, it is type 3. More details can be found in Kotz & Nadarajah (2000). 

3.5.2.2  The t-Distribution 

We are using a t-location-scale distribution whose density is given by: 

iE8© � 8	"|�, #, ª� � Γ �ª � 12 �
#√ª�Γ �ª2� ¬ª � �" � �# �

ª 
��®^� �

, 
with location parameter µ, scale parameter σ > 0 and shape parameter ν > 0 (degrees of 

freedom). Γ(·) denotes the gamma function. If we assume x has a t-location-scale distribution 

with parameters µ, σ and ν, then ����� � has a Student t-distribution with ν degrees of freedom. 
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3.6  Bivariate copulas 

Here we present the copulas used for the estimation methods presented in Section 3.7. We 

present the copula definitions in terms of random variables U and V which have standard 

uniform marginals. 

3.6.1  Bivariate One-Parameter Copulas 

3.6.1.1  The Gaussian (Normal) Copula 

The Gaussian or normal copula has the form: 

c�	`, o; w� �  Φ°XY	Φ��	u�,Φ��	v�; θ�, (3.9) 

 

where Φ°XYis the joint distribution function of a 2-dimensional standard normal vector with 

linear correlation coefficient ρXY which is the copula parameter θ in this case. Φ is the 

cumulative distribution function of a standard normal distribution. By looking at expression 

(3.9), it is clear that the Gaussian copula has no simple closed form but we can express it in 

terms of an integral. We get: 

Φ°XY	Φ��	u�,Φ��	v�; θ� � ¶ ¶ 12�	1 � w��.· ¸�	a � 2waH � H�2	1 � w� ¹ EaEHºCM	»�
�L

ºCM	¼�
�L . 

The copula parameter is in the interval -1 ≤ θ ≤ 1. As θ → -1, the Gaussian copula attains its 

lower Frechet-Hoeffding bound (C-) and its upper bound (C+) in the case of θ → 1. In the case 

of independence, θ → 0. The Gaussian copula is able to reflect both positive and negative 

dependence. Embrechts et al. (2002) state that for all θ < 1, the Gaussian copula exhibits 

asymptotical independence. If we just go far enough into the tail, extreme events occur 

independently in each margin. This means we get λU = λL = 0 if θ < 1 and λU = λL = 1 if θ = 1. 

The Gaussian copula is reflection symmetric which means if (U,V) ~ C, then (1-U,1-V) ~ C 

(Joe, 1997). Furthermore, it should be noticed that the Gaussian copula constructs a joint 

normal distribution if and only if the marginals are standard normal. In all other cases, the 

Gaussian copula does not construct a joint normal distribution. Finally, the copula density is 

important for the copula estimation process in Section 3.7 and in the case of the Gaussian 

copula, the density is: 

(�	`, o; w� � 	1 � w���.·b���.·g��½KhCM¾�K^¿K�½�¿À�bg�.·¾�K^¿KÀh. 
 



23 

3.6.1.2  The Frank Copula 

The Frank copula is due to Frank (1979) and is given by: 

cÁ	`, o; w� �  �w�� log ¸1 � gb�½Ä � 1hgb�½Å � 1hb�½ � 1 ¹. 
The dependence parameter θ can take on values in the interval -∞ < θ < ∞. Hence, the 

Frechet_Hoeffding bounds are C- for θ → -∞ and C+ for θ → ∞. In the case of independence, 

θ → 0. We conclude that the Frank copula is able to reflect both positive and negative 

dependence and moreover the dependence is symmetric in both tails but λU = λL = 0 similar to 

the Gaussian copula. The Frank copula possesses reflection symmetry and is capable of 

reflecting strong dependence in the center of the distribution but dependence in the tails 

cannot be captured very well by this type of copula. For additional details about the Frank 

copula see Genest (1987). The density of the Frank copula is given by: 

(Á	`, o; w� �  wg1 � b�½hb�½	Ä^Å��	1 � b�½� � 	1 � b�½Ä�	1 � b�½Å�� . 
 

3.6.1.3  The Plackett Copula 

The Plackett copula is proposed by Plackett (1965).  It is defined by: 

cÆ	`, o; w� �  0.5	w � 1���	1 � 	w � 1�	` � o�
� Èg1 � 	w � 1�	` � o�h � 4w	w � 1�`oÉ�.·, 

where the dependence parameter θ can take values in the interval 0 ≤ θ < ∞. The Plackett 

copula has both Frechet-Hoeffding bounds in its permissible range; C- for θ → 0 and C+ for θ 

→ ∞. If θ → 1, independence is implied. The Plackett copula is capable to reflect both 

positive and negative dependence but asymptotically, there is independence in the tails, i.e. λU 

= λL = 0. Similar to the Frank copula, the Plackett copula has symmetric dependence in both 

tails of the distribution but it is capable of capturing stronger dependence in the tails than the 

Frank copula. The Plackett copula possesses reflection symmetry. The density of the Plackett 

copula is given by: 

(Æ	`, o; w� � Èg1 � 	w � 1�	` � o�h � 4w	w � 1�`oÉ��.· w�1 � 	w � 1�	` � o � 2`o�� . 
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3.6.1.4  The Clayton Copula 

The Clayton copula is proposed by Clayton (1978) but first studied by Kimeldorf & Sampson 

(1975). It has the form: 

cÊËÌ¿	`, o; w� � g`�½ � o�½ � 1h��½ , (3.10) 

 

 

where the dependence parameter θ lies in the interval 0 < θ < ∞. The Clayton copula only 

reaches the Frechet-Hoeffding upper bound C+ when θ → ∞, but this type of copula cannot 

attain C-. If θ → 0, this indicates independence. The Clayton copula exhibits lower tail 

dependence for θ > 0 which is given by  

�X � 2���½�. (3.11) 

 

Conversely, λU = 0 and thus the Clayton copula has asymptotic independence in the upper tail. 

The Clayton copula is appropriate if the data exhibits joint extremes in the left tail (i.e. joint 

large losses). It has to be noted that the expression in (3.10) is slightly simplified because we 

restrict the dependence parameter θ to be positive and hence no negative dependence can be 

accounted for by the Clayton copula. In fact, it possible for the Clayton copula to attain C- by 

a slight modification of (3.10) but for our purposes this is not needed. For more details see 

Embrechts et al. (2003). The Clayton density is given by: 

(ÊËÌ¿	`, o; w� � 	1 � w��`o��½��g`�½ � o�½ � 1h���½ . 
We also use a rotated Clayton copula to account for upper tail dependence. Even though, the 

rotated Clayton copula has strong similarities with the Gumbel copula, there are situations 

where one specification is superior over the other in fitting the data. The rotated Clayton 

copula has the form 1-CClay(u,v;θ). Hence, the above stated results for the Clayton copula are 

inversed which results in the fact that the rotated Clayton copula captures upper tail 

dependence but is asymptotically independent in the lower tail. The dependence parameter θ 

stays in the same interval, only with reversed interpretation, i.e. now C- is reached as θ → ∞. 

(3.11) stays the same, just replace λL by λU. 
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3.6.1.5  The Gumbel Copula 

The Gumbel copula is first proposed by Gumbel (1960) and has the form: 

c�Ä1	`, o; w� � b	�	� ÍÎÏ	Ä�Ð�ÍÎÏ	Å�Ð�MÐ  , 
where the dependence parameter is in the interval 1 ≤ θ < ∞. The Gumbel copula attains the 

upper Frechet-Hoeffding bound C+ for θ → ∞ and if θ → 1, this corresponds to independence. 

However, the lower bound C- is not in the attainable range of the Gumbel copula and it does 

not allow negative dependence. This type of copula has asymptotic upper tail dependence 

which is given by: 

�] � 2 � 2�½ , (3.12) 

 

but it has lower tail dependence λL = 0. Therefore, this copula can be useful to describe data 

that shows joint extreme co-movement in the upper tail. The Gumbel density has the form: 

(�Ä1	`, o; w� �  c�Ä1	`, o; w�	`o��� �	� log	`��	� log	o���½��
	}� log	`�}½ }� log	o�}½���½ Ñg}� log	`�}½ }� log	o�}½h�½

� w � 1É . 
In analogy to the Clayton copula, we use a rotated Gumbel copula to model lower tail 

dependency. It has the form 1- CGum(u,v;θ) and analogously , it has no upper tail dependence 

while the dependence parameter range stays the same. Replace λU by λL in (3.12). 

3.6.2  Bivariate Two-Parameter Copulas 

3.6.2.1  The t-copula 

The t copula has the following form: 

c©	`, o; w�, w� �  Ò®,ÓgH®��	`�, H®��	o�h , (3.13) 

 

where ν denotes the degrees of freedom which control the heaviness of the tails and ρ is the 

linear correlation coefficient. tν,ρ is the joint distribution function of a 2-dimensional t-

distributed vector with parameters just described. H®��	·�  is the inverse of the cumulative 

distribution function of a standard univariate t-distribution. θ1 corresponds to ρ while θ2 
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corresponds to ν. Like the Gaussian copula, the t-copula is an implicit copula and (3.13) has 

no closed form. We can rewrite (3.13) in integral form though: 

Ò®,ÓgH®��	`�, H®��	o�h �  ¶ ¶ 12�	1 � w���.·
©ÐMCM	Å�

�L
©ÐMCM	Ä�

�L Ñ1 � 	a � 2w�aH � H�w	1 � w�� Õ�	½K^� EaEH, 
where the dependence parameter θ1, since it is the linear correlation coefficient, can attain 

values in the interval -1 ≤ θ1 ≤ 1. Hence, both the Frechet-Hoeffding lower and upper bound is 

in the range of the t copula, i.e. C+ is reached as θ1 → 1 and C- is reached as θ1 → -1. In the 

case of independence, θ1 → 0. θ2 ϵ l^. If θ2 → ∞, the t-copula approximates the Gaussian 

copula. The t-copula has reflection symmetry as it is a copula of an elliptical distribution.7 

Therefore, λL = λU = λ which is given by 

� � 2H½K^� ¤�Ö	w � 1�	1 � w��1 � w� § , 
which demonstrates that a t-copula has asymptotic dependence in both tails given that θ1 < -1. 

The strength of the tail dependence increases as, ceteris paribus, ν decreases or ρ increases. 

The density of a t-copula is defined by: 

(©	`, o; w�, w� �  w��.· Γ �w � 22 � Γ �w2 �
Γ �w � 12 �  ¸1 � H½K��	`� � H½K��	o� � 2w�H½K��	`�H½K��	o�wg1 � w�h ¹

¸1 � H½K��	`�w ¹�	½K^� ¸1 � H½K��	o�w ¹�	½K^�  . 

3.6.2.2  The Symmetrized Joe-Clayton Copula 

The symmetrized Joe-Clayton copula is proposed by Patton (2006) and it is a modified 

version of the Joe-Clayton copula, also known as BB7 copula as Joe (1997) names it. The 

BB7 copula is given by 

c��×	`, o; w�, w�
� 1 � Ø1 � Èg1 � 	1 � `�½Mh�½K � g1 � 	1 � o�½Mh�½K � 1É� �½K Ù

�½M  , 
(3.14) 

 

where w� � �Ë��K	�ÚÛ�   , w � � �Ë��K	ÚÜ�  ;?E w� J 1, w � 0 
                                                           
7
 Note that the t copula itself is not an elliptical distribution. 



27 

Both λU and λL are upper and lower tail dependence parameters as usual. They are given by: 

�] � 2 � 2 �½M  , =?Ebib?Eb?H 98 w , 
�X � 2� �½K  , =?Ebib?Eb?H 98 w�. 

The Frechet-Hoeffding upper bound C+ is reached when both θ1 and θ2 → ∞ which is the case 

if λU → 1 and λL → 0. Similarly, C- is reached if θ1 → 1 and θ2 → 0 which is the case if λU → 

0 and λL → 1. Independence is indicated when λU = λL = 0. Patton (2006) notes that a major 

drawback of expression (3.14) is its asymmetry even if λU = λL and a more desirable feature 

would be if the tail dependence parameters completely control the asymmetry. Therefore, the 

symmetrized Joe-Clayton copula is proposed: 

c��Ê	`, o; w�, w�� 0.5	c��×	`, o; w�, w�} � c��×	1 � `, 1 � o; w�, w� � ` � o � 1� . (3.15) 

 

 

In (3.15), λU = λL denotes symmetry. The copula density of the symmetrized Joe-Clayton 

copula is derived from the BB7 copula density. The latter has the form: 

(��×	`, o; w�, w� � zÝ , (3.16) 

 

where A and B are tedious expressions which can be found in Appendix B. The symmetrized 

Joe-Clayton density follows directly from (3.16): 

(��Ê	`, o; w�, w� � 0.5g(��×	`, o; w�, w� � (��×	1 � `, 1 � o; w�, w�h. 
 

3.7  Copula Estimation 

Now we present techniques to estimate which of the parametric copulas presented in Section 

3.6 describe the data the best. Since copulas cannot be estimated directly without having 

specified the marginals, we need to estimate the marginals first. There are basically three 

estimation methods for the marginals and the copulas based on maximum likelihood. The 

estimation methods are the full maximum likelihood, the inference functions for margins 

(IFM) and the pseudo log-likelihood (PLL) method. We will concentrate our attention on the 

latter two models but introduce the full maximum likelihood method nevertheless since the 
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other two methods are based on it. In the empirical application, we will use both the IFM and 

PLL method and compare which model delivers better results. 

3.7.1  Full Maximum Likelihood 

Let us consider a two-dimensional vector of random variables X = (X1, X2)'. We want to 

estimate the parametric copula-based model for X which is given by: 

2	Þ; ß�, ß, à� � c	2�	"�*; ß��, 2	"*; ß�; à� , á � 1,2, … , ? , (3.17) 

 

where Fi(xik;φi) is the distribution function of Xi and φi ϵ lâ 	ã >  ä� denotes the parameter 

vector of the univariate marginals with i = 1,2. C is a parametric copula which is fully 

parametrized by à å læ 	ç >  ä�. The density of (3.17) is given by: 
8	Þ; ß�, ß, à� � (	2�	"�*; ß��, 2	"*; ß�; à�8�	"�*; ß��8	"*; ß� , á � 1,2, … , ? , 

where c(Fi(xi;φi)) is the copula density with i = 1,2. We further suppose to have an i-

dimensional data vector with k = 1,…,n iid observations (x1i,x2i,…,xni) and i = 1,2. Assuming 

that the usual regularity conditions (e.g. Shao, 1999) for asymptotic maximum likelihood hold 

for the marginals as well as for the copula, the log-likelihood function becomes 

è	ß�, ß, à; Þ� � \ log (	2�	"�*; ß��, 2	"*; ß�; à�3
*!� � \ \ log8 	" *�3

*!�


 !�  . (3.18) 

 

Maximizing (3.18) gives maximum likelihood vectors ß�   for the marginal parameters and àé  
for the copula parameters. The exact maximum likelihood method is the most direct approach 

but it may be computationally intensive because of the joint estimation of all parameters. 

Therefore, we propose a two-step approach which is not only computationally less demanding 

but also has the advantage of being more intuitive.  

3.7.2  The Inference Functions for Margins (IFM) 

The IFM method exploits a fundamental result in copula theory which we have already 

introduced. This result states that marginal distributions and the copula can be treated 

separately. Hence, we can estimate the marginal parameters in a first and the dependence 

parameters in a second step after having substituted the estimated marginal parameters into 

the estimation function of the second step. The IFM method is a fully parametric estimation 

procedure which means that the marginals as well as the copula are parametrically specified.  

The IFM method was first proposed by Joe & Xu (1996) in a copula context. 



29 

Starting with the first step, we want to estimate the marginal distribution parameters ß�   for 
each univariate margin. Therefore, we need to estimate the following log-likelihood function: 

è 	ß ; Þ� � \ log 8 	" *; ß �3
*!�  , = � 1,2 , 

 

which results in solving  

¸xè 	ß ; Þ�xê� , xè 	ß ; Þ�xê , … , xè 	ß ; Þ�xêâ ¹ � 0, = � 1,2 . (3.19) 

 

 

After (3.19) is solved for each parametric model of the univariate marginal distributions from 

Section 3.5, the one marginal distribution model is chosen which fits the data best. The 

ranking is based on the Akaike information criterion (AIC) which is given by 

z0c �  �2è 	ß�  ; Þ� � 2i , 
where p is the number of parameters of the according fitted distribution. The lowest AIC 

value indicates the preferred model. Obviously, the AIC penalizes overfitting, i.e. it penalizes 

increasing numbers of estimated parameters.  

Once we have calculated the estimated parameter values ß�  , we transform the observations of 

the univariate time series for each marginal into so called pseudo-observations by applying 

the probability-integral transformation: 

�2ë�	"�*�, 2ë	"*��ì � 	q�* , q*�ì , á � 1,2, … , ?. 
2ë�and 2ë are the fitted distributions according to the best fitting parametric model for the 

marginals. The probability integral transformation maps the observations into the unit square. 

In the second step, we use the obtained estimates ß� í  and insert them into (3.18) and 

maximize: 

è	ß��, ß�, à; Þ� � \ log (g2ë�	"�*; ß���, 2ë	"*; ß��; àh3
*!�  , 

which results in solving  
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¸xè	ß��, ß�, à; Þ�xw� , xè	ß��, ß�, à; Þ�xw , … , xè	ß��, ß�, à; Þ�xwæ ¹ � 0 . 
The choice of the best fitting parametric copula model is based on the lowest AIC-value. 

Cherubini et al. (2004) pose the question if the IFM method is asymptotically efficient 

compared with ordinary maximum likelihood estimation. Joe (1997) delivers a proof where he 

shows that, under certain regularity conditions, the IFM estimator has the property of 

asymptotic normality and is highly efficient compared with ordinary maximum likelihood. 

3.7.3  Pseudo Log-Likelihood (PLL) 

The PLL method, also sometimes called Canonical Maximum Likelihood, goes back to 

Genest & Rivest (1993). They also proposed a two-stage approach but in contrast to the IFM 

method, the PLL method uses a non-parametric approach for the estimation of the marginals 

in the first step. Since observed data can exhibit distributions which are hard to capture by a 

parametric model for the margins, Genest & Rivest (1993) drop any parametric assumptions 

and use an empirical distribution function instead. The second step is virtually the same as for 

the IFM method where a parametric copula model is fitted to the data. Due to this structure, 

the PLL method is a semi-parametric approach.  

In the first step, the non-parametric estimation for the marginals is performed by an univariate 

kernel density estimator. This is a slight deviation from the literature where the application of 

the empirical distribution function is proposed for the PLL method (e.g. Dias, 2004; McNeil 

et al., 2005). However, the two approaches are very similar and the kernel estimator can be 

considered as a smoothed version of the empirical distribution function. A kernel is a 

symmetric weight function K(x) satisfying 

¶ î	"�E" � 1L
�L  , 

which means that a kernel is normalized function (Silverman, 1986). The kernel density 

estimator is given by (Rosenblatt, 1956): 

8�é �  1?I \ î �"* � "I � ,3
*!�  

(3.20) 

 

where h is the bandwidth parameter and n the sample size. Without going into further details, 

we use the Epanechnikov kernel function by default which defines the shape of the “bumps” 
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of the density estimate. Furthermore, the bandwidth determines the smoothness of the density 

and a data-based automatic bandwidth is chosen which can be found in Silverman (1986).  

After applying (3.20) we get a two-dimensional vector xk = (x1k,x2k)' with k = 1,2,…,n where 

the observations in each dimension of the vector have to be transformed to pseudo-

observations analogous to the IFM method: 

�2ëë�	"�*�, 2ëë	"*��ì � 	q�* , q*�ì , á � 1,2, … , ?. 
2ëë�and 2ëë are the fitted distributions according to the non-parametric model for the marginals. 

 The pseudo log-likelihood function is given by 

è	à; Þ� � \ log ( �2ëë�	"�*�, 2ëë	"*�; à�3
*!�  . (3.21) 

 

Maximizing (3.21) with respect to θ results in the estimates for the copula parameters. Again, 

the best model fit is evaluated according to the lowest AIC-value. 

It has to be mentioned that the efficiency of the PLL estimator has not yet been proven for all 

copula families. Genest & Werker (2002) are able to deliver both a necessary and sufficient 

condition for asymptotic efficiency of the PLL estimator. However, they can show that these 

conditions do hold for the Gaussian as well as for the independence copula but not for the 

Farlie-Gumbel-Morgenstern family 8 . Dias (2004) consequently concludes that a new 

estimator has to be found where the marginals can be estimated non-parametrically. In lack of 

better alternatives, we use the PLL estimator nevertheless but we keep this limitation in mind. 

3.8  Copula Simulation 

At this point, we have all the parameters of the marginal model as well as those for the copula 

model. Now we are able to simulate from a parametric copula with arbitrary marginals. Such 

a setting, where a distribution is constructed with a certain copula and arbitrary marginals is 

called a meta distribution (McNeil et al., 2005). A simulation method that is applicable to all 

copula families and which is used in this thesis is the conditional sampling method. We 

briefly describe this method following Cherubini et al. (2004) and Nelsen (2006).  

                                                           
8
 The Farlie-Gumbel-Morgenstern family is not discussed in this thesis but can be found in Joe (1997) or Nelsen 

(2006). 
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What we need are two vectors of length n of independent standard uniformly distributed 

random variables (u,v) which have a specific copula C as their joint distribution function. We 

have to note that this copula is the copula of X and Y. The conditional sampling method 

describes the generation of (u,v). The conditional distribution of V given U is: 

(Ä	o� � Pr	� 7 o|q � `� . 
Furthermore, the following relation holds: 

(Ä	o� � limïÄB� c	` � Δ`, o� � c	`, o�Δ` � xc	`, o�x`  . 
It can be shown that the partial derivative of the copula C(u,v) with respect to u is a non-

decreasing function and exists for almost all v ϵ [0,1]. See Nelsen (2006) for a proof. Now 

we are able to generate the desired pair (u,v). First, we generate two series of independent 

uniformly distributed random variables (u,w) ϵ [0,1], where u is already the first series of the 

desired pair (u,v). Next, the quasi-inverse of cu(v) has to be calculated
9: 

o � (Ä��	G� , 
where (Ä��is the quasi-inverse of cu(v). This way, we get the second series v of the pair (u,v).  
In the following, we wish to transform the random pseudo-sample (u,v) back to the original 

scale of the data. This can be done by applying the quantile transformation on the pseudo 

observations from the IFM and PLL method: 

g6ë, rëhì � �2ë���	`�, 2ë��	o��ì  =? HIb (;ab 98 HIb 02ñ .bHI9E , 
�6ëë, rëë�ì � �2ëë���	`�, 2ëë��	o��ì  =? HIb (;ab 98 HIb òóó .bHI9E.  

g6ë, rëh and �6ëë, rëë� are the simulated data points for each margin X and Y from the IFM and 

PLL method respectively.  

3.9  Hedge Fund Return Replication 

Since we want to estimate the risk measures value at risk and expected shortfall, we first have 

to create one return series for each margin (i.e. for each risk factor) from the two vectors of 

                                                           
9
 The term quasi-inverse is labeled so by Nelsen (2006) but generally describes nothing more than the ordinary 

inverse function.  
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simulated data points. For this purpose, we need the factor loadings (the betas) which 

determine the weights for each of the simulated series X and Y. The regression constant (the 

alpha) is added only if it is significant at a confidence level of 5%. Analytically:  

uë � 
y � '�6ë � 'rë ,  
uëë � 
y � '�6ëë � 'rëë , 

where α* is the regression constant which is significant at the 5% confidence level or better, βi 

are the factor loadings with i = 1,2 and uë and uëë are the simulated hedge fund returns of a 

certain hedge fund strategy from the IFM and PLL method respectively.  

In order to compare the simulated return distributions with the return distribution of the 

empirical data, we perform a two-sample Kolmogorov-Smirnov test. The null hypothesis 

states that both samples originate from the same distribution. This test has the following test 

statistic: 

ô � sup� |2�,3	"� �2,3	"�| , 
where sup denotes the supremum and Fi,n(x) is the empirical distribution function of a given 

sample i with i = 1,2. In our case, the sample i consists of the simulated return distributions 

from either the IFM or PLL method which are compared with the empirical return distribution 

of a certain hedge fund style.  The empirical distribution function is defined by: 

23	"� � 1? \ ÷�øù�
3

*!�  , 
where ÷	ú� is the indicator function which is equal to 1 if A is true and zero otherwise.  
3.10  Value at Risk and Expected Shortfall Estimation 

Value at risk is the maximum loss that is not exceeded with a specified confidence level. 

Value at risk is simply a quantile of a given return distribution where the returns have to be 

sorted in a descending order. All positive return values are set equal to zero. Value at risk is 

given by 

�;uû � inf	< >  l: 2X	<� J  1 � ü� � 2N	1 � ü� , 
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where ü is the confidence level, < is a realization of the random variable L which represents 

the loss function. It has to be noted again, that we model losses in the left tail and therefore 

the quantile is 1 � ü. The time horizon is one month. Since we deal with discrete data, we just 

have to use the empirical quantile.  

Value at risk is a risk measure which is probably the most often used one in the financial 

industry. We therefore include it in this thesis but it has to be stressed that value at risk is not 

a very good risk measure. First of all, value at risk does not say anything about the loss 

severity in the case where the threshold is exceeded, that is, value at risk does not give any 

intuition how the tail of a distribution may look like. This is particularly dangerous when we 

deal with fat tailed distributions. Value at risk is consequently not able to capture tail risk 

adequately. Furthermore, value at risk has bad aggregation properties as it lacks the 

subadditivity property. Value at risk is therefore a non-coherent risk measure (Artzner et al., 

1999).  

A better and coherent risk measure is expected shortfall. It is defined as the conditional 

expected value of the loss given that value at risk is exceeded or differently stated, expected 

shortfall is the average loss in the worst 	1 � ü� y 100% of all cases. Analytically: 

þ�û � þgó�ó J �;uûh. 
Value at risk and expected shortfall are computed for the simulated returns uë and uëë as well as 
for the empirical returns. Both risk measures are computed at typical confidence levels 0.95, 

0.975 and 0.99. 

 

4.  Empirical Application 

4.1.  Characteristics of Hedge Fund Return Distributions 

Most of the traditional finance is based on the assumption of normally distributed returns. 

Cornerstones in finance like the Markowitz portfolio optimization (Markowitz, 1952) and the 

CAPM (Sharpe, 1964) assume normal returns. However, this assumption is unjustified 

because most financial returns exhibit third and fourth statistical moments different to those of 

a normal distribution. Return distributions are often asymmetric and exhibit fat tails. The 

recent financial crisis of 2008 also made painfully clear that the dynamics of the financial 

markets are following everything but a normal distribution. Therefore, greatest attention 



35 

should be paid to understand the market dynamics correctly. Table 4.1 shows the descriptive 

statistics of the returns for the 12 hedge fund strategies and additionally, a global equity 

(MSCI World) and bond index are provided (JP Morgan Global Government Bond Index) for 

comparability. A number of peculiarities are evident. First of all, the Jarque-Bera test statistic 

shows that all but one return series are non-normally distributed given a critical confidence 

level of 5%. The only exception is the global bond index which exhibits returns which seem 

to be normally distributed. The significant Jarque-Bera test statistics are a result from the 

higher moments of the hedge fund returns.  

There is no generally agreed systematization of hedge fund strategies available up to now. In 

order to classify the strategies, we use the classification approach of Eling (2006) who 

basically distinguishes three types of hedge fund classes namely market neutral, event driven 

and opportunistic. The class of market neutral hedge funds tries to exploit temporal 

differences in prices between similar asset classes and hedge most of the market risk by 

engaging in according offsetting positions. In our case, the fixed income arbitrage, convertible 

arbitrage and equity market neutral strategy fall into the class of market neutral hedge funds. 

The event driven class summarizes the distressed securities, merger arbitrage and event driven 

strategy. The event driven class, as the name suggests, speculates on the occurrence of certain 

corporate events. The opportunistic class includes the commodity trading advisor 

(systematic), global macro, emerging markets, equity long / short, sector and short bias 

strategies. The strategies in this class have in common that they try to anticipate certain moves 

in prices of various asset classes. 

The hedge funds in the market neutral class exhibit high kurtosis values and they are among 

the riskiest hedge fund strategies with exception of the convertible arbitrage strategy. The 

convertible and fixed income arbitrage strategies exhibit a high kurtosis and a negative 

skewness. This results in a long left tail. From the minimum values we can observe that the 

downside risk is more pronounced than the upside potential. However, the convertible 

arbitrage strategy has a low overall risk while the fixed income arbitrage strategy has an 

overall risk which is extremely high. The equity market neutral strategy has a positive 

skewness but also a high kurtosis. It is also a risky strategy in terms of the standard deviation 

which is the third highest among all strategies.  

The funds in the event driven class have generally a negative skewness and a high kurtosis in 

common. Therefore, the left tail risk is increased. This is typical for such strategies as they are 



36 

prone to event risk which is more pronounced in bad market conditions (e.g. Agarwal & Naik, 

2004). 

With the exception of the emerging markets strategy, the opportunistic hedge fund class 

exhibits a relatively low kurtosis. The skewness can be positive as well as negative. The 

emerging markets strategy somehow behaves different as it shows a very high kurtosis as well 

as a large negative skewness.  

Generally, we observe that the hedge funds with the highest kurtosis are also those which 

exhibit the highest negative skewness. This constellation results in a long left tail, i.e. a 

significant downside risk. 

 

Table 4.1: Descriptive statistics of the return series from 12 single hedge funds following different strategies. 
The inclusion of the MSCI World and JP Morgan Global Government Bond Index serves for the purpose of 

comparison.  The p-value belongs to the Jarque-Bera test statistic. 

 

4.2.  Dependence Analysis 

In the following, we analyze each of the 12 hedge fund strategies in order to find out which 

risk factors are the main risk drivers and how these risks behave together. A big advantage of 

working in a bivariate setting is the possibility of graphical analysis which facilitates the 

accessibility in our opinion. Therefore, we utilize this possibility and provide graphical 

assistance throughout.   
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4.2.1  Commodity Trading Advisor (Systematic) 

The hedge fund under consideration is called "Quicksilver Trading Diversified Program" 

launched by Quicksilver Trading Inc.. There is not much more information provided in the 

CISDM database except that the fund follows a trend following strategy which is a trading 

strategy that relies mostly on quantitative models to identify a trend, follow it and leave it just 

in time as the trend is about to end. Table 4.2 reveals that the two main risk drivers in this 

fund are a spread based strategy based on Fama & French’s (1993) book-to-market factor 

(High-Minus-Low or HML for short) and an exposure to the Sais Group Future Index (SGFII) 

which is an index representing long and short positions in 25 different contracts for futures. 

The SGFII was essentially launched to mimic trend following strategies and it captures risk 

premia that hedgers are transferring, i.e. an investor in the SGFII owns the price volatility in a 

certain market.10 The SGFII gains from large price movements and exhibit a risk profile that 

resembles a long straddle option profile. This is a characteristic in trend following strategies 

first observed by Fung & Hsieh (2001). The exposure to the SGFII is quite high with a factor 

loading larger than 1 indicating that leverage is involved. It has to be noted that the exposure 

to the HML factor is negative which means that the hedge fund is long growth stocks and 

short value stocks most of the time. Alpha is statistically significant and it would yield 12.6 % 

p.a. which would be attributable to management skill. Obviously, this number appears way 

too high. Since the regression roughly explains 43% of the hedge fund returns, the high alpha 

value will most likely decrease or even disappear if more significant risk factors are added.  

 

Table 4.2: Identified risk factors in the commodity trading advisor strategy, resulting from the application of the 
factor model. The coefficient indicates the factor loading. Additionally, the standard errors of the coefficients, 

the t-test statistics and the corresponding p-values are calculated.  

 

Before we continue with the analysis, we have to make a small adjustment in this case. We 

have opposite signs in the factor loadings and if we want to capture losses in the left tail of the 

distribution, we need to change the sign of the HML return series. A decreasing value in the 

SGFII and a decreasing value in the HML would then correspond to a joint loss which is 

                                                           
10

 For more information about the Sais Group Future Index the reader is referred to Jaeger et al. (2002). 
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represented in the left tail. In this case, the "inversed" HML factor is relabeled as HML NEW. 

Figure 4.1 shows the scatter plot of the HML NEW and the SGFII. Table 4.3 reveals that the 

appropriate univariate marginals in the parametric IFM approach are the t distribution for the 

HML NEW and the logistic distribution for the SGFII. The parameters for the t distribution 

are µ = -0.001, σ = 0.025 and ν = 2.558 and for the logistic distribution, they are µ = 0.01 and 

σ = 0.02. Figure 4.2 shows the probability-integral-transformed returns of the two risk factors 

for the IFM and PLL method and Table 4.4 delivers correlation measures computed on the 

pseudo observations.  

 

Figure 4.1: Scatter plot with univariate marginal histograms showing the two identified risk factors HML NEW 
and SGFII. 

 

 

Table 4.3: Results from the estimation of the marginal distributions for the two identified risk factors HML NEW 
and SGFII. LL denotes the log-likelihood function value and AIC the value of Akaike’s information criterion. EV 

and GEV are the extreme value and generalized extreme value distribution respectively. In the IFM method, the 

best marginal models to describe the HML NEW and SGFII are the t and logistic distribution respectively. 
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Figure 4.2: Pseudo observations with univariate marginal histograms of the two identified risk factors HML 
NEW and SGFII in the IFM and PLL method.  

 

 

Table 4.4: Correlation measures computed on the pseudo observations. ρXY, ρS and ρτ are the Pearson linear 
correlation coefficient, Spearman’s Rho and Kendall’s Tau respectively.  

 

A first look at the pseudo observations in Figure 4.2 shows relatively even distributed data 

points across the diagram and the correlation measures are almost zero which probably 

indicates almost independence between the two risk factors. Next, the copula fits are 

performed and tail dependence measures are computed. Table 4.5 summarizes these results. 
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Table 4.5: Copula estimation results for the two identified risk factors HML NEW and SGFII in the IFM and 
PLL method. θ1 and θ2 are the copula parameters. Neg. LL denotes the negative log-likelihood function value 

and AIC is the Akaike information criterion. λL and λU are the lower and upper tail dependence parameters 

respectively. In the IFM and PLL method, the Gumbel copula describes the dependence structure of both risk 

factors the best. 

 

Obviously, all applied copula models show bad fits which is no surprise since we observed 

very evenly distributed data points in the scatter plots of the pseudo observations. The IFM 

and PLL method identify the Gumbel copula as the most appropriate copula. However, the 

copula parameter is very close to one which justifies the assumption of almost independence 

between the two risk factors although the upper tail dependence is not zero. The two risk 

factors thus do not bear the danger of joint extreme losses.11 Managed futures often claim to 

have low correlation with equity markets.12  The findings here may be evidence for this 

hypothesis in the even striker sense of independence. However, care has to be taken because 

over 50 % of the hedge fund returns (according to the adjusted R2 in the regression) are yet 

unexplained. Next, 10,000 pairs of simulated uniformly distributed random numbers are 

generated with the Gumbel copula as their joint distribution function and Figure 4.3 shows the 

resulting scatter plots. There is no noticeable clustering of data points as we would expect it in 

the case of (almost) independent random variables. By applying the quantile transformation, 
                                                           
11

 The slightly positive upper tail dependence parameter suggests the possibility of joint extreme gains.  
12

 In our case, the HML NEW represents an equity risk even if it is a spread-based risk. 
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we transform the pseudo observations back to the original scale of the data as Figure 4.4 

shows. Here we see an apparent difference between the IFM and PLL method. The 

parametrically estimated marginals of the two risk factors take on more extreme values than it 

is the case in the non-parametric estimation. This is especially apparent in the parametrically 

estimated marginal distribution for the HML NEW factor where some observations are above 

+100 % per month and some taking on values of -40 % per month and worse. This is more 

than 5 times higher than the extreme observations measured in the PLL method for the 

simulated HML NEW. The reason for this is the degrees of freedom parameter of 2.55 in the 

marginal t distribution which results in a very fat tailed distribution. Such a distribution is 

capable of producing simulated observations that are very far out in the tails. In contrast, 

working with the kernel density estimator does not yield such extreme tail events. 

Furthermore, the scatter plot in the PLL method shows some gaps between clusters of data 

points. This is a typical pattern when we work on basis of an empirical distribution function. 

When the data frequency is zero in a certain range of return values, the kernel estimator 

assigns a zero probability in the simulation to this range of values. The observation of more 

extreme values in the IFM method also holds true for the simulated SGFII but since the 

marginal model is based on the logistic distribution, the simulated observations are less 

extreme than it is the case for a t-distribution with very low degrees of freedom. The values of 

the SGFII only take on slightly higher values in the IFM compared to the PLL method.  
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Figure 4.3: Scatter plots with univariate marginal histograms of 10,000 simulated pseudo observations of 
standard uniform marginals with the Gumbel copula as their joint distribution function. In the IFM method, the 

simulation is done with θ1 = 1.0317 and in the PLL method, θ1 = 1.0321. 
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Figure 4.4: Scatter plots with univariate marginal histograms of quantile transformed pseudo observations to 
transform the data back to the original scale of the HML NEW and SGFII.   

 

Figure 4.5 shows the empirical distribution and the two simulated distributions which base 

upon the replicated returns. The HML NEW factor is inversed again to its original scale in the 

hedge fund return replication. Table 4.6 compares the three distributions and presents value at 

risk and expected shortfall estimates. Striking is the fact that the empirical distribution shows 

the highest numbers for value at risk and expected shortfall on all confidence levels. 

Therefore, the simulations do not create loss-scenarios which are "beyond expectations" when 
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compared to the past empirical observations. The IFM method produces some best case 

scenarios which are far above the maximum of the empirical observations while the worst 

case scenarios are similar in all three distributions. Even though the IFM method creates more 

extreme events than the PLL method, the risk measures for the PLL method are closer to 

those of the empirical distribution which suggests that the latter method assigns more 

probability mass in the lower tail than the IFM method does. The two-sample KS-test is 

significant on a 5 % confidence level for the distribution generated by the PLL method.  

 

Figure 4.5: Histograms of the commodity trading advisor hedge fund return distribution (empirical distribution) 
and the two simulated distributions according to the IFM and PLL method.  

 

 

Table 4.6: Descriptive statistics of the empirical and the two simulated distributions. Additionally, the Jarque-
Bera test statistic is provided with the corresponding p-value as well as the two sample Kolmogorov-Smirnov 

test (KS-test) where only the p-value is shown. �;uû  and þ�û denote the value at risk and expected shortfall 
respectively with confidence level ü.  
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4.2.2  Convertible Arbitrage 

The analyzed hedge fund following a convertible arbitrage strategy is the “SSI Hedged 

Convertible Income Composite” launched by SSI Investment Management. The CISDM 

database stored a strategy description which basically says that this hedge fund seeks absolute 

returns greater than the prevailing short term rates and has moderate volatility and minimal 

correlation with the major capital markets. The portfolio is divided into two sub-portfolios 

which consist of a convertible bond and a preferred stock portfolio. Hedging is provided by 

the short sale of the underlying common stock. This seems to be the classical convertible 

arbitrage style which buys convertible bonds and takes short positions in the corresponding 

equities (buy and hedge strategy). Table 4.7 provides the results of the regression analysis. 

Obviously, there is no direct equity exposure among the three identified major return drivers 

which indicates that equity risk is successfully hedged out. Instead, we find the Credit Suisse 

High Yield Index (CSHY), an exposure to the one-month-lagged return series of the “SSI 

Hedged Convertible Income Composite” (AR(1)) and the ten year treasury bond yield (TEN 

TR). This tells us that the hedge fund deals with credit risk as indicated by the CSHY, 

liquidity and valuation risks as indicated by the AR(1) and an interest rate risk indicated by 

the TEN TR factor. These risk factors are very common for a convertible arbitrage strategy. 

Credit risk plays an important role in convertible arbitrage since the bond part of a convertible 

depends on credit ratings and if the latter worsen, convertible arbitrage hedge funds incur 

losses due to falling bond prices. This situation becomes more dramatic if the bonds trade in 

illiquid markets. Especially in times of market distress, liquidity risks are a major concern and 

cause bond prices to fall even more since there may be no mark-to-market prices available. 

The high factor loading of the AR(1) shows that such liquidity and valuation risks are very 

present. The negative exposure to the TEN TR factor is straightforward as rising interest rates 

cause bond prices to fall but the interest sensitivity is relatively low. Alpha is significant and 

would add up to 2.6 % p.a. in returns attributable to management skill which sounds 

reasonable. Nevertheless, the value of alpha may be spurious due to the moderate overall 

explanatory power of the regression. Again, we change the sign of the TEN TR returns in 

order to have joint losses in the left and joint gains in the right tail. The obtained factor is 

called TEN TR NEW.   
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Table 4.7: Identified risk factors in the convertible arbitrage strategy, resulting from the application of the 
factor model. The coefficient indicates the factor loading. Additionally, the standard errors of the coefficients, 

the t-test statistics and the corresponding p-values are calculated.  

 

 

Figure 4.6: Scatter plot with univariate marginal histograms showing the two identified risk factors CSHY and 
TEN TR NEW. 

 

 

Table 4.8: Results from the estimation of the marginal distributions for the two identified risk factors CSHY and 
TEN TR NEW. LL denotes the log-likelihood function value and AIC the value of Akaike’s information criterion. 

EV and GEV are the extreme value and generalized extreme value distribution respectively. In the IFM method, 

the best marginal model to describe the CSHY and TEN TR NEW is the t distribution in both cases. 
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Figure 4.6 shows the scatter plot of the CSHY and TEN TR NEW and Table 4.8 presents the 

estimations of the marginals. In the IFM method, we model the distribution of the CSHY by a 

marginal t distribution with parameters µ = 0.008, σ = 0.01 and ν = 1.92. The distribution of 

the TEN TR NEW factor is also modeled by a t marginal with parameters µ = 0.006, σ = 

0.044 and ν = 3.471. Both marginals in the IFM method exhibit very low degrees of freedom 

and we expect very fat-tailed simulated distributions. Figure 4.7 shows the pseudo 

observations of the risk factors in the IFM and PLL method. Table 4.9 delivers the correlation 

measures computed on the pseudo observations. All correlation measures are close to zero 

indicating very little dependence between the two risk factors. A result which is surprising 

since it is known that interest rates and bond prices very well affect each other. Although high 

yield bonds have a low duration, we may have expected a higher degree of dependence. In 

order to further analyze this matter, we look at the copula statistics presented in Table 4.10.  
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Figure 4.7: Pseudo observations with univariate marginal histograms of the two identified risk factors CSHY 
and TEN TR NEW in the IFM and PLL method.  

 

 

Table 4.9: Correlation measures computed on the pseudo observations. ρXY, ρS and ρτ are the Pearson linear 
correlation coefficient, Spearman’s Rho and Kendall’s Tau respectively.  

 

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Pseudo Observations CSHY

P
s
e
u
d
o
 O

b
s
e
rv

a
ti
o
n
s
 T

E
N
 T

R
 N

E
W

IFM Method

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Pseudo Observations CSHY

P
s
e
u
d
o
 O

b
s
e
rv

a
ti
o
n
s
 T

E
N
 T

R
 N

E
W

PLL Method



49 

 

Table 4.10: Copula estimation results for the two identified risk factors CSHY and TEN TR NEW in the IFM and 
PLL method. θ1 and θ2 are the copula parameters. Neg. LL denotes the negative log-likelihood function value 

and AIC is the Akaike information criterion. λL and λU are the lower and upper tail dependence parameters 

respectively. In the IFM and PLL method, the t copula describes the dependence structure of both risk factors 

the best. 

 

The copula fits are bad across the board in the IFM and PLL method except for the t copula. 

In both methods, the t copula seems to fit the data quite well. Although the correlation 

parameter (θ1) is close to zero, the very low degrees of freedom (θ2) cause lower and upper 

tail dependence to be significantly different from zero. This result suggests that the two 

considered risk factors behave almost uncorrelated in normal market conditions but exhibit 

dependence in strong bull and bear markets and tail events may occur. Another explanation 

for the low correlation between the CSHY and TEN TR NEW is that the CSHY is itself 

affected by autocorrelation. The effects of changing interest rates are thus not fully 

incorporated in the prices of high yield bond markets at the time the effects take place. A 

phenomenon typical in high yield bond markets as pricing and valuation may only take place 

infrequently especially in flight-to-quality scenarios (e.g. Altman, 1998). Next, we simulate 

10,000 pairs of pseudo observations according to the parameters of the t copula in Table 4.10 

and get scatter diagrams shown in Figure 4.8. 
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Figure 4.8: Scatter plots with univariate marginal histograms of 10,000 simulated pseudo observations of 
standard uniform marginals with the t copula as their joint distribution function. In the IFM method, the 

simulation is done with θ1 = 0.0388 and θ2 =2.7276 while in the PLL method, θ1 = 0.0496 and θ2 =2.1637. 

 

The clustering of data points in the lower left and upper right corner of the diagrams can be 

clearly observed and demonstrate the impact of the lower and upper tail dependence. 

Transforming the pseudo observations back to the original scale of the data results in the 

scatter plots shown in Figure 4.9. 
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Figure 4.9: Scatter plots with univariate marginal histograms of quantile transformed pseudo observations to 
transform the data back to the original scale of the CSHY and TEN TR NEW.   

 

Again, it is very obvious that the IFM method delivers simulated risk factors which exhibit 

some extreme observations which are located far off the point cloud in the center. The very 

low degrees of freedom of the marginal t-distributions generate some extreme outliers but also 
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the t-copula exhibits low degrees of freedom. In contrast, the PLL method shows only data 

points with little dispersion even though it also used a t-copula with low degrees of freedom. 

Therefore, we can conclude that the marginal t-distributions are crucial for the extreme 

dispersion of some data points and not the t-copula. Figure 4.10 shows the empirical and 

simulated distributions while Table 4.11 summarizes the corresponding descriptive statistics 

and risk measures. 

 

Figure 4.10: Histograms of the convertible arbitrage hedge fund return distribution (empirical distribution) and 
the two simulated distributions according to the IFM and PLL method.  

 

 

Table 4.11: Descriptive statistics of the empirical and the two simulated distributions. Additionally, the Jarque-
Bera test statistic is provided with the corresponding p-value as well as the two sample Kolmogorov-Smirnov 

test (KS-test) where only the p-value is shown. �;uû  and þ�û denote the value at risk and expected shortfall 
respectively with confidence level ü.  
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The fits of the simulated distributions are insufficient to match the empirical distribution as 

shown by the KS-test. Expected Shortfall in the empirical data is more than twice as high on 

all confidence levels compared to the simulations. Both simulated distributions exhibit a 

negative skewness and show a long left tail like the empirical distribution. The simulated 

distribution generated by the IFM method has a very high kurtosis which results in an 

extremely spiked distribution (see Figure 4.10). 

 

4.2.3  Distressed Securities 

The analyzed hedge fund is the “Ahab Opportunities L.P.” by Ahab Capital Management, 

Inc.. The only information stored in the CISDM database about this hedge fund is that it 

invests in distressed securities across the capital spectrum. To analyze the return sources in 

more detail, we perform the regression on the hedge fund returns and the results are presented 

in Table 4.12. The hedge fund has two main exposures, one in the high yield bond market 

(credit risk) and one in the equity market (broad equity risk). The first exposure is described 

by the Credit Suisse High Yield Index (CSHY) and the second by the NASDAQ-100 

(NASDAQ) respectively. Alpha is significant at the 5 % confidence level. It would sum up to 

almost 6 % p.a. which perhaps may be reasonable to be attributed to management skill. 

 

Table 4.12: Identified risk factors in the distressed scurities strategy, resulting from the application of the factor 
model. The coefficient indicates the factor loading. Additionally, the standard errors of the coefficients, the t-test 

statistics and the corresponding p-values are calculated.  

 

The explanation for the exposure to the CSHY is straightforward because hedge funds 

following a strategy like this have a significant credit risk due to the acquisition of securities 

which undergo distressed situations. The NASDAQ reflects a rather broad and general equity 

market risk. Surprisingly, we do not find the AR(1) factor among the main risk drivers 

although the distressed securities strategy is known to exhibit very significant liquidity risks 

due to the thin markets for distressed securities (e.g. Jaeger & Wagner, 2005).  Figure 4.11 

shows the scatter plot of the CSHY and NASDAQ and Table 4.13 presents the estimations of 

the marginals for the IFM and PLL method.  
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Figure 4.11 Scatter plot with univariate marginal histograms showing the two identified risk factors CSHY and 
NASDAQ. 

 

 

Table 4.13: Results from the estimation of the marginal distributions for the two identified risk factors CSHY 
and NASDAQ. LL denotes the log-likelihood function value and AIC the value of Akaike’s information criterion. 

EV and GEV are the extreme value and generalized extreme value distribution respectively. In the IFM method, 

the best marginal models to describe the CSHY and NASDAQ are the t and the logistic distribution respectively. 

 

In the IFM method, the CSHY is best modeled by a t marginal with parameters µ = 0.008, σ = 

0.01 and ν = 1.92 while the NASDAQ distribution is most appropriately described by a 

logistic distribution with parameters µ = 0.011 and σ = 0.047. Figure 4.12 shows the pseudo 

observations and both scatter plots show a noticeable clustering of data points in the lower left 

corner, i.e. in the left tail. We therefore expect to find a copula that describes this left tail 

dependence adequately. Table 4.14 provides the correlation measures and the numbers 

evidence positive dependence between the two risk factors. 
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Figure 4.12: Pseudo observations with univariate marginal histograms of the two identified risk factors CSHY 
and NASDAQ in the IFM and PLL method.  

 

 

 

Table 4.14: Correlation measures computed on the pseudo observations. ρXY, ρS and ρτ are the Pearson linear 
correlation coefficient, Spearman’s Rho and Kendall’s Tau respectively.  

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Pseudo Observations CSHY

P
s
e
u
d
o
 O

b
s
e
rv

a
ti
o
n
s
 N

A
S

D
A

Q

IFM Method

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Pseudo Observations CSHY

P
s
e
u
d
o
 O

b
s
e
rv

a
ti
o
n
s
 N

A
S

D
A

Q

PLL Method



56 

 

The copula fitting is presented in Table 4.15. As we have suggested by looking at the scatter 

plots of the pseudo observations, the copulas that allow for left tail dependency yield 

significantly better fits than the others. The best fit yields the rotated Gumbel copula for the 

IFM method and in the PLL method, it is the Clayton copula. Both copulas imply only strong 

lower tail dependence while the upper tail dependence is asymptotically zero. The worst fits 

yield the copulas that are only capable of exhibiting right tail dependence. The copulas that 

exhibit reflection symmetry yield moderate fits. The symmetrized Joe Clayton copula 

performs well and also shows almost no upper tail dependence while lower tail dependence is 

very pronounced. The implications from these results are straightforward. Credit risk and 

equity risk are dependent and may likely show joint extreme losses. It is easy to imagine that 

in times of falling equity markets, more firms are not able to recover from financial distress 

than in times of normal economic activity. This results in a higher number of defaulting firms 

and this risk is reflected by the CSHY. Agarwal & Naik (2004) show that the distressed 

security strategy exhibits a payoff profile which resembles one obtained by writing a put 

option on the equity market.13 It is consistent with our finding since both risk factors tend to 

co-move strongly in times of market distress while they do not show this kind of dependency 

in normal and booming market conditions. 

                                                           
13

 In their case, the equity market is the S&P 500 index. 
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Table 4.15: Copula estimation results for the two identified risk factors CSHY and NASDAQ in the IFM and 
PLL method. θ1 and θ2 are the copula parameters. Neg. LL denotes the negative log-likelihood function value 

and AIC is the Akaike information criterion. λL and λU are the lower and upper tail dependence parameters 

respectively. In the IFM method, the rotated Gumbel copula describes the dependence structure of both risk 

factors the best whereas in the PLL method, this is the case for the Clayton copula. 

 

The scatter plots of the simulations are shown in Figure 4.13. In both cases, the lower tail 

dependence is clearly visible in the lower left corner of each plot. The scatter plots of the 

quantile transformed pseudo observations are delivered in Figure 4.14. Again, the marginal t-

distribution is used to model the CSHY in the IFM method. The very low degrees of freedom 

(ν = 1.92) generates a huge dispersion in both the positive and negative direction. The logistic 

marginal distribution used to model the NASDAQ shows a large dispersion in both directions 

as well, however, not as large as in the case of the CSHY. The PLL method demonstrates the 

typical gaps between some point clouds in the case of the CSHY. The impact of the lower tail 

dependence is clearly visible. 
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Figure 4.13: Scatter plots with univariate marginal histograms of 10,000 simulated pseudo observations of 
standard uniform marginals with the rotated Gumbel copula as their joint distribution function in the IFM 

method. In the PLL method, the Clayton copula is the joint distribution function. In the IFM method, the 

simulation is done with θ1 = 1.3923 while in the PLL method, θ1 = 0.8538. 
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Figure 4.14: Scatter plots with univariate marginal histograms of quantile transformed pseudo observations to 
transform the data back to the original scale of the CSHY and NASDAQ.   

 

Finally, we deliver the comparison between the empirical and simulated distributions in 

Figure 4.15 and the corresponding descriptive statistics and risk measures in Table 4.16.  
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Figure 4.15: Histograms of the distressed securities hedge fund return distribution (empirical distribution) and 
the two simulated distributions according to the IFM and PLL method.  

 

 

Table 4.16: Descriptive statistics of the empirical and the two simulated distributions. Additionally, the Jarque-
Bera test statistic is provided with the corresponding p-value as well as the two sample Kolmogorov-Smirnov 

test (KS-test) where only the p-value is shown. �;uû  and þ�û denote the value at risk and expected shortfall 
respectively with confidence level ü.  
 

As stated before, it is remarkable that the IFM method generates a simulated distribution with 

very high maximum and minimum values as well as a kurtosis that by far exceeds the kurtosis 

of the other distributions.  The excessively high kurtosis results in a very fat-tailed and spiked 

distribution, as can be seen in Figure 4.15, but still all risk measures are below those of the 

PLL method. Additionally, the IFM method does not capture the negative skewness which is 

very characteristic for the returns of the distressed securities strategy. Maybe this is due to 
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some of the large positive outliers. The PLL method seems to model the left tail of the 

empirical distribution particularly well. 

 

4.2.4  Emerging Markets 

“Deltec Latin American Partners L.P” is the hedge fund we analyze in the context of the 

emerging markets strategy. This fund is launched by Deltec Asset Management LLC. As the 

name of the hedge fund suggests, the geographical investment focus is Latin America but 

further descriptions about the fund’s activity are not given in the CISDM database. Table 4.17 

shows the main exposures of this hedge fund. We find an exposure to credit and equity risk, 

both focusing on emerging markets, represented by the Barclays Capital Emerging Market 

Bond Index (BCEMBOND) and the MSCI Global Emerging Markets Index (MSCIEM) 

respectively. Credit risk plays a particularly important role as indicated by the high factor 

loading of the BCEMBOND. 

 

Table 4.17: Identified risk factors in the emerging markets strategy, resulting from the application of the factor 
model. The coefficient indicates the factor loading. Additionally, the standard errors of the coefficients, the t-test 

statistics and the corresponding p-values are calculated.  

 

The explanatory power of the regression is very high with an adjusted R2 of 81% and we still 

find a significant alpha. We may conclude that management skill is truly at work in this case 

although alpha yields over 8 % p.a. which appears a bit overoptimistic. The identified risk 

factors are typical for an emerging markets strategy since a manager has only limited 

investment possibilities which go beyond of being long in stocks and bonds (e.g. Stonham, 

1999). The scatter plots of the two risk factors are presented in Figure 4.16 and the estimation 

results for the marginal distributions are shown in Table 4.18. The BCEMBOND distribution 

is best described by a marginal t-distribution with estimated parameters µ = 0.006, σ = 0.023 

and ν = 2.731 while the MSCIEM is modeled by an extreme value distribution with 

parameters µ = 0.034 and σ = 0.058. The probability-integral-transformed returns are 

presented in Figure 4.17. In both plots, there is a clearly observable clustering of data points 
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in the lower left corner which indicates lower tail dependence. All correlation measures in 

Table 4.19 show positive values.  

 

Figure 4.16 Scatter plot with univariate marginal histograms showing the two identified risk factors 
BCEMBOND and MSCIEM. 

 

 

Table 4.18: Results from the estimation of the marginal distributions for the two identified risk factors 
BCEMBOND and MSCIEM. LL denotes the log-likelihood function value and AIC the value of Akaike’s 

information criterion. EV and GEV are the extreme value and generalized extreme value distribution 

respectively. In the IFM method, the best marginal models to describe the BCEMBOND and MSCIEM are the t 

and the extreme value distribution respectively. 
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Figure 4.17: Pseudo observations with univariate marginal histograms of the two identified risk factors 
BCEMBOND and MSCIEM in the IFM and PLL method.  

 

 

Table 4.19: Correlation measures computed on the pseudo observations. ρXY, ρS and ρτ are the Pearson linear 
correlation coefficient, Spearman’s Rho and Kendall’s Tau respectively.  
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Table 4.20 reveals the copula parameters and it is unmistakably evident that those copulas 

which are able to exhibit lower tail dependence have the best fits, followed by the reflection 

symmetric copulas and lastly, the copulas which are only capable to account for upper tail 

dependence. In the IFM and PLL method, the Clayton copula yields the best fit. Indeed, we 

deal with left tail dependence and the lower dependence parameter λL tells us that this 

asymptotic dependence is quite strong. Consequently, joint extreme losses are likely to occur. 

Similar to the case where we analyzed the distressed securities strategy in Section 4.2.3, we 

observe that credit risk and equity risk are left-tail-dependent. In contrast to the distressed 

securities strategy, the lower tail dependence is even more pronounced in the case of the 

emerging markets strategy. This is not too surprising since it reflects the greater risk of 

emerging markets. We deal with more distinct political and economic risks compared to 

developed countries and these risks reveal in a higher probability of joint large losses.  

 

Table 4.20: Copula estimation results for the two identified risk factors BCEMBOND and MSCIEM in the IFM 
and PLL method. θ1 and θ2 are the copula parameters. Neg. LL denotes the negative log-likelihood function 

value and AIC is the Akaike information criterion. λL and λU are the lower and upper tail dependence parameters 

respectively. In the IFM and PLL method, the Clayton copula describes the dependence structure of both risk 

factors the best. 

 

Figure 4.18 shows the simulated pseudo observations in the IFM and PLL method. We can 

clearly see the lower tail dependence in form of the data point cluster in the lower left corner. 
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Furthermore, Figure 4.19 presents the quantile-transformed pseudo observations. The 

parametric marginal modeling in the IFM method causes a very large dispersion of some 

single data points. The BCEMBOND has a much larger total dispersion than the MSCIEM, 

some returns are beyond -80 %. It is questionable if this really makes sense since we expect 

that stocks are more risky than bonds even if in this case, the distribution of the BCEMBOND 

is very similar to the distribution of the MSCIEM. As we have seen in the analysis of the 

previous strategies, the marginal t-distribution is responsible for the huge dispersions due to 

the low degrees of freedom parameter (2.731 in the case of the BCEMBOND).  

 

 

Figure 4.18: Scatter plots with univariate marginal histograms of 10,000 simulated pseudo observations of 
standard uniform marginals with the Clayton copula as their joint distribution function. In the IFM method, the 

simulation is done with θ1 = 1.1710 while in the PLL method, θ1 = 1.2918. 
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Figure 4.19: Scatter plots with univariate marginal histograms of quantile transformed pseudo observations to 
transform the data back to the original scale of the BCEMBOND and MSCIEM.   

 

Figure 4.20 and Table 4.21 deliver comparisons between the empirical distribution of the 

hedge fund returns and the simulations. The results from the estimations of the margins in the 

IFM method leads to extreme maximum and minimum values; the worst case scenario 
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(minimum) is capable of wiping out the whole hedge fund. The kurtosis is three times higher 

than in the empirical distribution. Nevertheless, the IFM and PLL method both match the 

empirical distribution well as the KS-test shows. Again, although the IFM method produces 

extreme outliers, the risk measures are all considerably smaller than those of the PLL method. 

The reason for this seems to be the high kurtosis of the simulated data from the IFM method 

which leads to a very spiked distribution with a few extreme data points far out in the tails. 

The large negative skewness of the emerging markets strategy is modeled well by both 

simulated distributions. 

 

Figure 4.20: Histograms of the emerging markets hedge fund return distribution (empirical distribution) and the 
two simulated distributions according to the IFM and PLL method.  

 

Table 4.21: Descriptive statistics of the empirical and the two simulated distributions. Additionally, the Jarque-
Bera test statistic is provided with the corresponding p-value as well as the two sample Kolmogorov-Smirnov 

test (KS-test) where only the p-value is shown. �;uû  and þ�û denote the value at risk and expected shortfall 
respectively with confidence level ü.  
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4.2.5  Equity Long / Short 

The analyzed hedge fund is called “Mainstream Bonaparte” and is launched by Mainstream 

Investment Advisers, LLC. The strategy description stored in the CISDM database only notes 

that the primary objective is capital appreciation and preservation by investing in common 

stocks and related instruments. Table 4.22 reveals more details on the risk drivers.  

 

Table 4.22: Identified risk factors in the equity long / short strategy, resulting from the application of the factor 
model. The coefficient indicates the factor loading. Additionally, the standard errors of the coefficients, the t-test 

statistics and the corresponding p-values are calculated.  

 

The main exposures are two long positions in equity based risk factors. The NASDAQ-100 

(NASDAQ) can be considered as an exposure to broad equity market risk while the S&P 400 

Mid-Cap Index (SP400) demonstrates an exposure to US-mid-cap equities. The latter has a 

higher impact on hedge fund returns as indicated by the higher factor loading. The overall 

explanatory power is very high and with a statistically insignificant alpha, only the two risk 

factors are able to explain 82 % of the hedge fund returns. The identified risk drivers are 

common for this kind of hedge fund strategy although we could have expected an exposure to 

a short position. Therefore, the “Mainstream Bonaparte” seems to be net long most of the 

time. We present the scatter plot of the two risk factors in Figure 4.21 and move on to the 

estimation of the marginals in Table 4.23. 
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Figure 4.21 Scatter plot with univariate marginal histograms showing the two identified risk factors NASDAQ 
and SP400. 

 

 

Table 4.23: Results from the estimation of the marginal distributions for the two identified risk factors NASDAQ 
and SP400. LL denotes the log-likelihood function value and AIC the value of Akaike’s information criterion. EV 

and GEV are the extreme value and generalized extreme value distribution respectively. In the IFM method, the 

best marginal models to describe the NASDAQ and SP400 are the logistic and the extreme value distribution 

respectively. 

 

In the parametric estimation of the marginals (IFM method), the NASDAQ is best described 

by a univariate logistic distribution with parameters µ = 0.011 and σ = 0.047 and the SP400 is 

modeled by an extreme value distribution with parameters µ = 0.03 and σ = 0.043. Figure 

4.22 shows the pseudo observations. The data points in both plots show a clustering of points 

in both tails. It is no surprise to see large and positive correlation measures in Table 4.24 since 

most data points are diagonally aligned from the lower left to the upper right corner in the 

scatter plots presented in Figure 4.22. The high positive correlation is economically obvious 
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as well since both risk factors are equity based and it can be assumed that the same market 

forces determine most of their dynamics.  

 

 

Figure 4.22: Pseudo observations with univariate marginal histograms of the two identified risk factors 
NASDAQ and SP400 in the IFM and PLL method.  

 

Table 4.24: Correlation measures computed on the pseudo observations. ρXY, ρS and ρτ are the Pearson linear 
correlation coefficient, Spearman’s Rho and Kendall’s Tau respectively.  
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To further analyze the dependence structure, Table 4.25 presents the results from the copula 

fitting procedure. It is interesting to find that the reflection symmetric copulas with 

asymptotic independence in the tails show superior fits in both methods. The Plackett and the 

Frank copulas have the best fits followed by the Gaussian and the t copulas. Copulas which 

reflect asymmetric dependence have significantly inferior fits. The Plackett copula has the 

best fit among all copulas in both methods. The result is on the one hand unsurprising since 

we expect that two equity-based risk factors of this kind would co-move together in both 

upward and downward trending markets but on the other hand it is a bit surprising to find no 

asymptotic dependence in the tails. The Plackett copula exhibits asymptotic independence in 

both tails and the copula with the next best fit is the Frank copula which also exhibits 

asymptotic independence in both tails. Therefore, our result seems to be justified and we 

conclude that extreme observations of the two risk factors occur independently of each other 

in the tails.  

 

Table 4.25: Copula estimation results for the two identified risk factors NASDAQ and SP400 in the IFM and 
PLL method. θ1 and θ2 are the copula parameters. Neg. LL denotes the negative log-likelihood function value 

and AIC is the Akaike information criterion. λL and λU are the lower and upper tail dependence parameters 

respectively. In the IFM and PLL method, the Plackett copula describes the dependence structure of both risk 

factors the best. 
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10,000 pairs of random U(0,1) numbers with joint distribution according to the Plackett 

copula are generated for each of the two methods. The results can be found in Figure 4.23. 

We see that the simulated Plackett copula nicely models the features observed in the pseudo 

observations from Figure 4.22. Figure 4.24 presents scatter plots of the quantile transformed 

simulated pseudo observations. Both plots look similar but the IFM method shows a little 

more dispersion of data points on the x and y axis. The data points show to fan out the more 

we move into the left tail of the distribution in both methods. This is due to the asymptotic tail 

independence of the Plackett copula. Joint extreme events happen independently if we move 

far enough into the tails of the distribution.  
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Figure 4.23: Scatter plots with univariate marginal histograms of 10,000 simulated pseudo observations of 
standard uniform marginals with the Plackett copula as their joint distribution function. In the IFM method, the 

simulation is done with θ1 = 18.1475 while in the PLL method, θ1 = 19.9212. 
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Figure 4.24: Scatter plots with univariate marginal histograms of quantile transformed pseudo observations to 
transform the data back to the original scale of the NASDAQ and SP400.   

 

Finally, Figure 4.25 compares the simulated distributions with the empirical data and Table 

4.26 delivers the corresponding descriptive statistics and risk measures. Figure 4.25 reveals 

that the simulated distributions fit the empirical data well which is confirmed by the high p-
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values of the KS-test in the IFM and PLL method (Table 4.26). The good fit is obviously 

explained by the high explanatory power of the two risk factors in the regression model 

(Table 4.22). The risk measures are higher again in the PLL method compared to the IFM 

method. Since we do not use a marginal t-distribution to model the risk factors in the IFM 

method, we see that the tendency to very extreme outliers (observed for example in Table 

4.21 for the emerging markets strategy) has strongly decreased as well as the excessively high 

kurtosis. 

 

Figure 4.25: Histograms of the equity long / short hedge fund return distribution (empirical distribution) and the 
two simulated distributions according to the IFM and PLL method.  

 

 

Table 4.26: Descriptive statistics of the empirical and the two simulated distributions. Additionally, the Jarque-
Bera test statistic is provided with the corresponding p-value as well as the two sample Kolmogorov-Smirnov 

test (KS-test) where only the p-value is shown. �;uû  and þ�û denote the value at risk and expected shortfall 
respectively with confidence level ü.  
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4.2.6  Equity Market Neutral 

Pegasus Investment Management LLC started the “Pegasus Investment Partners, LP”, a hedge 

fund following an equity market neutral strategy that claims to invest in US opportunities 

(growth stocks). Table 4.27 tells us more about the main exposures of this hedge fund. 

 

Table 4.27: Identified risk factors in the equity market neutral strategy, resulting from the application of the 
factor model. The coefficient indicates the factor loading. Additionally, the standard errors of the coefficients, 

the t-test statistics and the corresponding p-values are calculated.  

 

We do not find an explicit exposure to growth stocks nor do we find evidence for an equity 

exposure that is limited to the US equity market. The factor model indicates a broad and 

global equity market risk reflected by the NASDAQ-100 (NASDAQ) and an exposure to a 

spread based strategy. The latter is the momentum factor (MOMENTUM) of Carhart’s (1997) 

four factor model. Momentum traders typically buy winners (stocks with high returns in the 

last months) and sell losers (stocks with low returns in the last months). Such a trading pattern 

tries to exploit trends by buying at high prices in hope to sell at even higher prices and 

simultaneously sell at low prices in hope of further falling prices in order to cheaply reacquire 

the stock. Although these findings do not really fit with the strategy description in the CISDM 

database, they make sense in the context of an equity market neutral strategy. Especially the 

identification of a spread-based factor is typical for equity neutral strategies because hedge 

fund managers try to achieve market neutrality by closely matching long and short positions 

(e.g. Lhabitant, 2006; Jaeger & Wagner, 2005). Alpha is statistically insignificant. Figure 4.26 

presents the scatter plot of the two identified risk factors and Table 4.28 shows the estimation 

results from the modeling of the marginals. 
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Figure 4.26 Scatter plot with univariate marginal histograms showing the two identified risk factors 
MOMENTUM and NASDAQ. 

 

 

Table 4.28: Results from the estimation of the marginal distributions for the two identified risk factors 
MOMENTUM and NASDAQ. LL denotes the log-likelihood function value and AIC the value of Akaike’s 

information criterion. EV and GEV are the extreme value and generalized extreme value distribution 

respectively. In the IFM method, the best marginal models to describe the MOMENTUM and NASDAQ are the t 

and the logistic distribution respectively. 

 

In the IFM method, the MOMENTUM factor is adequately modeled by a t-distribution with 

parameters µ = 0.01, σ = 0.03 and ν = 2.397 while the NASDAQ is best described by a 

logistic distribution with parameters µ = 0.011 and σ = 0.047. Since we have learned from the 

analysis of the previous hedge fund strategies that t-distributions with low degrees of freedom 

tend to demonstrate extreme outliers in the simulated distributions, we can also expect this 

phenomenon here. Figure 4.27 shows the pseudo observations of the two risk factors and 

Table 4.29 delivers the correlation measures calculated on these pseudo observations. 
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Figure 4.27: Pseudo observations with univariate marginal histograms of the two identified risk factors 
MOMENTUM and NASDAQ in the IFM and PLL method.  

 

 

Table 4.29: Correlation measures computed on the pseudo observations. ρXY, ρS and ρτ are the Pearson linear 
correlation coefficient, Spearman’s Rho and Kendall’s Tau respectively.  
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We can observe from the scatter plots in Figure 4.27 that some data points tend to cluster in 

the lower right corner. This indicates negative dependence which is confirmed by the 

correlation numbers in Table 4.29. However, the overall negative correlation is rather weak. 

This finding can be reasonably explained as part of the equity neutral strategy which tries to 

establish market neutral positions. Market neutrality can only be achieved if one tries to avoid 

high positive correlation between the individual risk drivers and to engage in positions that 

optimally offset each other. In order to see how the dependence structure behaves, we look at 

Table 4.30 where the copula fitting results are shown.  

 

Table 4.30: Copula estimation results for the two identified risk factors MOMENTUM and NASDAQ in the IFM 
and PLL method. θ1 and θ2 are the copula parameters. Neg. LL denotes the negative log-likelihood function 

value and AIC is the Akaike information criterion. λL and λU are the lower and upper tail dependence parameters 

respectively. In the IFM and PLL method, the t copula describes the dependence structure of both risk factors 

the best. 

 

Most of the presented copulas cannot account for negative dependence and hence their copula 

parameters approach or even reach values that suggest independence. This would be an 

inappropriate result. The obvious ideal candidate is the t-copula in the IFM and PLL method. 

Although the correlation parameter (θ1) is slightly negative, the extremely high degrees of 

freedom (θ2) cause the lower and upper tail dependence values to be relatively high. The t 

copula has the best fitting by far and this must have something to do with the ability of the t-
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copula to account for tail dependence. If it were not this fact, we would expect that the 

Gaussian copula has a better fit as it is also capable of exhibiting negative dependence. 

Technically, the feature of negative correlation and tail dependence is explained by the fact 

that the t distribution is a normal mixture distribution with a mixing variable W. It turns out 

that a copula of a normal variance mixture distribution exhibits tail dependence if W has a 

distribution with a power tail which is the case for the t distribution where W has an inverse 

gamma distribution (see McNeil et al., 2005). This is a very interesting and important result 

from a risk management perspective as it tells us that the two risk factors exhibit weakly 

negative dependence in times of normal economic activity but show significant tail 

dependence in times of extreme bull and bear market conditions. Joint losses and gains are 

thus likely to occur and this feature may explain the long lower and upper tails in the 

empirical distribution in Figure 4.30 presented below. The result furthermore sensitizes us to 

not rely solely on correlation as it can be very misleading. The results stated above clearly 

demonstrate the case where the high tail dependence values can cause tail events which are 

beyond the expectations one has by solely looking at the correlation measures.  Figure 4.28 

presents the scatter plots of the simulations. There we see the negative correlation which 

manifests itself in the clustering of data points in the upper left and lower right corner but we 

also recognize the tail dependence which is visible through the clusters in the lower left and 

upper right corner of the diagrams. Figure 4.29 shows the quantile-transformed pseudo 

observations of the simulations. As expected, the marginal t-distribution of the MOMENTUM 

factor in the IFM method leads to some data points which are far-off the point cloud. It is 

interesting to observe that some data points have the tendency to move in direction of each of 

the four corners in the plots. The negative correlation leads to an alignment of data points in 

the upper left and lower right corner whereas the positive upper and lower tail dependence 

parameters lead to an alignment in the lower left and upper right corner. In the scatter plot of 

the IFM method, this feature is a little bit more apparent.  
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Figure 4.28: Scatter plots with univariate marginal histograms of 10,000 simulated pseudo observations of 
standard uniform marginals with the t copula as their joint distribution function. In the IFM method, the 

simulation is done with θ1 = -0.0705 and θ2 = 1.4354 while in the PLL method, θ1 = -0.0902 and θ2 = 1.3115. 
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Figure 4.29: Scatter plots with univariate marginal histograms of quantile transformed pseudo observations to 
transform the data back to the original scale of the MOMENTUM and NASDAQ.   

 

Figure 4.30 and Table 4.31 compare the empirical distribution with the features of the 

simulated distributions. The risk measures of the simulated distributions calculated from the 
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kurtosis and large minimum and maximum values are due to the marginal t-distribution used 

to model the MOMENTUM factor. The PLL method shows a negative skewness but still 

manages to adequately describe the empirical data. 

 

Figure 4.30: Histograms of the emerging markets hedge fund return distribution (empirical distribution) and the 
two simulated distributions according to the IFM and PLL method.  

 

 

Table 4.31: Descriptive statistics of the empirical and the two simulated distributions. Additionally, the Jarque-
Bera test statistic is provided with the corresponding p-value as well as the two sample Kolmogorov-Smirnov 

test (KS-test) where only the p-value is shown. �;uû  and þ�û denote the value at risk and expected shortfall 
respectively with confidence level ü.  
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4.2.7  Event Driven 

The hedge fund we analyze in the context of the event driven strategy is called “KS 

International” launched by KS Management Corp.. The strategy description in the CISDM 

database informs us that the fund follows a dual investment focus. On the one hand it invests 

in distressed securities, on the other it invests in risk arbitrage transactions. In order to hedge 

its positions, the fund may use futures and options as well as short selling transactions. We 

already analyzed the distressed securities strategy in Section 4.2.3 and risk arbitrage (also 

called merger arbitrage) will be discussed in Section 4.2.10. We expect to find similarities. 

Table 4.32 shows the results from the regression analysis. 

 

Table 4.32: Identified risk factors in the event driven strategy, resulting from the application of the factor model. 
The coefficient indicates the factor loading. Additionally, the standard errors of the coefficients, the t-test 

statistics and the corresponding p-values are calculated.  

 

We find an exposure to credit risk reflected by the Credit Suisse High Yield Index (CSHY), 

an exposure to event risk reflected by the Merger Fund (MERFX) and liquidity risk as 

indicated by the AR (1) factor. Alpha is significant at the 5 % confidence level. Management 

skill would account for 2 % p.a. in returns which appears reasonable. In Section 4.2.3, where 

we discussed the distressed securities strategy, we already observed that investing in 

distressed securities is connected with credit risk. Thus we can conclude that the CSHY is 

reflecting the part of investment in the event driven strategy that flows into distressed 

securities. The MERFX is a mutual fund which is exclusively devoted to merger arbitrage 

transactions. It invests in companies which are involved in pending mergers, reorganizations 

and takeovers. Mitchell & Pulvino (2001) find that the merger arbitrage strategy resembles 

the payoff profile of a short put option written on the equity market. That is, in times of 

normal economic activity, the correlation of this strategy with equity markets is relatively low 

but correlation increases as markets are in distress. In declining markets, mergers, 

reorganizations and takeovers tend to be cancelled more often but in upward trending markets 

the amount of such corporate transactions is unrelated to the degree by which the market goes 

up. Deal risk is asymmetric and the MERFX is reflecting this non-linearity. Clearly, the 
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exposure to the MERFX is attributable to the investment in risk arbitrage transactions. 

Liquidity risks most likely come from the investment in distressed securities. Although we do 

not find evidence in Table 4.12 (distressed securities strategy) for autocorrelation, it is well 

known in the literature that distressed securities have the largest liquidity risks of all hedge 

fund strategies (e.g. Black, 2009; Agarwal & Naik, 2004; Jaeger & Wagner, 2005).14 The 

regression yields an explanatory power of almost 69 % which is quite high. Figure 4.31 shows 

the scatter plot of the CSHY and MERFX. Table 4.33 shows the estimation results of the 

marginal distributions for the two risk factors.  

 

Figure 4.31 Scatter plot with univariate marginal histograms showing the two identified risk factors CSHY and 
MERFX. 

 

 

                                                           
14

 Of course the analyzed distressed securities strategy in Section 4.2.3 could also exhibit an exposure to the AR 

(1) if we add further risk factors in the regression. Nevertheless, the AR(1) is not among the most significant risk 

factors. 
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Table 4.33: Results from the estimation of the marginal distributions for the two identified risk factors CSHY 
and MERFX. LL denotes the log-likelihood function value and AIC the value of Akaike’s information criterion. 

EV and GEV are the extreme value and generalized extreme value distribution respectively. In the IFM method, 

the best marginal models to describe the CSHY and MERFX are the t and the extreme value distribution 

respectively. 

 

Table 4.33 reveals for the IFM method that the CSHY is best described by a univariate t-

distribution with parameters µ = 0.008, σ = 0.01 and ν = 1.92 while the MERFX is modeled 

by an univariate extreme value distribution with parameters µ = 0.011 and σ = 0.01. Figure 

4.32 shows the pseudo observations of the CSHY and MERFX. The scatter plots of the IFM 

and PLL method both show a clustering of data points in the left tail of the distribution. We 

therefore expect to identify a copula that is able to account for left tail dependence. Table 4.34 

presents the correlation measures. They show a moderate positive correlation. 

The copula fitting results are provided in Table 4.35. It is obvious that those copulas deliver 

good fits which are able to account for left tail dependence, namely the Clayton, rotated 

Gumbel and symmetrized Joe Clayton copula. The best fit yields the Clayton copula in both 

estimation methods. This result is very similar to those in Table 4.15 for the distressed 

securities strategy where we have seen that credit risk and equity risk are left tail dependent. 

We observe that credit risk and event risk are left tail dependent as well and joint extreme 

losses are likely to occur due to the positive lower tail dependence parameter. In analogy to 

the case of the distressed securities strategy, we may conclude that the event driven strategy 

has a payoff profile resembling a short put option. If more defaults occur (credit risk), we 

likely see more event risk in form of failed mergers, takeovers and reorganizations. However, 

these two risks seem to have no significant influence on each other when markets are normal 

or upward trending. Compared with the distressed securities strategy, the lower tail 

dependence is less strong in the event driven strategy. Hence we can conclude that joint 

extreme losses originating from credit and equity risk are more likely than joint large losses 

from credit and event risk. Agarwal & Naik (2004) also observe that the risk of an event 

driven strategy resembles that of writing a put option on the equity market. Figure 4.33 shows 
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the pseudo observations of the simulated random numbers with joint distribution equal to the 

Clayton copula. Figure 4.34 provides the scatter plots of the transformed pseudo observations.  

 

 

Figure 4.32: Pseudo observations with univariate marginal histograms of the two identified risk factors CSHY 
and MERFX in the IFM and PLL method.  
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Table 4.34: Correlation measures computed on the pseudo observations. ρXY, ρS and ρτ are the Pearson linear 
correlation coefficient, Spearman’s Rho and Kendall’s Tau respectively.  

 

 

Table 4.35: Copula estimation results for the two identified risk factors CSHY and MERFX in the IFM and PLL 
method. θ1 and θ2 are the copula parameters. Neg. LL denotes the negative log-likelihood function value and 

AIC is the Akaike information criterion. λL and λU are the lower and upper tail dependence parameters 

respectively. In the IFM and PLL method, the Clayton copula describes the dependence structure of both risk 

factors the best. 
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Figure 4.33: Scatter plots with univariate marginal histograms of 10,000 simulated pseudo observations of 
standard uniform marginals with the Clayton copula as their joint distribution function. In the IFM method, the 

simulation is done with θ1 = 0.4314 while in the PLL method, θ1 = 0.5610. 
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Figure 4.34: Scatter plots with univariate marginal histograms of quantile transformed pseudo observations to 
transform the data back to the original scale of the CSHY and MERFX.   
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which would result in a complete wipe-out of the position that is exposed to credit risk. The 

MERFX has a very long left tail but the overall downside risk is low in terms of negative 

deviations from the mean of the distribution. The PLL method again shows a considerably 

lower dispersion of data points of the CSHY factor compared to the IFM method which is due 

to the different marginal modeling in the respective methods. Figure 4.35 and Table 4.36 

compare the two simulated distributions with the empirical distribution. The marginal t-

distribution used to model the CSHY in the IFM method generates the already observed 

features of high minimum and maximum values as well as an excessively high kurtosis. The 

simulated distribution in Figure 4.35 is almost a spike with a few but very extreme 

observations far out in the tails. Even though the PLL method seems to model the empirical 

distribution better, the KS test shows that both simulated distributions fail to match the 

empirical distribution. A reason for this is that we do not model the AR (1) factor in the 

simulations and therefore we only consider the unconditional distribution. Both simulated 

distributions show the characteristic long left tail and negative skewness. The risk measures 

from the simulations match the empirical data well. 

 

Figure 4.35: Histograms of the event driven hedge fund return distribution (empirical distribution) and the two 
simulated distributions according to the IFM and PLL method.  
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Table 4.36: Descriptive statistics of the empirical and the two simulated distributions. Additionally, the Jarque-
Bera test statistic is provided with the corresponding p-value as well as the two sample Kolmogorov-Smirnov 

test (KS-test) where only the p-value is shown. �;uû  and þ�û denote the value at risk and expected shortfall 
respectively with confidence level ü.  
 

4.2.8  Fixed Income Arbitrage 

James River Capital Corp. launched the “III Fund Ltd.” which follows a fixed arbitrage 

strategy which tries to isolate spread anomalies in high quality fixed income securities from 

G-10 countries and furthermore structures hedged positions that may yield positive carry and / 

or convergence gains. This is the strategy description taken from the CISDM database. From 

the description we may conclude that this hedge fund is following two different sub-

strategies. The first is yield curve arbitrage and the second is credit spread arbitrage. In the 

first sub-strategy, the hedge fund manager engages long and short positions at different points 

on the yield curve in order to profit from changes in the term structure. Carry trades are 

typical where the hedge fund manager, for example, faces an upward sloping yield curve; 

therefore he or she borrows short term and invests long term. The credit spread arbitrage 

consists of speculating on an assumed mispricing of bonds of different quality. The hedge 

fund manager can trade on convergence or divergence of the spread. We present the main risk 

factors of the “III Fund Ltd.” in Table 4.37 and observe that this hedge fund has an exposure 

to credit risk as indicated by the Credit Suisse High Yield Index (CSHY), liquidity risk as 
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indicated by the AR (1) factor and an exposure to interest rate risk as signified by the ten year 

treasury bond yield (TEN TR). Alpha actually shows a negative value but it is statistically 

insignificant. 

 

Table 4.37: Identified risk factors in the fixed income arbitrage strategy, resulting from the application of the 
factor model. The coefficient indicates the factor loading. Additionally, the standard errors of the coefficients, 

the t-test statistics and the corresponding p-values are calculated.  

 

The credit risk exposure is typical if we consider the credit spread arbitrage strategy. In this 

strategy the hedge fund manager usually buys higher yielding bonds and sells higher quality 

debt at the same time. Since we have a positive sign in front of the factor loading of the 

CSHY, this indicates convergence trading where the spread leads to losses if credit risk is 

increasing (the spread widens). The risk of widening spreads is particularly high in flight to 

quality scenarios. Additionally, liquidity risk is an issue in such situations since lower quality 

bonds may then trade in much less liquid markets. The negative exposure to the TEN TR 

signifies that rising interest rates lead to falling bond prices. If we think in terms of the yield 

curve arbitrage strategy, the negative exposure to the TEN TR indicates the risk that rising 

interest rates may occur on those parts of the term structure where the hedge fund has long 

positions in fixed income securities. If we look at the factor loadings in Table 4.37, we see 

that the CSHY has the largest impact on the hedge fund’s return followed by the AR(1) factor. 

Interest rate risk has only a moderate impact and thus we may assume that the hedge fund is 

rather following a credit spread arbitrage strategy most of the time. Finally, we notice that the 

observed risk factors are exactly those we encountered in the convertible arbitrage strategy in 

Section 4.2.2, only with different factor loadings. Hence, the dependence structure modeling 

is exactly the same as in the case of the convertible arbitrage strategy. In order to avoid 

redundancy, we omit all figures and tables except those which are different. The reader is 

referred to: Table 4.8 for the estimation process of the marginal distributions, Figures 4.6, 4.7, 

4.8 and 4.9 for all the scatter plots, Table 4.9 and 4.10 for the correlation and copula 

parameters respectively. Briefly summarized, we model the CSHY and TEN TR with a 

marginal t-ditribution and the best fitting copula is a t-copula in the IFM and PLL method as 
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well. The tail dependence is moderate and we can expect joint extreme movements in both 

upper and lower direction but with a rather low probability. Figure 4.36 and Table 4.38 

compare the simulated distributions from the IFM and PLL method with the empirical 

distribution. 

 

Figure 4.36: Histograms of the fixed income arbitrage hedge fund return distribution (empirical distribution) 
and the two simulated distributions according to the IFM and PLL method.  

 

 

Table 4.38: Descriptive statistics of the empirical and the two simulated distributions. Additionally, the Jarque-
Bera test statistic is provided with the corresponding p-value as well as the two sample Kolmogorov-Smirnov 

test (KS-test) where only the p-value is shown. �;uû  and þ�û denote the value at risk and expected shortfall 
respectively with confidence level ü.  
 

It is remarkable to see in Table 4.38 that the IFM method matches the characteristics of the 
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marginal t-distributions to model both risk factors. What has lead to very large outliers (high 

maximum and minimum values) and to an excessively high kurtosis in the previous 

comparisons seems to be adequately in this case. Only the high maximum value in the IFM 

method seems to be unjustified which is explained by the t-copula that exhibits equally strong 

tail dependence in both the upper and lower tail by definition. The empirical distribution, 

however, only seems to exhibit strong lower tail dependence but no obvious upper tail 

dependence. Since the CSHY and TEN TR only explain around 41 % of the hedge fund 

returns (AR (1) is not modeled in the simulations), we must expect that the addition of further 

relevant risk factors will lead to an overall dependence structure that will show strong left tail 

dependence and only weak (maybe none) right tail dependence. Another striking feature of 

the empirical distribution are the twice as high risk measures compared to those estimated for 

the simulated distributions. Again, this should be mitigated if we add more relevant risk 

factors in the regression analysis. 

 

4.2.9  Global Macro 

The global macro fund we analyze runs under the name “AIS Balanced Fund LP” and it 

belongs to the AIS Capital Management LLC. The fund describes its strategy as one which’s 

success is being very sensible to the selection of asset classes but not so much dependent on 

individual investments within a given asset class. Asset classes consist of, but are not limited 

to, stocks, bonds, gold and short-term cash equivalents. The hedge fund tries to exploit moves 

between different asset classes which are divergent or non-correlated. In order to study the 

main risk drivers, we present the results from the factor model in Table 4.39. 

 

Table 4.39: Identified risk factors in the global macro strategy, resulting from the application of the factor 
model. The coefficient indicates the factor loading. Additionally, the standard errors of the coefficients, the t-test 

statistics and the corresponding p-values are calculated.  

 

The CONVERTIBLESPREAD factor is a spread based factor which consists of the difference 

from the relative changes of Merrill Lynch Global 300 Convertible Index (a convertible bond 

index) minus the relative changes in the US ten year Treasury bond yield. Since the 
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convertible spread is measured this way, it has to be noted that a widening spread is good if 

one trades for convergence and vice versa.15 In order to avoid confusion, we stick to the 

traditional understanding of widening and tightening credit spreads and the reader has only to 

bear in mind that, in our case, we just have opposite signs in front of the factor loading. The 

positive sign of the factor loading thus indicates that the hedge fund profits from a converging 

credit spread. The exposure to the CONVERTIBLESPREAD reflects two risks in one factor, 

namely, credit risk and interest rate risk. Increased defaults (credit risk) cause convertible 

bond prices to fall in times of financial market distress and interest rates also influence 

convertible bonds since their bond component reacts negatively to rising interest rates. 

Additionally, there is an emerging markets equity exposure reflected by the MSCI Global 

Emerging Markets Index (MSCIEM).  Alpha is significant and would add up to 8 % p.a. 

which seems to be unrealistically high to be attributed solely to management skill. As the 

regression only explains 32 % of the hedge fund returns, the addition of omitted relevant risk 

factors most likely decreases the high level of alpha. The regression in Table 4.39 has the 

worst explanatory power of all analyzed hedge fund strategies and this is typical for global 

macro hedge funds. Such hedge funds exhibit exposures that are particularly hard to capture 

because a global macro strategy generally allows the hedge fund manager to invest long and / 

or short in every asset class and in every market. To put it in other words, the hedge fund 

manager is really free to do anything that appears suitable to exploit macroeconomic trends. It 

seems that working on a single fund level has the same problems as the studies which work 

with indices (e.g. Jaeger & Wagner, 2005) but adding more relevant risk factors may lead to 

better insights. While the aggregation to an index level mixes up all kinds of different trading 

strategies, working on a single hedge fund level may reveal the fund-specific risk factors 

which can explain the hedge fund returns more adequately. We have to admit, that the 

identified risk factors in Table 4.39 may be true exposures of the “AIS Balanced Fund LP” 

but it could also be a spurious fitting since the global macro strategy is very heterogeneous 

and the true exposures are thus hard to verify unambiguously.  Figure 4.37 shows the scatter 

plot for the two identified risk factors. 

                                                           
15

 We choose this unconventional measurement of the convertible spread because the Merrill Lynch Global 300 

Convertible Index is a price index and therefore we cannot calculate spreads in the traditional way. The 

reasoning is exactly contrary now, that is, a widening spread, as we defined it, corresponds to a tightening 

spread in the standard definition of a credit spread.  
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Figure 4.37 Scatter plot with univariate marginal histograms showing the two identified risk factors 
CONVERTIBLESPREAD and MSCIEM. 

 

 

Table 4.40: Results from the estimation of the marginal distributions for the two identified risk factors 
CONVERTIBLESPREAD and MSCIEM. LL denotes the log-likelihood function value and AIC the value of 

Akaike’s information criterion. EV and GEV are the extreme value and generalized extreme value distribution 

respectively. In the IFM method, the best marginal models to describe the CONVERTIBLESPREAD and 

MSCIEM are the t and the extreme value distribution respectively. 

 

Table 4.40 presents the results from the estimations of the marginals. According to the AIC in 

the IFM method, the extreme value (µ= 0.034, σ = 0.058) and t distribution (µ = 0.011, σ = 

0.049, ν = 3.459) are the best fitting marginal distributions for the MSCIEM and 

CONVERTIBLESPREAD respectively. Figure 4.38 shows the pseudo observations of the 

two risk factors for the IFM and PLL method. No obvious data pattern is visible. Table 4.41 

delivers the correlation measures for the pseudo observations and the correlation is positive 

but low. 
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Figure 4.38: Pseudo observations with univariate marginal histograms of the two identified risk factors 
CONVERTIBLESPREAD and MSCIEM in the IFM and PLL method.  

 

 

Table 4.41: Correlation measures computed on the pseudo observations. ρXY, ρS and ρτ are the Pearson linear 
correlation coefficient, Spearman’s Rho and Kendall’s Tau respectively.  
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Table 4.42 presents the estimations of the copula fitting. The fitting routines detect a left tail 

dependency which is reflected by the Clayton and rotated Gumbel which provide the best fits. 

However, the overall fits look rather poor and the rotated Gumbel, as the best fitting copula, 

has copula parameters in both methods that are close to 1 which would indicate independence 

between the two risk factors. This explains the rather poor fit and almost-independence is 

already implied by the correlation measures. We can therefore conclude that the probability of 

a strong widening credit spread coming together with a severe bear market in the MSCIEM is 

rather low but definitely not zero as indicated by the lower tail dependence parameter for the 

rotated Gumbel copula. In normal and bull market conditions on the other hand, the two risk 

factors seem to be unrelated. This result once more supports our findings in Tables 4.15 and 

4.20 (distressed securities and emerging markets strategy respectively) which state that equity 

and credit risk are dependent when markets are going down. Only the degree of lower tail 

dependence varies according to the underlying individual risk factors.  

 

Table 4.42: Copula estimation results for the two identified risk factors CONVERTIBLESPREAD and MSCIEM 
in the IFM and PLL method. θ1 and θ2 are the copula parameters. Neg. LL denotes the negative log-likelihood 

function value and AIC is the Akaike information criterion. λL and λU are the lower and upper tail dependence 

parameters respectively. In the IFM and PLL method, the rotated Gumbel copula describes the dependence 

structure of both risk factors the best. 
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Figure 4.39 shows the pseudo observations of the copula simulations and Figure 4.40 present 

the scatter plots of the quantile-transformed pseudo observations. The CREDITSPREAD 

factor in the IFM method has a large data value dispersion which comes from the marginal t-

distribution which we used to model this factor. The rather weak lower tail dependence is 

barely visible in the scatter plots. Finally, Figure 4.41 contrasts the empirical distribution with 

the two simulated distributions from the IFM and PLL method and Table 4.43 delivers the 

corresponding descriptive statistics and risk measures. It is no wonder that the simulated 

distributions do not match the empirical data very well since the two risk factors (together 

with alpha) only explain about 32 % of the hedge fund returns. On the other hand, the 

simulated values are not very far off from the empirical data and may therefore pose a good 

starting point for a more detailed analysis if we assume that the identified risk factors are not 

spuriously significant. We already pointed at the problem of heterogeneity in global macro 

strategies. In order to derive more reliable results, it is important to have a clear understanding 

which exposures are really relevant in a particular case. This problem is still not resolved due 

to the prevalent opacity in the hedge fund industry.  

 

 

 

 

 



101 

 

 

Figure 4.39: Scatter plots with univariate marginal histograms of 10,000 simulated pseudo observations of 
standard uniform marginals with the rotated Gumbel copula as their joint distribution function. In the IFM 

method, the simulation is performed with θ1 = 1.0920 while in the PLL method, θ1 = 1.1023. 
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Figure 4.40: Scatter plots with univariate marginal histograms of quantile transformed pseudo observations to 
transform the data back to the original scale of the CONVERTIBLESPREAD and MSCIEM.   
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Figure 4.41: Histograms of the global macro hedge fund return distribution (empirical distribution) and the two 
simulated distributions according to the IFM and PLL method.  

 

 

Table 4.43: Descriptive statistics of the empirical and the two simulated distributions. Additionally, the Jarque-
Bera test statistic is provided with the corresponding p-value as well as the two sample Kolmogorov-Smirnov 

test (KS-test) where only the p-value is shown. �;uû  and þ�û denote the value at risk and expected shortfall 
respectively with confidence level ü.  
 

4.2.10  Merger Arbitrage 

The hedge fund we analyze in detail is the “Gabelli Associates Limited” launched by 

GAMCO Investors Inc.. The fund invests in announced equity merger and acquisition 

transactions. Of course, this is not really surprising for a merger arbitrage hedge fund. Table 

4.44 presents the results from the factor model. 
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Table 4.44: Identified risk factors in the merger arbitrage strategy, resulting from the application of the factor 
model. The coefficient indicates the factor loading. Additionally, the standard errors of the coefficients, the t-test 

statistics and the corresponding p-values are calculated.  

 

The “Gabelli Associates Limited” has an exposure to event risk as indicated by the Merger 

Fund (MERFX) and an exposure to mid-cap equity risk which is reflected by the S&P 400 

(SP400). The MERFX is a mutual fund explicitly issued with the aim to mimic merger 

arbitrage strategies. Therefore, it is straightforward that it is a significant risk factor. The 

event risk consists of the probability of cancelled announced merger and acquisition 

transactions. Since the hedge fund manager already has a short position in the acquiring and a 

long position in the acquired firm at that time, a cancelled transaction will not lead to the 

anticipated price movements and losses arise. The exposure to mid-cap equity risk can be 

explained by the fact that merger and acquisition transactions often take place in markets for 

medium-sized companies. Alpha is significant and adds up 6 % p.a. which is quite a lot to be 

attributed solely to the skill of the hedge fund manager. The regression explains almost half of 

the hedge fund returns as indicated by the adjusted R2. In the case of the event driven strategy 

in Section 4.2.7, we have already seen that the MERFX is a risk factor with asymmetric risk 

profile. Event risk is especially pronounced if equity markets are going down. On the other 

hand, we do not observe a relationship between equity and event risk if markets are normal or 

bullish. The risk profile of the MERFX thus resembles a short put option written on the equity 

market. Since the SP400 reflects equity risk, we can expect to find a dependence structure 

which demonstrates (strong) left tail dependence only. This assumption is checked by 

analyzing the pseudo observations and the copula estimation results below. We provide the 

scatter plot of the two risk factors in Figure 4.42 and the estimation results for the marginal 

distributions in Table 4.45. 
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Figure 4.42 Scatter plot with univariate marginal histograms showing the two identified risk factors MERFX 
and SP400. 

 

 

Table 4.45: Results from the estimation of the marginal distributions for the two identified risk factors MERFX 
and SP400. LL denotes the log-likelihood function value and AIC the value of Akaike’s information criterion. EV 

and GEV are the extreme value and generalized extreme value distribution respectively. In the IFM method, the 

best marginal model to describe the MERFX and SP400 is the extreme value distribution. 

 

For the IFM method, the AIC signals that the MERFX and the SP400 are both best fitted by 

an extreme value distribution with parameters µ = 0.011, σ = 0.01 for the MERFX and µ = 

0.03, σ = 0.043 for the SP400. Figure 4.43 presents scatter plots of the probability integral 

transformed returns from the two risk factors. The left tail dependence is clearly visible in 

both scatter plots by the clustering of data points in the lower left corner. Table 4.46 

demonstrates that the correlation between the MERFX and SP400 is positive.  
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Figure 4.43: Pseudo observations with univariate marginal histograms of the two identified risk factors MERFX 
and SP400 in the IFM and PLL method.  

 

 

Table 4.46: Correlation measures computed on the pseudo observations. ρXY, ρS and ρτ are the Pearson linear 
correlation coefficient, Spearman’s Rho and Kendall’s Tau respectively.  
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Table 4.47 shows the results from the copula estimation process. Our assumption of left tail 

dependence between the MERFX and SP400 finds validation here. The copulas that describe 

the two risk factors the best are the copulas which exhibit left tail dependence only. These are 

the Clayton and rotated Gumbel copulas. Except for the copulas which are only capable of 

exhibiting right tail dependence, all other copulas also deliver good fits. In the IFM and PLL 

method, the rotated Gumbel copula provides the best fit. Large losses in both risk factors are 

quite likely to occur according to the lower tail dependence parameter. This means that equity 

and event risk, as assumed, have the tendency to move together in distressed markets while 

the risks are unrelated in normal or booming market conditions. Therefore the merger 

arbitrage strategy has a risk profile similar to a short put option with an equity index as the 

underlying. 

 

Table 4.47: Copula estimation results for the two identified risk factors MERFX and SP400 in the IFM and PLL 
method. θ1 and θ2 are the copula parameters. Neg. LL denotes the negative log-likelihood function value and 

AIC is the Akaike information criterion. λL and λU are the lower and upper tail dependence parameters 

respectively. In the IFM and PLL method, the rotated Gumbel copula describes the dependence structure of both 

risk factors the best. 

 

Figures 4.44 and 4.45 show the scatter plots of the simulations and of the quantile-

transformed pseudo observations respectively. The clustering of data points in the lower left 

corner is nicely simulated by the rotated Gumbel copula in Figure 4.44. The two scatter plots 
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in Figure 4.45 are looking similar but the dispersion of data points in direction of the y-axis is 

more pronounced in the lower left corner in the PLL method. It has to be noted that the 

distribution generated by the PLL method also exhibits more data points in the left tail of the 

distribution in contrast to the IFM method. 

 

 

 

Figure 4.44: Scatter plots with univariate marginal histograms of 10,000 simulated pseudo observations of 
standard uniform marginals with the rotated Gumbel copula as their joint distribution function. In the IFM 

method, the simulation is done with θ1 = 1.4446 while in the PLL method, θ1 = 1.5378. 
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Figure 4.45: Scatter plots with univariate marginal histograms of quantile transformed pseudo observations to 
transform the data back to the original scale of the MERFX and SP400.   
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Figure 4.46 compares the empirical distribution with the two simulations. Table 4.48 provides 

the corresponding descriptive statistics and risk measures. The PLL method does better in 

modeling the empirical data compared to the IFM method as the results from the KS-test 

reveal. Although the risk measures for the empirical distribution are slightly larger than those 

of the simulations, the latter perform quite well in modeling the empirical data. In Figure 4.46 

we can clearly observe the lower tail dependence in shape of the long left tail. It has to be 

noted nevertheless, that the overall volatility is low which mitigates the threat of joint extreme 

losses. Consequently, the losses may occur jointly but they are not large in the merger 

arbitrage strategy considered here. 

 

Figure 4.46: Histograms of the merger arbitrage hedge fund return distribution (empirical distribution) and the 
two simulated distributions according to the IFM and PLL method.  
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Table 4.48: Descriptive statistics of the empirical and the two simulated distributions. Additionally, the Jarque-
Bera test statistic is provided with the corresponding p-value as well as the two sample Kolmogorov-Smirnov 

test (KS-test) where only the p-value is shown. �;uû  and þ�û denote the value at risk and expected shortfall 
respectively with confidence level ü.  
 

4.2.11  Sector 

Permal Asset Management launched the “Permal Media & Technology Ltd.” as a hedge fund 

with an investment focus on a few companies within the same industry. We may suggest that, 

according to the name of the fund, the industry focus is on media and technology based 

companies although this is not explicitly mentioned in the strategy description. Table 4.49 

reveals the main risk drivers of this hedge fund. 

 

Table 4.49: Identified risk factors in the sector strategy, resulting from the application of the factor model. The 
coefficient indicates the factor loading. Additionally, the standard errors of the coefficients, the t-test statistics 

and the corresponding p-values are calculated.  
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The “Permal Media & Technology Ltd.” exhibits an exposure to spread-based equity risk as 

indicated by Fama & French’s (1993) book-to-market factor (HML) and another exposure to 

small-cap equity risk which is reflected by the MSCI Global Small-Cap Index 

(MSCISMALL). The HML factor has a negative factor loading which suggests that the hedge 

fund is long growth and short value stocks most of the time. These risk factors fit well to the 

strategy description since media and technology firms are often growth companies with low 

book-to-market values and growth companies are often smaller companies. Additionally, both 

risk factors show a factor loading larger than 1 in absolute values which indicates the use of 

leverage to boost returns. The two identified risk factors almost explain 64 % of the hedge 

fund returns which is a lot. Alpha is statistically insignificant. Again, in order to have joint 

losses and gains in the left and right tail respectively, we switch the sign of the whole HML 

return series and call the newly established factor HML NEW. Figure 4.47 shows the scatter 

plot for the two risk factors and Table 4.50 presents the estimation results for the marginal 

distributions. 

 

Figure 4.47 Scatter plot with univariate marginal histograms showing the two identified risk factors HML NEW 
and MSCISMALL. 

 

-0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

HML NEW

M
S

C
IS

M
A

L
L



113 

 

Table 4.50: Results from the estimation of the marginal distributions for the two identified risk factors HML 
NEW and MSCISMALL. LL denotes the log-likelihood function value and AIC the value of Akaike’s information 

criterion. EV and GEV are the extreme value and generalized extreme value distribution respectively. In the IFM 

method, the best marginal models to describe the HML NEW and MSCISMALL are the t and the extreme value 

distribution respectively. 

 

For the IFM method, the HML NEW is best modeled by a univariate t-distribution with 

parameters µ = -0.001, σ = 0.025 and ν = 2.558 while the MSCISMALL is fitted by an 

extreme value distribution with parameters µ = 0.026 and σ = 0.043. Figure 4.48 shows the 

pseudo observations of the two risk factors for each estimation method. What can be observed 

is a considerable clustering of data points in the lower left corner, i.e. the left tail. We 

therefore expect to identify a copula which is able to account for left tail dependence. Table 

4.51 delivers the correlation measures calculated on the pseudo observations which show a 

weak positive correlation. 
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Figure 4.48: Pseudo observations with univariate marginal histograms of the two identified risk factors HML 
NEW and MSCISMALL in the IFM and PLL method.  

 

 

Table 4.51: Correlation measures computed on the pseudo observations. ρXY, ρS and ρτ are the Pearson linear 
correlation coefficient, Spearman’s Rho and Kendall’s Tau respectively.  
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Table 4.52 presents the results from the copula estimation procedure. The t-copula clearly 

stands out as it models the dependence structure of the two risk factors much better than the 

other copulas do. It is interesting to see a prevalent right tail dependence which is expressed 

by the t-copula’s upper tail dependence parameter. Further evidence for right tail dependency 

delivers the Gumbel copula which provides the second best fit. Right tail dependence is not 

clearly visible in the pseudo observations in Figure 4.48. The finding of the t copula as the 

most appropriate dependence model suggests that the two risk factors are able to exhibit both 

joint extreme losses and gains. Although the correlation parameter (θ1) is rather low, again the 

extremely low degrees of freedom (θ2) are responsible for generating very fat tails. The lower 

and upper tail dependence values are consequently much higher than one would suggest by 

just observing the small correlation values. If markets are in distress, we can expect to see 

growth stocks declining faster than value stocks. Hence, the spread produces more 

pronounced losses in bad market conditions. The reverse reasoning applies for booming 

markets where growth stocks tend to outperform value stocks and the spread creates profits. 

We already noticed that growth stocks are often small companies and therefore we can 

conclude that the MSCISMALL and the HML NEW both exhibit joint large losses and gains 

in extreme market conditions. Consequently, on the one hand, both risk factors move in the 

same direction when markets are extreme and on the other hand, they are only weakly 

correlated if markets are normal. 
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Table 4.52: Copula estimation results for the two identified risk factors HML NEW and MSCISMALL in the IFM 
and PLL method. θ1 and θ2 are the copula parameters. Neg. LL denotes the negative log-likelihood function 

value and AIC is the Akaike information criterion. λL and λU are the lower and upper tail dependence parameters 

respectively. In the IFM and PLL method, the t copula describes the dependence structure of both risk factors 

the best. 

 

Figure 4.49 shows the pseudo observations of the simulations from the IFM and PLL method. 

The lower and upper tail dependence is clearly visible in the lower left and upper right corner 

of the scatter plots. Figure 4.50 transforms the pseudo observations back to the scale of the 

original data. Due to the usage of the marginal t-distribution to model the HML NEW factor 

in the IFM method, the dispersion of some data points is very high as we have seen numerous 

times before by now in the discussion of the other strategies. In both methods we can observe 

the fact that joint extreme losses have a larger impact than joint extreme gains in terms of 

monthly returns. The more severe downside risk is mainly explained by the long left tail of 

the MSCISMALL. 
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Figure 4.49: Scatter plots with univariate marginal histograms of 10,000 simulated pseudo observations of 
standard uniform marginals with the t copula as their joint distribution function. In the IFM method, the 

simulation is done with θ1 = 0.1589 and θ2 = 2.5197 while in the PLL method, θ1 = 0.1700 and θ2 = 1.9316. 
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Figure 4.50: Scatter plots with univariate marginal histograms of quantile transformed pseudo observations to 
transform the data back to the original scale of the HML NEW and MSCISMALL.   
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well as an excessively high kurtosis when we compare it with the kurtosis of the other 

distributions. The marginal t-distribution which we used to model the HML NEW is 

responsible for this result. Interestingly, both simulated distributions have a negative 

skewness in contrast to the skewness of the empirical data but the absolute deviation is small. 

It also has to be noted that the “Permal Media & Technology Ltd.” is a highly risky hedge 

fund which is expressed in the high standard deviation and the maximum and minimum 

values. An obvious explanation is the use of leverage which we observed in Table 4.49 in 

form of factor loadings which are larger than 1 in absolute values. 

 

Figure 4.51: Histograms of the sector hedge fund return distribution (empirical distribution) and the two 
simulated distributions according to the IFM and PLL method.  

 

Table 4.53: Descriptive statistics of the empirical and the two simulated distributions. Additionally, the Jarque-
Bera test statistic is provided with the corresponding p-value as well as the two sample Kolmogorov-Smirnov 

test (KS-test) where only the p-value is shown. �;uû  and þ�û denote the value at risk and expected shortfall 
respectively with confidence level ü.  
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4.2.12  Short Bias 

The hedge fund we analyze is the “Reynard American Partners, L.P.” which was initiated by 

Reynard Asset Management. The fund’s strategy description signifies a bottom-up stock 

picking approach with an emphasis on risk control. In order to provide more insights into the 

risks drivers, Table 4.54 shows the results from the regression analysis. 

 

Table 4.54: Identified risk factors in the short bias strategy, resulting from the application of the factor model. 
The coefficient indicates the factor loading. Additionally, the standard errors of the coefficients, the t-test 

statistics and the corresponding p-values are calculated.  

 

The exposures are typical for a short bias hedge fund. Two equity risks are the main risk 

drivers as indicated by the NASDAQ-100 (NASDAQ) and the S&P 600 (SP600). The 

NASDAQ is an exposure to broad equity risk while the SP 600 demonstrates an exposure to 

US-small-cap stocks. Of course, we observe negative factor loadings because the hedge fund 

is short in the risk factors. Alpha is significant and management skill would earn 7.68 % per 

annum which appears overoptimistic but since the regression almost explains 72 % of the 

hedge fund returns and Alpha is still significant, it can be assumed that Alpha is not just 

spurious. Short bias hedge funds face the problem of starting with a negative expected return 

since the expected value of being long in the equity markets is positive due to the positive risk 

premium for holding stocks. A certain degree of Alpha is therefore virtually needed to 

compensate for starting off with a negative expected value. In order to display the joint losses 

and gains in the left and right tail respectively, we changed the sign for all returns in both risk 

factors’ return series. The "inverted" risk factors are called NASDAQ NEW and SP600 NEW. 

Figure 4.52 shows the scatter plot of the two risk factors. Table 4.55 presents the results from 

the estimation of the marginal distributions for the two identified risk factors.  



121 

 

Figure 4.52 Scatter plot with univariate marginal histograms showing the two identified risk factors NASDAQ 
NEW and SP600 NEW. 

 

 

Table 4.55: Results from the estimation of the marginal distributions for the two identified risk factors NASDAQ 
NEW and SP600 NEW. LL denotes the log-likelihood function value and AIC the value of Akaike’s information 

criterion. EV and GEV are the extreme value and generalized extreme value distribution respectively. In the IFM 

method, the best marginal models to describe the NASDAQ NEW and SP600 NEW are the logistic and the 

generalized extreme value distribution respectively. 

 

In the IFM method, the NASDAQ NEW is best described by a logistic distribution with 

parameters µ = -0.011 and σ = 0.047 while the SP600 NEW is modeled by a generalized 

extreme value distribution with parameters k = -0.045, σ = 0.046 and µ = -0.029. Figure 4.53 

presents the probability-integral-transformed returns of the two identified risk factors for the 

IFM and PLL method. It can be observed that the data points cluster a little at both ends of the 

tails but they are also closely aligned along a diagonal which reaches from the lower left to 

the upper right corner of the scatter plots. This finding points at a high positive correlation 
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between the variables which is confirmed in Table 4.56 where the correlation measures are 

presented for the pseudo observations. 

 

 

Figure 4.53: Pseudo observations with univariate marginal histograms of the two identified risk factors 
NASDAQ NEW and SP600 NEW in the IFM and PLL method.  

 

 

Table 4.56: Correlation measures computed on the pseudo observations. ρXY, ρS and ρτ are the Pearson linear 
correlation coefficient, Spearman’s Rho and Kendall’s Tau respectively.  
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Table 4.57 shows the results for the copula estimation process. The copulas with superior fits 

are reflection symmetric and exhibit asymptotic independence in the tails. Namely, these are 

the Frank and Plackett copulas. The t-copula also shows a good fit and shares the reflection 

symmetry with the Frank and Plackett copula but exhibits, in contrast, asymptotic dependence 

in the tails. The copulas which can only account for lower or upper tail dependence perform 

the worst. In both methods, it is the Plackett copula which provides the best fit. If we compare 

the results with the ones derived in the equity long / short strategy in Section 4.2.5, we see the 

very similar risk drivers (NASDAQ and S&P 400) behave in an analogous fashion there, i.e. 

they have the Plackett copula as the best fitting copula in common which exhibits asymptotic 

independence in the tails and reflection symmetry. Hence, the two equity risk factors do not 

exhibit a pronounced down- or upside risk by joint extreme co-movements of the risk factors. 

Rather, the dependence seems to be equally strong in every market condition. It has to be 

noted, that, even in absence of tail dependency, the correlation is very high and therefore the 

two risk factors do move in the same direction strongly. Figure 4.54 shows 10,000 simulated 

pseudo observations with U(0,1) marginals and the Plackett copula as their joint distribution 

for the IFM and PLL method. We see the dependence structure is symmetric and concentrated 

along the diagonal. Figure 4.55 presents the scatter plots of the quantile transformed simulated 

pseudo observations. In both methods, the simulated NASDAQ NEW distribution has a much 

longer left tail compared to the SP600 NEW. Another striking fact is the fanning out of the 

tails which is typical due to the modeling with the Plackett copula. The more we move into 

the tails, the more joint extreme observations occur independently.  
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Table 4.57: Copula estimation results for the two identified risk factors HML NEW and SP600 NEW in the IFM 
and PLL method. θ1 and θ2 are the copula parameters. Neg. LL denotes the negative log-likelihood function 

value and AIC is the Akaike information criterion. λL and λU are the lower and upper tail dependence parameters 

respectively. In the IFM and PLL method, the Plackett copula describes the dependence structure of both risk 

factors the best. 
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Figure 4.54: Scatter plots with univariate marginal histograms of 10,000 simulated pseudo observations of 
standard uniform marginals with the Plackett copula as their joint distribution function. In the IFM method, the 

simulation is done with θ1 = 13.4588 while in the PLL method, θ1 = 14.0812. 
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Figure 4.55: Scatter plots with univariate marginal histograms of quantile transformed pseudo observations to 
transform the data back to the original scale of the NASDAQ NEW and SP600 NEW.   

 

Finally, Figure 4.56 and Table 4.58 show some graphical and numerical comparisons between 

the empirical and simulated data. The results from the KS-test show good fits of the simulated 

distributions to the empirical data. However, the distribution generated by the PLL method 

shows a much better fit compared to the IFM method. The empirical distribution has a left tail 

that appears to be a little longer compared to the one which the two simulated distributions 

exhibit. The short bias strategy has the lowest mean of all analyzed hedge fund strategies and 

it also has a negative median. This reflects what we have stated in the beginning of the short 

bias analysis. Being short in the equity markets all the time goes along with a negative 
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expected value since stock holders demand a positive risk premium on average. The simulated 

distributions match the risk measures well even if the empirical distribution once more shows 

risk measures higher than those of the simulations.   

 

Figure 4.56: Histograms of the short bias hedge fund return distribution (empirical distribution) and the two 
simulated distributions according to the IFM and PLL method.  

 

 

Table 4.58: Descriptive statistics of the empirical and the two simulated distributions. Additionally, the Jarque-
Bera test statistic is provided with the corresponding p-value as well as the two sample Kolmogorov-Smirnov 

test (KS-test) where only the p-value is shown. �;uû  and þ�û denote the value at risk and expected shortfall 
respectively with confidence level ü.  
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5.  Summarization of the Main Results from the Empirical Application 

The factor model identifies a lot of different risks which are idiosyncratic for the analyzed 

hedge fund strategies. From the 27 identified main risk factors for the corresponding 12 hedge 

fund strategies, we find exposures to equity risk (13 times), credit risk (6 times), liquidity risk 

(3 times), interest rate risk (2 times), event risk (2 times) and future markets (1 time).  

Among the equity risks, we find 3 times an exposure to spread based strategies which often 

exhibit non-linear risk profiles which makes them different to ordinary equity risks. Since the 

profit opportunities in spreads are usually small, hedge funds often use leverage to magnify 

the profits which increases the risk again. Additionally, we find small- and mid-cap as well as 

emerging market equity exposures which are also riskier than standard equity risk.  

Credit risk is indicated by an exposure to emerging market or high yield bond indices and in 

one case by a credit spread. These risks have also only little in common with exposures to 

standard investment grade bonds.  

The identified liquidity risks have not been modeled but their appearance among the main risk 

factors should warn us as they can multiply the riskiness of the other identified risk factors. 

We just need to think back to the financial crisis of 2008 where the dried up money markets 

nearly led to a collapse of the whole financial system. Since hedge funds often operate in thin 

markets like the ones for distressed securities or emerging bonds and equities, these funds 

often deal with marking-to-market problems which results in artificial lags in the hedge fund 

returns. Brooks and Kat (2002) note that autocorrelation lead to a systematic downward bias 

in the standard deviation of the hedge fund returns and Kat (2003) measures that this bias can 

be as high as 30 – 40 %. Lo (2001) delivers another possible explanation of autocorrelation 

that points in a different direction. According to his research, hedge fund managers have 

actually an incentive to mark their portfolios below the fair value in good times to create a 

"cushion" for worse times. Since managers are paid according to their performance and have a 

considerable discretion in managing their portfolios, these "cushions" become valuable in 

order to avoid large fluctuations in the returns. Consequently, this results in lagged returns as 

well. In any way, autocorrelation leads to underestimation of the true risk because the returns 

in the time series do not incorporate all relevant effects at the time they occur, but rather 

disperse these effects on the following future returns. This also affects our study, especially in 

the copula estimation. We assume that some co-movements would be more significant if 
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autocorrelation is not present. We will give an outlook for further research that deals with 

autocorrelated time series in the conclusion (Section 6).  

Many of the identified risk factors are more or less exotic as they do not represent standard 

market risks. Of course, this should not surprise since risk and return are closely connected 

and we cannot expect hedge funds making huge profits without engaging in some 

considerable risks. 

In the estimation of the marginal distributions, we modeled 24 risk factors and without double 

counting 13 different risk factors remain. We modeled these risk factors in the IFM method 

by using the univariate t distribution 6 times, the univariate extreme value distribution 4 times 

and the univariate logistic distribution 2 times and once the generalized extreme value 

distribution. The normal distribution is never the best choice. From this result we can directly 

draw two conclusions. First, not only the hedge fund returns exhibit non-normal distributions 

but also the risks that drive their returns. In fact, the non-normal returns of hedge funds are 

implied by the non-normally distributed risks. Second, we should not use quantitative 

methods that are based on the assumption of a normal distribution when we deal with hedge 

funds.16 Hedge funds do not fit in the classical mean-variance approach. For example, Kat 

(2004) shows in an equity portfolio, where hedge funds are used for diversification, that the 

traditional Markowitz (1952) portfolio optimization approach leads to a reduction in the 

overall standard deviation but at the cost of a higher negative skewness and an increased 

kurtosis. Hedge funds may have attractive mean-variance characteristics at first sight but 

increased risk is coming from the higher moments. This also enables us to assess the popular 

statement that hedge funds are a good diversification opportunity since their returns are 

uncorrelated with the traditional financial markets. The statement may be true if we consider 

only the first two moments in the hedge fund distributions but the higher moments need to be 

considered as well. The assumption of normally distributed returns is totally inadequate for 

the hedge fund industry. Our results therefore confirm the literature that casts doubts of the 

adequacy of quantitative methods based on normally distributed returns to assess the risks of 

hedge funds (e.g. Kat (2004), Amin & Kat (2002), Fung & Hsieh (1999) and Alexiev (2005).  

In the IFM method, we deal with fat tailed marginal distributions which are used to model the 

behavior of the risk factors. We have seen very extreme tail behavior numerous times when 

the marginal t distribution is used. The degrees of freedom parameter is in the range of 1.92 

                                                           
16

 Actually, we should refrain using the assumption of normally distributed returns at all as almost all financial 

time series exhibit non-normal returns as we have seen in the analyses of the risk factors.  



130 

and 3.471 if we consider the risk factors whose modeling is performed with the marginal t 

distribution. Furthermore, we have observed that the low degrees of freedom are in close 

connection with the extreme dispersion of data points in the simulated returns of the 

corresponding risk factors. The resulting simulated hedge fund returns always show very high 

minimum and maximum values as well as a kurtosis which is much higher than the empirical 

kurtosis or the one from the PLL method. Even though the extreme value and logistic 

distributions are also capable of modeling fat-tailed distributions, they do not show such a 

behavior which can be checked by looking at a hedge fund strategy where no t-distribution is 

used in the modeling procedure of the marginals (e.g. equity long / short in Section 4.2.5). 

Indeed, the degrees of freedom deliver the explanation of the idiosyncratic behavior of the 

marginal t-distribution and the resulting influence on the simulations. It is well known that the 

kurtosis of a t-distribution is infinite if the degrees of freedom parameter is smaller than 4, and 

if it is smaller than 2, the variance is infinite too. All of the six risk factors which are 

described by a t-marginal consequently exhibit infinite kurtosis and in one case, even the 

variance is infinite. This leads to considerations if the marginal t-distribution is adequate to 

model risk factors since such low degrees of freedom seem to be the rule rather than the 

exception. The tendency of the univariate marginal t-distribution to "degenerate" for very low 

degrees of freedom must be dealt with since the results in the simulations are sometimes very 

far off compared to the results obtained in the PLL method. 

This is a good connection to pose the question which method is the better, the IFM or the PLL 

method? We have observed a problem in the IFM method in connection with the parametric 

estimation of the marginals and the univariate t-distribution. However, this is a problem 

inherent in the t-distribution and not one of the IFM method itself. The IFM and the PLL 

method both show satisfactory results and their implications never really deviate from each 

other. The PLL method mostly shows better fits in the two samples KS-test. We conclude that 

the non-parametric modeling of the marginals is responsible for the better fits as the copula 

estimation is identical in both methods. Nevertheless, we must stress that it should not be the 

sole interest to just match the empirical data. Otherwise, one could use the empirical 

distribution in the first place and stick to historical simulation. Of course, we want to find 

information which the empirical data does not obviously provide. From this perspective, the 

simulated distributions from the IFM and PLL method do not deliver any "new" scenarios 

which could warn us about extreme loss scenarios which are way beyond past observations. 

One reason why this is the case is the recent financial crisis of 2008 which caused extreme 

losses across the board. Nevertheless, we gained very valuable insights from a risk-oriented 
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perspective. The big problem in modeling extreme events is the rareness of those events. Now 

we have some of those extreme past observations which enable us to model the loss potential 

in a better way and to work with more conservative risk models beyond assumptions of 

normally distributed returns. We may also say that the financial crisis of 2008 revealed the 

true riskiness of some hedge funds in terms of their loss potential. In order to get back to the 

initial question which estimation method is the better one, we need to acknowledge the 

fundamental problem of the true data generation process. If it were known, the parametric 

modeling of the marginal distributions and the copula in the IFM method would be superior 

since we could exactly determine the parameters needed to model the generation process. 

Obviously, this is not possible and therefore we must rely on past data. We can therefore 

conclude that working with the PLL method is easier as it forgoes the tedious fitting of 

parametric distributions to past data and instead it uses the empirical distribution function or a 

variant of it like the kernel density estimator which we employ in this thesis.  

The results from the copula estimation have a lot of useful insights. From the 12 fits (IFM and 

PLL method do not exhibit major differences in the copula selection), we obtain 5 times a 

copula which exhibits asymmetric dependence in the lower tail. These copulas are the Clayton 

and rotated Gumbel copula. In 4 cases we get the t copula as the best model fitting the data. In 

2 cases we have a copula that exhibit asymptotic independence in the tails, namely the 

Plackett copula. In 1 case, it is the Gumbel copula that adequately describes the dependence 

of the risk factors and it exhibits (low) upper tail dependence. Summing up, we find risk 

drivers in hedge funds which exhibit a dependence structure which is capable of creating joint 

extreme losses in 9 of the 12 cases. We have seen that the probability for such joint losses is 

closely connected with the lower tail dependence parameter.  

The conclusion in the case where the Clayton and rotated Gumbel copula provide the best fits 

to the data: Hedge fund returns which are driven by risk factors that exhibit a joint distribution 

equal to the aforementioned copulas show risk profiles that resemble one of a short put 

option. This means that the risk factors tend to co-move more or less strongly in times of 

market distress whereas they are unrelated in normal market conditions. We have seen such 

relations for credit risk co-moving with equity and event risk and for equity risk co-moving 

with event risk in times of market turmoil.  

In the cases of the equity market neutral and sector strategy, the t copula shows impressively 

that correlation can be very misleading. In those strategies, we find low correlation parameters 

for the t copula together with very low degrees of freedom parameters. The result is a lower 
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and upper tail dependence parameter which demonstrates the possibility of extreme co-

movements of the risk factors in distinct good and bad market conditions. The correlation 

does not give any idea of such extreme behavior. In normal market conditions however, the 

dependence is much less extreme. Therefore, we have to be careful to not underestimate tail 

risks by merely looking at the correlation.  

The Plackett copula is only appropriate in 2 cases where we find equally strong dependence 

along the diagonal in the scatter plots of the pseudo observations. This is the case in the equity 

long / short and short bias strategy where in each case two equity risks are involved. We 

observe a co-movement of the risk factors in all market conditions but no extreme co-

movement in the tails. 

In Table 5.1 we summarize the central results from the empirical application. We sort the 

hedge fund styles according to our strategy classification system we already introduced for the 

analysis of the descriptive statistics in Section 4.1. At this point, we want to analyze if there 

are any noticeable patterns in each classification class.  

In the market neutral strategy group, it is very evident that the t copula is always the best 

model to describe the dependence structure of the risk factors. Furthermore, the correlation is 

always low as well as the degrees of freedom parameter (θ2) is extremely low. As we have 

already discussed, for the given level of correlation this results in relatively high values of the 

upper and lower tail dependence parameters. This finding is straightforward since market 

neutral strategies, as their name implies, try to achieve market neutrality by engaging in 

positions which offset the market risk. This feature is reflected by the low correlation between 

the according risk factors in normal market conditions. If the markets decline or rise sharply 

however, there is a considerable amount of tail dependence which leads to a strong co-

movement of the risk factors in the tails. It is a good example where correlation misleads and 

the true risk is consequently underestimated. Our results confirm the findings of Patton 

(2008). Market neutral funds may be considered market neutral during normal market 

conditions but if markets are extreme, these funds are everything but market neutral.  

The event driven strategies also show a striking pattern. The copulas which provide the best 

fit exhibit asymmetric dependence, in our case lower tail dependence. The event risk which is 

inherent in all strategies leads to joint extreme losses if the markets are going down.17 We 

                                                           
17

 Even though the distressed strategy does not have a direct exposure to a risk factor which is reflecting event 

risk, it is an inherent feature of this strategy to speculate on the continuation of the business. The event risk is 

reflected by the danger that a company fails to recover from the distressed financial situation. 
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already explained this kind of dependence by analogy to a short put option which is written on 

the market. This is consistent with the findings of Jaeger & Wagner (2005) and Agarwal & 

Naik (2004) who conduct studies using hedge fund indices. In times of market turmoil, the 

probability of failed transactions is more pronounced and leads to a strong co-movement in 

the left tail. On the other hand, the risk factors are not related to each other by the amount the 

market goes up in normal and booming market conditions. Correlation as the sole risk 

measure would again fail to assess the true risk of these strategies. Additionally, the 

convertible arbitrage and fixed income arbitrage strategy have both identical risk drivers in 

our analysis. Both strategies have an exposure to credit and interest rate risk and therefore 

their correlation and copula parameters are the same in Table 5.1. What is not observable in 

Table 5.1 is the fact that the fixed income arbitrage strategy is much riskier than the 

convertible arbitrage strategy. Table 4.1 shows a negative skewness which is almost 4 times 

higher and a nearly 7 times higher kurtosis for the fixed income arbitrage strategy compared 

to the case of convertible arbitrage. The explanation is the much larger exposure to credit risk 

in the fixed income arbitrage strategy. This should remind us to look at the whole picture and 

not just on the copula measures to assess the riskiness of a hedge fund strategy. While copulas 

can give an idea of how different risks behave together, the absolute impact of these risks in 

terms of returns is indicated by the factor loadings of the factor model. A further source of 

concern is the finding of autocorrelation in the convertible arbitrage and fixed income 

arbitrage strategies. Consequently, the true risk may be even higher than demonstrated here. 

In the class of the opportunistic strategies, we do not find any significant patterns. The 

copulas which best describe the dependence between the risk factors are very different. What 

is observable is the similarity of the equity long / short and the short bias strategy. Both are 

driven by rather standard equity risks which do not show asymptotic dependence as indicated 

by the Plackett copula.  
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Table 5.1: Summary of specific risk factors, correlation measures and copula statistics for the three hedge fund 
classifications. Risk type shows what kind of risk stands behind a certain risk factor.  ρXY, ρS and ρτ are the 

Pearson linear correlation coefficient, Spearman’s Rho and Kendall’s Tau respectively. Copula denotes the best 

fitting copula according to the Akaike information criterion. θ1 and θ2 are the copula parameters. λL and λU are 

the lower and upper tail dependence parameters respectively.  

 

6.  Conclusion 

In this thesis, we analyzed 12 different hedge fund strategies in order to find out which risk 

factors drive the returns the most and how the dependence structure of these risk factors does 

looks like. For this reason, we set up a factor model and estimated the two most significant 

risk factors in each hedge fund strategy. Thereafter, we analyzed the joint behavior of these 

two risk factors. This analysis of the joint behavior is divided into two steps. In the first step, 

we estimated the marginal distributions of the risk factors parametrically in the IFM method 

and non-parametrically in the PLL method. The second step is the same for the IFM and PLL 

method and consists of fitting a parametric copula to the data. 

There are various important results. First, in 9 out of 12 cases, the main risk drivers of hedge 

fund returns exhibit the potential of extreme co-movements in times of market turmoil as 

indicated by the Clayton, rotated Gumbel and t copulas. To put it in other words, extreme 

joint losses are likely to occur if markets are going down. Especially, credit risk co-moves 

with equity risk and event risk with equity and credit risk in distressed market conditions. 

Correlation proves to be an unreliable measure because the joint distribution of the risk 
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drivers in hedge fund returns exhibit (very) fat left tails. If we solely relied on correlation, we 

would seriously underestimate the true risk of most hedge funds. It is still prominent to claim 

hedge funds are attractive diversification opportunities which reduce overall portfolio 

volatility and consequentially the risk. While this may be true in a mean-variance setting, it is 

certainly not true anymore if we consider higher statistical moments. We see that hedge funds 

have significant skewed and fat tailed distributions and in 9 out of 12 cases the chances are 

good that, given a distressed market scenario, diversification will be gone when it is needed 

the most. This does of course not mean that hedge funds are something bad, but an investor 

has to know if he wants to bear these kinds of risks. We strongly suggest using copulas to 

assess the riskiness of hedge funds since they give information about the whole dependence 

structure.  

Second, we detect some patterns in the strategy classification groups. The market neutral 

strategies tend to exhibit both upper and lower tail dependence while correlation is low during 

normal market conditions. Again, this implies a serious risk underestimation if only 

correlation is considered. Market neutrality is thus a misleading term as it does not hold in 

extreme market conditions. The event driven strategies demonstrate significant potential of 

extreme losses as the two risk factors co-move when markets are going down but in other 

market conditions, the risks are unrelated. This asymmetry in hedge fund returns reflects the 

event risk inherent in this strategy group which resembles the risk profile of a short put 

option. No significant patterns are found in the class of opportunistic strategies.  

Third, in the IFM method, the parametric modeling of the marginals leads to issues if the t-

distribution is used. The issues arise because the estimation of the risk factor distributions 

generates very low degrees of freedom in the univariate t-distributions. In any case where the 

t distribution is used, the kurtosis is infinite and in one case even the variance is not defined. 

Therefore, these features seem to be inherent in the financial time series used in this study. 

This in turn leads to simulated distributions which exhibit unrealistically extreme outliers 

which make the suitability of the t-distribution questionable in this case and for financial 

applications in general since many financial time series exhibit very fat tails. The non-

parametric estimation of the marginal distributions in the PLL method proves to be superior 

compared to the IFM method. It does not have parameter problems like the one with the t-

distribution just discussed and furthermore, working with the kernel density estimator saves 

time because we do not have to fit various parametric marginal distributions to the data. The 

fits of the simulated distributions from the PLL method are almost always equally good or 
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better than the fits of the IFM method. The PLL method avoids modeling risk in the 

estimation of the marginal distributions and as long as we do not know the exact data 

generation process to determine the exact parameters of a distribution, we better stick to the 

PLL method.  

Finally, we can assess the statements from the Credit Suisse / Tremont first quarterly report of 

2010 (Credit Suisse / Tremont, 2010) which has been addressed in the introduction (Section 

1). The claim of low correlations in bear and higher correlations in bull markets between 

hedge funds and other asset classes has to be rejected in 9 out of 12 cases. Rather, the 

opposite seems to be true. In half of the analyzed cases where the Clayton and rotated Gumbel 

copulas have the best fit, there is a strong co-movement in the risk factors only in bear 

markets whereas the risks behave unrelated in all other market conditions. In 3 cases where 

the t-copula has the best fit, we observe a similar downside behavior but also an increased co-

movement in bull markets. Just in the case of the commodity trading advisor (systematic) 

strategy, we find evidence for unrelated risk factors in bad market conditions and increased 

correlation in bull markets. However, the upside potential is very small as the fit of the 

Gumbel copula almost suggest independence between the risk factors. Equipped with these 

results, it is obvious to see where the potential for some of the huge losses in the past comes 

from. Instead of providing absolute returns irrespective of the market conditions, hedge funds 

seem rather to expose themselves to particular systematic risks. Consequently, hedge funds 

are rather collecting risk premiums from beta exposures than being providers of pure alpha. 

The thesis presented here should serve as a first step for a deeper understanding of 

dependencies inherent in hedge funds. We have introduced methods from mathematical 

statistics which are known for quite a long time but have not yet been applied in greater depth 

to analyze hedge funds. There are various possible extensions of this work to further research 

dependencies in the hedge fund industry. Further research may involve the factor model as 

well as the copula analysis. Improvements for the factor model can be achieved by finding 

more appropriate risk factors that closely match the trading strategies of hedge funds. This is a 

difficult task because of the opacity in the hedge fund industry but the works of Fung & Hsieh 

(2001) and Mitchell & Pulvino (2001) already show some significant improvements in the 

modeling of specific hedge fund risks. In the copula analysis, a very straightforward extension 

is the inclusion of more relevant factors and therefore working in a multivariate setting with 

dimension equal or larger than three. Literature for higher dimensional copulas is provided by 

Joe (1997), Morillas (2005), Liebscher (2008) and Fischer et al. (2009). There are also further 
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possible extensions in the bivariate case like mixture copulas which may fit the data better. 

For example, one could mix a Gumbel and a rotated Gumbel copula to capture both lower and 

upper tail dependence or introduce a skewed t copula to allow asymmetry. With the 

symmetrized Joe Clayton copula we already made a step in this direction. Literature on this 

topic is provided by Demarta & McNeil (2005) and Hu (2006). In this thesis, we detected 

autocorrelation in some hedge fund returns and pointed at the implications, i.e. liquidity and 

valuation risks. However, we do not incorporate this phenomenon in the dependence 

modeling.  Autocorrelation leads to an artificial smoothing in the returns. Clayton et. al (2000) 

present a technique to unsmooth returns from real estate finance which can be applied to 

hedge fund returns as well. Unsmoothed returns are expected to exhibit larger second 

moments and the factor model may detect higher factor loadings of the identified risk factors 

or even new relevant risk factors. This would impact the copula estimation as well. Another 

typical stylized fact in finance is heteroscedasticity. Although, this is a phenomenon which is 

distinct for high-frequency data, we may nonetheless detect it in monthly hedge fund returns 

as well. GARCH models applied in a copula context allow the dependence parameter to be 

conditional on past time-series data. Dias (2004), Patton (2006) and Jondeau & Rockinger 

(2006) show methods which allow for time-varying dependence. This would give very 

interesting insights on how the correlation and tail dependence parameters evolve over time. 

There is a lot of research to be done and this thesis provides the first step for a deeper 

understanding of stochastic dependencies in the hedge fund industry. 
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APPENDIX A 

List of risk factors used as inputs in the factor model. 

 

Risk Factor Type 
10 Year Treasury Yield Interest Rate – USA  

Barclays Capital Emerging Markets World Global Bond Index – Emerging Markets 

Bloomberg 1 month T-Bill Interest Rate – USA  

CAC 40 Equity Index – France  

CBOE S&P Buy Write Index Strategy Index 

CBOE Volatility Index Volatility Index 

Citigroup World Government Bond Index Global Bond Index – Government Bonds 

Convertible Spread (Merrill Lynch Global 300 Convertible 
Bond Index minus 10 Yr. Treasury Yield) 

Spread 

Corporate Spread (Moody’s BAA Corporate minus 10 Yr. 
Treasury Yield) 

Spread 

Credit Suisse High Yield Index Global Bond Index – High Yield 

DAX 30 Equity Index – Germany  

Dow Jones Industrial Average Equity Index – USA  

FTSE 100 Equity Index – Great Britain 

Goldman Sachs Commodity Index Global Commodity Index 

Hang Seng Equity Index – China  

High Yield Spread (Credit Suisse High Yield Index minus 10 
Yr. Treasury Yield) 

Spread 

HML (High Book-to-Market-Value Firms minus Low Book-
to-Market-Value Firms) 

Spread 

JP Morgan Global Government Bond Index Global Bond Index – Government Bonds 

Merger Fund Strategy Index 

Merrill Lynch Global 300 Convertible Index Global Bond Index – Convertible Bonds 

Momentum (Firms with high profits in the last months minus 
Firms with low profits in the last months) 

Spread 

MSCI Global Emerging Markets Global Equity Index – Emerging Markets 

MSCI Global Small Caps Global Equity Index – Small Caps 

MSCI Singapore Equity Index – Singapore  

MSCI USA Equity Index – USA  

MSCI World Global Equity Index 
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MSCI World Hedged Global Equity Index – Currency Hedged 

NASDAQ-100 Global Equity Index 

Nikkei 225 Equity Index – Japan  

S&P 400 Equity Index – Mid Caps USA 

S&P 500 Equity Index – USA  

S&P 600 Equity Index – Small Caps USA 

Sais Group Futures Index Futures Index 

Shanghai Stock Exchange 180 Index Equity Index – China  

SMB (Small Firms minus Big Firms) Spread 

SMI Equity Index - Switzerland 

Taiwan Capitalization Weighted Stock Index Equity Index – China  

TOPIX Equity Index – Japan  

US trade Weighted Real Broad Dollar Index Currency Index – US Dollar relative to other 
currencies 
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APPENDIX B 

The BB7 copula density is given by (Patton, 2003): 

(��×	`, o; w�, w� � zÝ , 
where 

z � �g1 � 	1 � `�½Mh½K��	1 � `�½M�� ¤�1 � w� ¸w ¸�1 � ��1 � g1 � 	1 � `�½Mh�½K �
g1 � 	1 � o�½Mh�½K� MÐK� � ��1 � g1 � 	1 � `�½Mh�½K � g1 � 	1 � o�½Mh�½K� MÐK¹¸1 �
��1 � g1 � 	1 � `�½Mh�½K � g1 � 	1 � o�½Mh�½K�� MÐK� MÐM g1 � 	1 � o�½Mh½K��	1 �
o�½M��Ù�  
 

Ý � �¤Ø�1 � ��1 � g1 � 	1 � `�w1h�w2 � g1 � 	1 � o�w1h�w2� 1w2Ù§�g1 � 	1 � `�w1hw2 �
g1 � 	1 � o�w1hw2 � g1 � 	1 � `�w1hw2g1 � 	1 � o�w1hw2��  
 

 

 

 

 

 

 



141 

APPENDIX C 

This thesis used Matlab 2010, EViews 6 and Excel 2007 to perform computations and data 

handling. 

The Matlab-Code can be found on the enclosed CD. 

We used code from the following sources and sometimes modified the codes for our 

purposes:  

• The MathWorks, Inc. 

This code is subject to copyright. 

• Andrew Patton 
The code used by us can be found on Andrew Patton’s Matlab code 
page: http://econ.duke.edu/~ap172/code.html  
The code is released under a BSD license which is also on the enclosed CD. 
 

Some code needs the Econometric-Toolbox by James P. LeSage to allow the degrees of 

freedom parameters to be non-integer. It should be activated all the time. Otherwise, the 

computations may run into trouble. The toolbox can be found here: http://www.spatial-

econometrics.com/  

Furthermore, the statistics and optimization toolboxes are needed to perform the calculations 

in Matlab.  
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